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Preface

As the title suggests, the goal of this book is to give the reader a taste of the
“unreasonable effectiveness” of Morse theory. The main idea behind this technique
can be easily visualized.

Suppose M is a smooth, compact manifold, which for simplicity we assume is
embedded in a Euclidean space E . We would like to understand basic topological
invariants of M such as its homology, and we attempt a “slicing” technique.

We fix a unit vector u in E and we start slicing M with the family of
hyperplanes perpendicular to u. Such a hyperplane will in general intersectM along
a submanifold (slice). The manifold can be recovered by continuously stacking the
slices on top of each other in the same order as they were cut out of M .

Think of the collection of slices as a deck of cards of various shapes. If we let
these slices continuously pile up in the order they were produced, we notice an
increasing stack of slices. As this stack grows, we observe that there are moments
of time when its shape suffers a qualitative change. Morse theory is about extracting
quantifiable information by studying the evolution of the shape of this growing stack
of slices.

From a mathematical point of view, we have a smooth function

h WM ! R; h.x/ D hu; xi:
The above slices are the level sets of h,

˚
x 2M I h.x/ D const

�
;

and the growing stack is the time-dependent sublevel set

fx 2M I h.x/ � tg; t 2 R:

The moments of time when the pile changes its shape are called the critical values
of h and correspond to the moments of time t when the corresponding hyperplane
fhu; xi D tg intersects M tangentially. Morse theory explains how to describe the
shape change in terms of local invariants of h.
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viii Preface

A related slicing technique was employed in the study of the topology of
algebraic manifolds called the Picard–Lefschetz theory. This theory is back in
fashion due mainly to Donaldson’s pioneering work on symplectic Lefschetz
pencils.

The present book is divided into three conceptually distinct parts. In the first part,
we lay the foundations of Morse theory (over the reals). The second part consists of
applications of Morse theory over the reals, while the last part describes the basics
and some applications of complex Morse theory, a.k.a. Picard–Lefschetz theory.
Here is a more detailed presentation of the contents.

In Chap. 1, we introduce the basic notions of the theory and we describe the main
properties of Morse functions: their rigid local structure (Morse lemma) and their
abundance. (Morse functions are generic.) To aid the reader, we have sprinkled the
presentation with many examples and figures. One recurring simple example that
we use as a testing ground is that of a natural Morse function arising in the design
of robot arms. We conclude this chapter with a simple but famous application of
Morse theory. We show that the expected number of critical points of the restriction
of a random linear map ` W R3 ! R to a knot K ,! R

3 is described by the total
curvature of the knot. As a consequence, we obtain Milnor’s celebrated result [M0]
stating that if a closed curve in R

3 is “not too curved,” then it is not knotted.
Chapter 2 is the technical core of the book. Here we prove the fundamental

facts of Morse theory: crossing a critical level corresponds to attaching a handle
and Morse inequalities. Inescapably, our approach was greatly influenced by the
classical sources on this subject, more precisely Milnor’s beautiful books on Morse
theory and h-cobordism [M3, M4].

The operation of handle addition is much more subtle than it first appears, and
since it is the fundamental device for manifold (re)construction, we devoted an entire
section to this operation and its relationship to cobordism and surgery. In particular,
we discuss in some detail the topological effects of the operation of surgery on knots
in S3 and illustrate this in the case of the trefoil knot.

In Chap. 2, we also discuss in some detail dynamical aspects of Morse theory.
More precisely, we present the techniques of Smale about modifying a Morse
function so that it is self-indexing and its stable/unstable manifolds intersect
transversally. This allows us to give a very simple description of an isomorphism
between the singular homology of a compact smooth manifold and the (finite
dimensional) Morse–Floer homology determined by a Morse function, that is, the
homology of a complex whose chains are formal linear combinations of critical
points and whose boundary is described by the connecting trajectories of the
gradient flow. We have also included a brief section on Morse–Bott theory, since
it comes in handy in many concrete situations.

We conclude this chapter with a section of a slightly different flavor. Whereas
Morse theory tries to extract topological information from information about critical
points of a function, min–max theory tries to achieve the opposite goal, namely,
to transform topological knowledge into information about the critical points of a
function. In particular, we discuss the Lusternik–Schnirelmann category of a space,
which is a homotopy invariant particularly adept at detecting critical points.
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Chapter 3 is devoted entirely to applications of Morse theory. We present
relatively few examples, but we use them as pretexts for wandering in many parts
of mathematics that are still active areas of research. We start by presenting a recent
result of Farber and Schütz, [FaSch], on the Betti numbers of the space of planar
polygons, or equivalently, the space of configurations of planar robot arms such that
the end-point of the arm coincides with the initial joint. Besides its intrinsic interest,
this application has an added academic bonus: it gives the reader the chance to
witness Morse theory in action, in all its splendor. Additionally it exposes the reader
to the concept of Bott–Samelson cycle which is useful in many other applications
of Morse theory.

We next discuss two classical applications: the computation of the Poincaré
polynomials of complex Grassmannians and an old result of Lefschetz concerning
the topology of Stein manifolds.

The complex Grassmannians give us a pretext to discuss at length the Morse
theory of moment maps of Hamiltonian torus actions. We prove that these moment
maps are Morse–Bott functions. We then proceed to give a complete presentation
of the equivariant localization theorem of Atiyah, Borel, and Bott (for S1-actions
only), and we use this theorem to prove a result of Conner [Co]: the sum of the Betti
numbers of a compact, oriented smooth manifold is greater than the sum of the Betti
numbers of the fixed point set of any smooth S1-action. Conner’s theorem implies
among other things that the moment maps of Hamiltonian torus actions are perfect
Morse–Bott function. The (complex) Grassmannians are coadjoint orbits of unitary
groups, and as such they are equipped with many Hamiltonian torus actions leading
to many choices of perfect Morse functions on Grassmannians. We conclude with a
section on the celebrated Duistermaat–Heckman formula.

Chapter 4 is more theoretical in nature but it opens the door to an active area
of research, namely Floer homology. While still in the finite dimensional context,
we take a closer look at the topological structure of a Morse–Smale flow. The
main results are inspired by our recent investigations [Ni2] and, to the best of our
knowledge, they seem to have never appeared in the Morse theoretic literature.

The key results of this chapter (Theorem 4.32 and 4.33) state that a Morse flow
on a compact manifold satisfies the Smale transversality condition if and only if
the stratification given by the unstable manifolds satisfies the Whitney regularity
conditions. Because the theory of Whitney stratifications is not part a standard
graduate curriculum, we devoted a large part of this chapter surveying this theory.
Since the proofs of the main results in this area are notoriously complex, we
decided to skip most of them opting instead for copious references and numerous
illuminating examples.

These results provide a rigorous foundation to Thom’s original insight [Th]. One
immediate consequence of Theorem 4.33 is a result of Laudenbach [Lau] on the
nature of the singularities of the closure of an unstable manifold of a Morse–Smale
flow.

In Sect. 4.4 we investigate the spaces of tunnelings between two critical points of
a Morse–Smale flow. Using a recent idea of Kronheimer and Mrowka [KrMr], we
show that these spaces admit natural compactifications as manifolds with corners.
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We do not use this fact anywhere else in the book, but since it is part of the core
of Morse theoretic facts available to the modern geometer, we thought we had to
include a short proof.

In the last section of this chapter, we have a second look at the Morse–Floer
complex, from a purely dynamic point of view. We define the boundary operator @
in terms of signed counts of tunnelings, and we give a purely dynamic proof of the
equality @2 D 0. Our proof is similar in spirit to the proof in [Lau], but we have
deliberately avoided the usage of currents because the unstable manifolds may not
have finite volume. Instead, we use the theory of Whitney stratifications to show
that the equality @2 D 0 is a consquence of the cobordism invariance of the degree
of a map.

The application to the topology of Stein manifolds offered us a pretext for the last
chapter of the book on the Picard–Lefschetz theory. Given a complex submanifold
M of a complex projective space, we start slicing it using a (complex) one-
dimensional family of projective hyperplanes. Most slices are smooth hypersurfaces
ofM , but a few of them are mild singularities (nodes). Such a slicing can be encoded
by a holomorphic Morse map M ! CP

1.
There is one significant difference between the real and the complex situations.

In the real case, the set of regular values is disconnected, while in the complex case,
this set is connected since it is a punctured sphere. In the complex case, we study
not what happens as we cross a critical value, but what happens when we go once
around it. This is the content of the Picard–Lefschetz theorem.

We give complete proofs of the local and global Picard–Lefschetz formulæ
and we describe basic applications of these results to the topology of algebraic
manifolds.

We conclude the book with a chapter containing a few exercises and solutions
to (some of) them. Many of them are quite challenging and contain additional
interesting information we did not include in the main body, since it may have been
distracting. However, we strongly recommend to the reader to try solving as many of
them as possible, since this is the most efficient way of grasping the subtleties of the
concepts discussed in the book. The solutions of these more challenging problems
are contained in the last section of the book.

Penetrating the inherently eclectic subject of Morse theory requires quite a varied
background. The present book is addressed to a reader familiar with the basics of
algebraic topology (fundamental group, singular (co)homology, Poincaré duality,
e.g., Chaps. 0–3 of [Ha]) and the basics of differential geometry (vector fields
and their flows, Lie and exterior derivative, integration on manifolds, basics of
Lie groups and Riemannian geometry, e.g., Chaps. 1–4 in [Ni1]). In a very limited
number of places we had to use less familiar technical facts, but we believe that the
logic of the main arguments is not obscured by their presence.

Acknowledgements This book grew out of notes I wrote for a one-semester graduate course
in topology at the University of Notre Dame in the fall of 2005. I want to thank the attending
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Notations and Conventions

• For every set A, we denote by #A its cardinality.
• For K D R;C, r > 0, and M a smooth manifold, we denote by K

r
M the trivial

vector bundle Kr �M !M .
• i WD p�1. Re denotes the real part and Im denotes the imaginary part.
• For every finite dimensional vector space E , we denote by End.E/ the space of

linear operators E ! E .
• An Euclidean space is a finite dimensional real vector space E equipped with a

symmetric positive definite inner product .�; �/ W E �E ! R.
• For every smooth manifold M , we denote by TM the tangent bundle, by TxM

the tangent space to M at x 2 M , and by T �
x M the cotangent space at x.

• For every smooth manifold and any smooth submanifold S ,! M , we denote
by TSM the normal bundle of S in M defined as the quotient TSM WD
.TM/jS=TS . The conormal bundle of S in M is the bundle T �

S M ! S defined
as the kernel of the restriction map .T �M/jS ! T �S .

• Vect.M/ denotes the space of smooth vector fields on M .
• ˝p.M/ denotes the space of smooth p-forms onM , while˝p

cpt.M/ the space of
compactly supported smooth p-forms.

• If F W M ! N is a smooth map between smooth manifolds, we will denote its
differential by DF or F�. DFx will denote the differential of F at x 2M which
is a linear map DFx W TxM ! TxN . F � W ˝p.N/ ! ˝p.M/ is the pullback
by F .

• tWD transverse intersection.
• t WD disjoint union.
• For every X; Y 2 Vect.M/, we denote by LX the Lie derivative along X and

by ŒX; Y � the Lie bracket ŒX; Y � D LXY . The operation contraction by X is
denoted by iX or X .

• We will orient the manifolds with boundary using the outer-normal -first
convention.

• The total space of a fiber bundle will be oriented using the fiber-first convention.
• so.n/ denotes the Lie algebra of SO.n/ and u.n/ denotes the Lie algebra of
U.n/, etc.

• Diag.c1; : : : ; cn/ denotes the diagonal n � n matrix with entries c1; : : : ; cn.
xiii
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Chapter 1
Morse Functions

In this first chapter, we introduce the reader to the main characters of our story,
namely, the Morse functions, and we describe the properties which make them so
useful. We describe their very special local structure (Morse lemma) and then we
show that there are plenty of them around.

1.1 The Local Structure of Morse Functions

Suppose that F W M ! N is a smooth (i.e., C1) map between smooth manifolds.
The differential of F defines for every x 2M a linear map

DFx W TxM ! TF.x/N:

Definition 1.1. (a) The point x 2 M is called a critical point of F if

rank DFx < min.dimM; dimN/:

A point x 2 M is called a regular point of F if it is not a critical point. The
collection of all critical points of F is called the critical set of F and is denoted
by CrF .

(b) The point y 2 N is called a critical value of F if the fiber F�1.y/ contains
a critical point of F . A point y 2 N is called a regular value of F if it is
not a critical value. The collection of all the critical values of F is called the
discriminant set of F and is denoted by �F .

(c) A subset S � N is said to be negligible if for every smooth open embedding
˚ W Rn ! N , n D dimN , the preimage ˚�1.S/ has Lebesgue measure zero
in R

n.

L. Nicolaescu, An Invitation to Morse Theory, Universitext,
DOI 10.1007/978-1-4614-1105-5 1, © Springer Science+Business Media, LLC 2011
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Fig. 1.1 The height function on a smooth curve in the plane

Theorem 1.2 (Morse–Sard–Federer). Suppose that M and N are smooth man-
ifolds and F W M ! N is a smooth map. Then, the Hausdorff dimension of the
discriminant set �F is at most dimN � 1. In particular, the discriminant set is
negligible in N . Moreover, if F.M/ has nonempty interior, then the set of regular
values is dense in F.M/.

For a proof, we refer to Federer [Fed, Theorem 3.4.3] or Milnor [M2].

Remark 1.3. (a) If M and N are real analytic manifolds and F is a proper real
analytic map, then we can be more precise. The discriminant set is a locally
finite union of real analytic submanifolds of N of dimensions less than dimN .
Exercise 6.1 may perhaps explain why the set of critical values is called
discriminant.

(b) The range of a smooth map F WM ! N may have empty interior. For example,
the range of the map F W R3 ! R

2, F.x; y; z/ D .x; 0/, is the x-axis of the
Cartesian plane R2. The discriminant set of this map coincides with the range.

Example 1.4. Suppose f W M ! R is a smooth function. Then, x0 2 M is a
critical point of f if and only if df jx0D 0 2 T �

x0
M .

Suppose M is embedded in an Euclidean space E and f W E ! R is a smooth
function. Denote by fM the restriction of f toM . A point x0 2M is a critical point
of fM if

hdf; vi D 0; 8v 2 Tx0M:
This happens if either x0 is a critical point of f , or dfx0 ¤ 0 and the tangent space
to M at x0 is contained in the tangent space at x0 of the level set ff D f .x0/g.
If f happens to be a nonzero linear function, then all its level sets are hyperplanes
perpendicular to a fixed vector u, and x0 2M is a critical point of fM if and only if
u ? Tx0M , i.e., the hyperplane determined by f and passing through x0 is tangent
to M .

In Fig. 1.1, we have depicted a smooth curve M � R
2. The points A;B; and C

are critical points of the linear function f .x; y/ D y. The level sets of this function
are horizontal lines and the critical points of its restriction toM are the points where
the tangent space to the curve is horizontal. The points a; b; and c on the vertical
axis are critical values, while r is a regular value.
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Fig. 1.2 A robot arm with four segments

Example 1.5 (Robot arms: critical configurations). We begin in this example the
study of the critical points of a smooth function which arises in the design of robot
arms. We will discuss only a special case of the problem when the motion of the
arm is constrained to a plane. For slightly different presentations, we refer to the
papers [Hau, KM, SV], which served as our sources of inspiration. The paper [Hau]
discusses the most general version of this problem, when the motion of the arm is
not necessarily constrained to a plane.

Fix positive real numbers r1; : : : ; rn > 0, n � 2. A (planar) robot arm (or linkage)
with n segments is a continuous curve in the Euclidean plane consisting of n line
segments

s1 D ŒJ0J1�; s2 D ŒJ1J2�; : : : ; sn D ŒJn�1Jn�

of lengths
dist .Ji ; Ji�1/ D ri ; i D 1; 2; : : : ; n:

We will refer to the vertices Ji as the joints of the robot arm. We assume that J0 is
fixed at the origin of the plane, and all the segments of the arm are allowed to rotate
about the joints. Additionally, we require that the last joint be constrained to slide
along the positive real semiaxis (see Fig. 1.2).

A (robot arm) configuration is a possible position of the robot arm subject to the
above constraints. Mathematically a configuration is described by an n-uple

z D .z1; : : : ; zn/ 2 C
n

constrained by

jzk j D 1; k D 1; 2; : : : ; n; Im
nX

kD1
rkzk D 0; Re

nX

kD1
rkzk > 0:

Visually, if zk D ei�k , then �k measures the inclination of the kth segment of the arm.
The position of kth joint Jk is described by the complex number r1z1 C � � � C rkzk .
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In Exercise 6.2, we ask the reader to verify that the space of configurations is a
smooth hypersurface C of the n-dimensional manifold

M WD
(

.�1; : : : ; �n/ 2 .S1/nI
nX

kD1
rk cos �k > 0

)

� .S1/n;

described as the zero set of

ˇ WM ! R; ˇ.�1; : : : ; �n/ D
nX

kD1
rk sin �k D Im

nX

kD1
rkzk :

Consider the function h W .S1/n ! R defined by

h.�1; : : : ; �n/ D
nX

kD1
rk cos �k D Re

nX

kD1
rkzk :

Observe that for every configuration � the number h.�/ is the distance of the last
joint from the origin. We would like to find the critical points of hjC .

It is instructive to first visualize the level sets of h when n D 2 and r1 ¤ r2, as it
captures the general paradigm. For every configuration � D .�1; �2/, we have

jr1 � r2j � h.�/ � r1 C r2:

For every c 2 .jr1�r2j; r1Cr2/, the level set fh D cg consists of two configurations
symmetric with respect to the x–axis. When c D jr1 ˙ r2j, the level set consists of
a single (critical) configuration. We deduce that the configuration space is a circle.

In general, a configuration � D .�1; : : : ; �n/ 2 C is a critical point of the
restriction of h to C if the differential of h at � is parallel to the differential at
� of the constraint function ˇ (which is the “normal” to this hypersurface). In other
words, � is a critical point if and only if there exists a real scalar � (Lagrange
multiplier) such that

dh.�/ D �dˇ.�/”�rk sin �k D �rk cos �k; 8k D 1; 2; : : : ; n:

We discuss separately two cases.

A. � D 0. In this case sin �k D 0, 8k, that is, �k 2 f0; �g. If zk D ei�k , we obtain
the critical points

.z1; : : : ; zn/ D .�1; : : : ; �n/; �k D ˙1;
nX

kD1
rk�k D Re

X

k

rkzk > 0:

B. � ¤ 0. We want to prove that this situation is impossible. We have

h.�/ D
X

k

rk cos �k > 0;
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J1 J3 J4J2
Jo

Fig. 1.3 A critical robot arm configuration

and thus

0 D ˇ.�/ D
X

k

rk sin �k D ��
X

k

rk cos �k ¤ 0:

We deduce that the critical points of the function h are precisely the configura-
tions � D .�1; : : : ; �n/ such that �k D ˙1 and

P
kD1 rk�k > 0. The corresponding

configurations are the positions of the robot arm when all segments are parallel to
the x-axis (see Fig. 1.3). The critical configuration � D .1; 1; : : : ; 1/ corresponds to
the global maximum of h when the robot arm is stretched to its full length. We can
be even more precise if we make the following generic assumption:

nX

kD1
rk�k ¤ 0; 8�1; : : : ; �n 2 f1;�1g: (1.1)

The above condition is satisfied if for example the numbers rk are linearly
independent over Q. This condition is also satisfied when the length of the longest
segment of the arm is strictly greater than the sum of the lengths of the remaining
segments.

The assumption (1.1) implies that for any choice of �k D ˙1, the sum
P

k rk�k
is never zero. We deduce that half of all the possible choices of �k lead to a positiveP

k rk�k , so that the number of critical points is c.n/ D 2n�1.
IfM is a smooth manifold,X is a vector field on M, and f is a smooth function,

then we define the derivative of f along X to be the function

Xf D df .X/:

Lemma 1.6. Suppose f W M ! R is a smooth function and p0 2 M is a critical
point of f . Then for every vector fields X;X 0; Y; and Y 0 on M such that

X.p0/ D X 0.p0/; Y.p0/ D Y 0.p0/;

we have
.XYf /.p0/ D .X 0Y 0/f .p0/ D .YXf /.p0/:

Proof. Note first that

.XY � YX/f .p0/ D .ŒX; Y �f /.p0/ D df .ŒX; Y �/.p0/ D 0:
Since .X � X 0/.p0/ D 0, we deduce that

.X � X 0/g.p0/ D 0; 8g 2 C1.M/:
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Hence,
.X � X 0/Yf .p0/ D 0 H) .XYf /.p0/ D .X 0Yf /.p0/:

Finally,

.X 0Yf /.p0/ D .YX 0f /.p0/ D .Y 0X 0f /.p0/ D .X 0Y 0f /.p0/: ut

If p0 is a critical point of the smooth function f W M ! R, then we define the
Hessian of f at p0 to be the map

Hf;p0 W Tp0M � Tp0M ! R; Hf;p0 .X0; Y0/ D .XYf /.p0/;

where X and Y are vector fields on X such that X.p0/ D X0, Y.x0/ D Y0. The
above lemma shows that the definition is independent of the choice of vector fields
X and Y extendingX0 and Y0. Moreover,Hf;p0 is bilinear and symmetric.

Definition 1.7. A critical point p0 of a smooth function f W M ! R is called
nondegenerate if its Hessian is nondegenerate, i.e.,

Hf;p0 .X; Y / D 0; 8Y 2 TpoM” X D 0:

A smooth function is called a Morse function if all its critical points are
nondegenerate.

Note that if we choose local coordinates .x1; : : : ; xn/ near p0 such that
xi .p0/ D 0, 8i , then any vector fields X and Y have local descriptions

X D
X

i

Xi@xi ; Y D
X

j

Y j @xj

near p0, and we can write

Hf;p0 .X; Y / D
X

i;j

hij X
iY j ; hij D .@xi @xj f /.p0/:

The critical point is nondegenerate if and only if det.hij / ¤ 0. For example, the
point B in Fig. 1.1 is a degenerate critical point.

The Hessian also determines a function defined in a neighborhood of p0,

Hf;p0 .x/ D
X

i;j

hij x
i xj ;

which appears in the Taylor expansion of f at p0,

f .x/ D f .p0/C 1

2
Hf;p0 .x/CO.3/:
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A

B

C

D

Fig. 1.4 A Morse function on the 2-sphere

Let us recall a classical fact of linear algebra.
If V is a real vector space of finite dimension n and b W V � V ! R is

a symmetric, bilinear nondegenerate map, then there exists at least one basis
.e1; : : : ; en/ such that for any v DPi v

i ei , we have

b.v; v/ D �� jv1j2 C � � � C jv�j2 �C jv�C1j2 C � � � C jvnj2:

The integer � is independent of the basis of .ei /, and we will call it the index of b.
It can be defined equivalently as the largest integer ` such that there exists an
`-dimensional subspace V� of V with the property that the restriction of b to V�
is negative definite.

Definition 1.8. Suppose p0 is a nondegenerate critical point of a smooth function
f W M ! R. Then its index, denoted by �.f; p0/, is defined to be the index of the
Hessian Hf;p0 .

If f W M ! R is a Morse function with finitely many critical points, then we
define the Morse polynomial of f to be

Pf .t/ D
X

p2Crf

t�.f;p/ DW
X

��0
�f .�/t

�:

Observe that the coefficient �f .�/ is equal to the number of critical points of f of
index �. The coefficients of the Morse polynomial are known as the Morse numbers
of the Morse function f .

Example 1.9. Consider the hypersurface S � R
3 depicted in Fig. 1.4. This

hypersurface is diffeomorphic to the 2-sphere. The height function z on R
3 restricts

to a Morse function on S .
This Morse function has four critical points labeled A;B;C; and D in Fig. 1.4.

Their Morse indices are

�.A/ D �.B/ D 2; �.C / D 1; �.D/ D 0;
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so that the Morse polynomial is

t�.A/ C t�.B/ C t�.C / C t�.D/ D 2t2 C t C 1: ut

Example 1.10 (Robot arms: index computations). Consider again the setup in
Example 1.5. We have a smooth function h W C ! R, where

C D
(

.z1; : : : ; zn/ 2 .S1/nI Re
X

k

rkzk > 0; Im
X

k

rkzk D 0
)

;

and
h.z1; : : : ; zn/ D Re

X

k

rkzk :

Under the assumption (1.1) this function has 2n�1, critical points � described by

� D .	1; : : : ; 	n/ D .�1; : : : ; �n/; �k D ˙1;
X

k

rk�k > 0:

We want to prove that h is a Morse function and then compute its Morse polynomial.
We write

	k D ei'k ; 'k 2 f0; �g:
A point z D .ei�1 ; : : : ; ei�n/ 2 C close to � is described by angular coordinates

�k D 'k C tk; jtk j � 1;

satisfying the constraint

g.t1; : : : ; tn/ D
nX

kD1
rk sin.'k C tk/ D 0:

Near �, the function g has the Taylor expansion

g.t1; : : : ; tn/ D
nX

kD1
�krktk CO.3/;

where O.r/ denotes an error term smaller than some constant multiple of .jt1j C
� � � C jtnj/r . From the implicit function theorem applied to the constraint equation
g D 0, we deduce that we can choose .t1; : : : ; tn�1/ as local coordinates on C near
z by regarding C as the graph of the smooth function tn depending on the variables
.t1; : : : ; tn�1/. Using the Taylor expansion of tn at

.t1; : : : ; tn�1/ D .0; : : : ; 0/;
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we deduce (see Exercise 6.3)

tn D �
n�1X

kD1

�krktk

�nrn
CO 0.2/; (1.2)

where O 0.r/ denotes an error term smaller than some constant multiple of
.jt1j C � � � C jtn�1j/r /.

Near � the function h DPn
kD1 rk cos.'k C tk/ has the Taylor expansion

h D
nX

kD1
�krk � 1

2

nX

kD1
�krkt

2
k CO.4/:

Using (1.2), we deduce that near � 2 C we have the following expansion in the
local coordinates: .t1; : : : ; tn�1/

hjC D
nX

kD1
�krk � 1

2

n�1X

kD1
�krkt

2
k �

1

2
�nrn

 
n�1X

kD1

�krktk

�nrn

!2

CO 0.3/:

We deduce that the Hessian of hjC at � can be identified with the restriction of the
quadratic form

q.t1; : : : ; tn/ D �
nX

kD1
�krkt

2
k

to the subspace

T�C D
(

.t1; : : : ; tn/ 2 R
nI

nX

kD1
�krktk D 0

)

:

At this point we need the following elementary result.

Lemma 1.11. Let c D .c1; : : : ; cn/ 2 R
n be such that

c1 � c2 � � � cn ¤ 0; S WD c1 C � � � C cn ¤ 0:

Let V WD ˚ t 2 R
nI t ? c

�
and define the quadratic form

Q W Rn � R
n ! R; Q.u; v/ D

nX

kD1
ckukvk:
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Then, the restriction of Q to V is nondegenerate and

�.QjV / D
(
�.Q/; S > 0;

�.Q/� 1; S < 0:

Proof. We may assume without any loss of generality that jcj D 1. Denote by PV
the orthogonal projection onto V and set

L W Rn ! R
n; L WD Diag.c1; : : : ; cn/:

Then
Q.u; v/ D .Lu; v/:

The restriction of Q to V is described by

QjV .v1; v2/ D .PV Lv1; v2/; 8vi 2 V:

We deduce that QjV is nondegenerate if and only if the linear operator
T D PV L W V ! V has trivial kernel. Observe that v 2 V belongs to kerT if
and only if there exists a scalar y 2 R such that

Lv D yc” v D yı; ı D .1; : : : ; 1/:

Since .v; c/ D 0 and .ı; c/ DPn
kD1 ck ¤ 0, we deduce y D 0, so that v D 0.

For v 2 V and y 2 R, we have

.L.vCyı/; vCyı/ D .Lv; v/C2y.Lv; ı/Cy2.Lı; ı/ D .Lv; v/Cy2S: (1.3)

Suppose V˙ is a maximal subspace of V , where QjV is positive/negative definite,
so that

VC C V� D V
�
H) dimVC C dimV� D dimV D n � 1

�
:

Set

U˙ D V˙ ˚ Rı D V˙ ˚ Rc:

Observe that

dimU˙ D dimV˙ C 1; VC ˚ U� D R
n D UC ˚ V�: (1.4)

We now distinguish two cases.

A. S > 0. Using (1.3), we deduce that Q is positive definite on UC and negative
definite on V�. The equalities (1.4) imply that

�.Q/ D dimV� D �.QjV /:
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B. S < 0. Using (1.3), we deduce that Q is positive definite on VC and negative
definite on U�. The equalities (1.4) imply that

�.Q/ D �.QjV /C 1:

This completes the proof of Lemma 1.11. ut
Returning to our index computation, we deduce that at a critical configuration

� D .�1; : : : ; �n/ the Hessian of h is equal to the restriction of the quadratic form

Q D
nX

kD1
ckt

2
k ; ck D ��krk;

nX

kD1
ck D �h.�/ < 0;

to the orthogonal complement of c. Lemma 1.11 now implies that this Hessian is
nondegenerate and its index is

�.�/ D �h.�/ D #
˚
kI �k D 1

�� 1: (1.5)

For different approaches to the index computation, we refer to [Hau, SV].
If (1.1) is satisfied, we can obtain more refined information about the Morse

polynomial of h. For every binary vector � 2 f�1; 1gn, we define


.�/ WD #
˚
kI �k D 1

�
; `.�/ D

X

k

�k; �.�/ D `.�/ D
X

k

rk�k:

We deduce

2
.�/ D
X

k

�k C
X

k

j�k j D `.�/C n

H) �.�/ D 1

2
.nC `.�//� 1:

The set of critical points of h can be identified with the set

RC WD
˚

� 2 f�1; 1gnI �.�/ > 0 �:

Define

R� D
˚

�I �� 2 R�
�
:

Assumption (1.1) implies that

f�1; 1gn D RC t R�:
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The Morse polynomial of h is

Ph.t/ D
X

�2RC

t�.�/ D t n2 �1 X

�2RC

t `.�/=2:

Define
LC
h .t/ WD

X

�2RC

t`.�/=2; L�
h .t/ WD

X

�2R�

t`.�/=2:

Since `.��/ D �`.�/, we deduce

L�
h .t/ D LC

h .t
�1/:

On the other hand,

LC
h .t/C L�

h .t/ D
X

�

.t1=2/`.�/ D .t1=2 C t�1=2/n D t�n=2.t C 1/n:

Hence,

LC
h .t/C Lh.t�1/ D t�n=2.t C 1/n:

Since,

LC
h .t/ D t�n=2C1Ph.t/;

we deduce

t�n=2C1Ph.t/C tn=2�1Ph.t�1/ D t�n=2.t C 1/n;
so that

tPh.t/C tn�1Ph.t�1/ D .t C 1/n: (1.6)

Observe that tn�1P.t�1/ is the Morse polynomial of �h, so that

tPh.t/C P�h.t/ D .t C 1/n: (1.7)

If

Ph.t/ D a0 C a1t C � � � C an�1tn�1;

then we deduce from (1.6) that

ak C an�2�k D
 

n

k C 1

!

; 8k D 1; : : : ; n � 2; an�1 D 1: ut

Let us return to our general study of Morse functions. The key algebraic reason
for their effectiveness in topological problems stems from their local rigidity. More
precisely, the Morse functions have a very simple local structure: up to a change of
coordinates all Morse functions are quadratic. This is the content of our next result,
commonly referred to as the Morse lemma.
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Theorem 1.12 (Morse). Suppose f WM!R is a smooth function, m D dimM ,
and p0 is a nondegenerate critical point of f . Then there exist an open neighbor-
hood U of p0 and local coordinates .x1; : : : ; xm/ on U such that

xi .p0/ D 0; 8i D 1; : : : ; m and f .x/ D f .p0/C 1

2
Hf;p0 .x/:

In other words, f is described in these coordinates by a quadratic polynomial.

Proof. We use the approach in [AGV1, Sect. 6.4] based on the homotopy method.
This has the advantage that it applies to more general situations. Assume for
simplicity that f .p0/ D 0.

Fix a diffeomorphism ˚ from R
m onto an open neighborhood N of p0 such

that ˚.0/ D p0. This diffeomorphism defines coordinates .xi / on N such that
xi .p0/ D 0, 8i , and we set '.x/ D f .˚.x//. For t 2 Œ0; 1�, define 't W Rm ! R by

't.x/ D .1 � t/'.x/C tQ.x/ D Q.x/C .1 � t/
�
'.x/ �Q.x/ �;

where

Q.x/ D 1

2

X

i;j

@2'

@xi @xj
.0/xixj :

We seek an open neighborhood U � ˚�1.N / of 0 2 R
m and a one-parameter

family of embeddings �t W U ,! R
m such that

�t.0/ D 0; 't ı �t 	 ' on U 8t 2 Œ0; 1�: (1.8)

Such a family is uniquely determined by the t-dependent vector field

Vt .x/ WD d

dt
�t .x/:

More precisely, the path t

x7�! �t.x/ 2 R

m is the unique solution of the initial value
problem

P
.t/ D Vt .
.t// 8t; 
.0/ D x:
Differentiating (1.8) with respect to t , we deduce the homology equation

P't ı �t C .Vt't / ı �t D 0” Q � ' D Vt't on �t .U /; 8t 2 Œ0; 1�: (1.9)

If we find a vector field Vt satisfying Vt .0/ D 0; 8t 2 Œ0; 1� and (1.9) on a
neighborhoodW of 0, then

N D
\

t2Œ0;1�
��1
t .W /
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is a neighborhood1 of 0, and we deduce that �t satisfies (1.8) on N. To do this we
need to introduce some terminology.

Two smooth functions f and g defined in a neighborhood of 0 2 R
m are said to

be equivalent at 0 if there exists a neighborhood U of 0 such that f jUD g jU . The
equivalence class of such a function f is called the germ of the function at 0 and it
is denoted by Œf �. We denote by E the collection of germs at 0 of smooth functions.
It is naturally an R-algebra. The evaluation map

C1 3 f 7! f .0/ 2 R

induces a surjective morphism of rings E ! R. Its kernel is, therefore, a maximal
ideal in E, which we denote by m. It is easy to see that E is a local ring, since for
any function f such that f .0/ ¤ 0, the inverse 1=f is smooth near 0.

Lemma 1.13 (Hadamard). The ideal m is generated by the germs of the coordi-
nate functions xi .

Proof. It suffices to show that m � Pi x
iE. Consider a germ in m represented by

the smooth function f defined in an open ball Br.0/. Then for every x 2 Br.0/, we
have

f .x/ D f .x/ � f .0/ D
Z 1

0

d

ds
f .sx/ds D

X

i

xi
Z 1

0

@f

@xi
.sx/ds

„ ƒ‚ …
DWui

:

This proves that Œf � DPi Œx
i �Œui �. ut

For every multi-index ˛ D .˛1; : : : ; ˛m/ 2 Z
m�0, we set

j˛j WD
X

i

˛i ; x
˛ WD .x1/˛1 � � � .xm/˛m ; D˛ D @j˛j

.@x1/˛1 � � � .@xm/˛m :

Lemma 1.14. If .D˛f /.0/ D 0 for all j˛j < k, then Œf � 2 mk . In particular
Œ'� 2 m2, ' �Q 2 m3.

Proof. We argue by induction on k � 1. The case k D 1 follows from Hadamard’s
lemma. Suppose now that .D˛f /.0/ D 0 for all j˛j < k. By induction we deduce
that Œf � 2 mk�1, so that

f D
X

j˛jDk�1
x˛u˛; u˛ 2 E:

1This happens because the condition Vt .0/ D 08t implies that there exists r > 0with the property
that �t .x/ 2 W , 8jxj < r , and 8t 2 Œ0; 1�. Loosely speaking, if a point x is not very far from the
stationary point 0 of the flow �t , then in one second it cannot travel very far along this flow.
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Hence, for any multi-index ˇ such that jˇj D k � 1, we have

Dˇf D Dˇ

0

@
X

j˛j�k�1
x˛u˛

1

A 2 uˇ Cm:

In other words,

Dˇf � uˇ 2 m; 8jˇj D k � 1:
Since .Dˇf /.0/ D 0, we deduce from Hadamard’s lemma that Dˇf 2 m so that
uˇ 2 m for all ˇ. ut

Denote by J' the ideal in E generated by the germs at 0 of the partial derivatives
@xi ', i D 1; : : : ; m. It is called the Jacobian ideal of ' at 0. Since 0 is a critical
point of ', we have J' � m. Because 0 is a nondegenerate critical point, we have
an even stronger result.

Lemma 1.15 (Key lemma). J' D m.

Proof. We present a proof based on the implicit function theorem. Consider the
smooth map

y D d' W Rm ! R
m; y D .y1.x/; : : : ; ym.x//; yi D @i':

Then,

y.0/ D 0; @y

@x
jxD0 D H';0:

Since detH';0 ¤ 0, we deduce from the implicit function theorem that y is a local
diffeomorphism. Hence its components yi define local coordinates near 0 2 R

m

such that yi .0/ D 0. We can thus express the xi ’s as smooth functions of yj ’s,
xi D xi .y1; : : : ; ym/.

On the other hand, xi .y/jyD0 D 0, so we can conclude from Hadamard’s lemma
that there exist smooth functions uij D uij .y/ such that

xi D
X

j

uij y
j H) xi 2 J'; 8i: ut

Set ı WD ' �Q, so that 't D ' � tı. We rewrite the homology equation as

Vt � .' � tı/ D �ı:

For every g 2 E, we consider the “initial value” problem

Vt .0/ D 0; 8t 2 Œ0; 1�; (I)

Vt � .' � tı/ D g; 8t 2 Œ0; 1�: (Hg)
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Lemma 1.16. For every g 2 m, there exists a smooth vector field Vt satisfying (Hg)
for any t 2 Œ0; 1�. Moreover, if g 2 m2 we can find a solution Vt of (Hg) satisfying
the initial condition (I) as well.

Proof. We start with some simple observations. Observe that if V gi
t is a solution of

(Hgi ), i D 0; 1, and ui 2 E, then u0V
g0
t C u1V

g1
t is a solution of (Hu0g0Cu1g1). Since

every g 2 m can be written as a linear combination

g D
mX

iD1
xiui ; ui 2 E;

it suffices to find solutions V i
t of (Hxi ).

Using the key lemma, we can find aij 2 E such that

xi D
X

i

aij @j '; @j WD @xj :

We can write this in matrix form as

x D A.x/r'” x D A.x/r.' � tı/C tA.x/rı: (1.11)

Lemma 1.14 implies ı 2 m3, so that @iı 2 m2, 8i . Thus we can find bij 2 m such
that

@i ı D
X

j

bij x
j ;

or in matrix form,
rı D Bx; B.0/ D 0:

Substituting this in (1.11), we deduce

�
1Rm � tA.x/B.x/

�
x D A.x/r.' � tı/:

Since B.0/ D 0, we deduce that
�
1Rm � tA.x/B.x/

�
is invertible2 for every t 2

Œ0; 1� and every sufficiently small x. We denote by Ct.x/ its inverse, so that we
obtain

x D Ct.x/A.x/r.' � tı/:
If we denote by V i

j .t; x/ the .i; j / entry of Ct.x/A.x/, we deduce

xi D
X

j

V i
j .t; x/@j .' � tı/;

2The reader familiar with the basics of commutative algebra will most certainly recognize that this
step of the proof is in fact Nakayama’s lemma in disguise.
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so

V i
t D

X

j

V i
j .t; x/@j

is a solution of (Hxi ). If g D P
i gi x

i 2 m, then
P

i gi V
i
t is a solution of (Hg).

If additionally g 2 m2, then we can choose the previous gi to be in m. Then,P
i gi V

i
t is a solution of (Hg) satisfying the initial condition (I).

Now observe that since ı 2 m3 � m2, we can find a solution Vt of H�ı satisfying
the “initial” condition (I). This vector field is then a solution of the homology
equations (1.9). This completes the proof of Theorem 1.12.

Corollary 1.17 (Morse lemma). If p0 is a nondegenerate critical point of index �
of a smooth function f WM ! R, then there exist local coordinates .xi /1�i�m near
p0 such that xi .p0/ D 0, 8i , and in these coordinates we have the equality

f D f .p0/�
�X

iD1
.xi /2 C

mX

jD�C1
.xj /2: ut

We will refer to coordinates with the properties in the Morse lemma as coordi-
nates adapted to the critical point. If .x1; : : : ; xm/ are such coordinates, we will often
use the notation

x D .x�; xC/; x� D .x1; : : : ; x�/; xC D .x�C1; : : : ; xm/;

f D f .p0/� jx�j2 C jxCj2:

1.2 Existence of Morse Functions

The second key reason for the topological versatility of Morse functions is their
abundance. It turns out that they form a dense open subset in the space of smooth
functions. The goal of this section is to prove this claim.

The strategy we employ is very easy to describe. We will produce families of
smooth functions f� W M ! R, depending smoothly on the parameter � 2 �,
where � is a smooth finite dimensional manifold. We will then produce a smooth
map � W Z ! � such that f� is a Morse function for every regular value of � .
Sard’s theorem will then imply that f� is a Morse function for most �’s.

Suppose M is a connected, smooth, m-dimensional manifold. According to
Whitney’s embedding theorem (see, e.g., [W, IV.A]), we can assume that M is
embedded in an Euclidean vector space E of dimension n � 2m C 1. We denote
the metric on E by .
; 
/. Suppose� is a smooth manifold and F W � � E ! R is
a smooth function. We regard F as a smooth family of functions

F� W E ! R; F�.x/ D F.�; x/; 8.�; x/ 2 � � E:
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We set
f WD F j��M ; f� WD F� jM :

Let x 2 M . There is a natural surjective linear map Px W E� ! T �
x M , which

associates to each linear functional on E its restriction to TxM � E . In particular,
we have an equality

df�.x/ D PxdF�.x/:

For every x 2M we have a smooth map

@xf W �! T �
x M; � 7! df�.x/:

Definition 1.18. (a) We say that the family F W � � E ! R is sufficiently large
relative to the submanifold M ,! E if the following hold:

• dim� � dimM .
• For every x 2M , the point 0 2 T �

x M is a regular value for @xf .

(b) We say that F is large if for every x 2 E the partial differential map

@xF W �! E�; � 7! dF�.x/

is a submersion, i.e., its differential at any � 2 � is surjective.

Lemma 1.19. If F W ��E ! R is large, then it is sufficiently large relative to any
submanifoldM ,! E .

Proof. From the equality @xf D Px@xF , we deduce that @xf is a submersion as a
composition of two submersions. In particular, it has no critical values. ut
Example 1.20. (a) Suppose � D E� andH W E� � E ! R,

H.�; x/ D �.x/; 8.�; x/ 2 E� � E:

Using the metric identification, we deduce that

dxH� D �; 8� 2 E�:

Hence,
@xH W E� ! T �

x E D E�

is the identity map and thus it is a submersion. HenceH is a large family.
(b) Suppose E is a Euclidean vector space with metric .
; 
/,� D E , and

R W E �E ! R; R.�; x/ D 1

2
jx � �j2:

Then R is large. To see this, denote by � W E ! E� the metric duality. Note
that

dxR� D .x � �/�;
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and the map E 3 � 7! .x � �/� 2 E� is an affine isomorphism. Thus, R is a
large family.

(c) Suppose E is an Euclidean space. Denote by � the space of positive definite
symmetric endomorphismsA W E ! E and define

F W � � E ! R; � � E 3 .A; x/ 7! 1

2
.Ax; x/:

Observe that @xF W �! E is given by

@xF.A/ D Ax; 8A 2 �:

If x ¤ 0, then @xF is onto. This shows that F is sufficiently large relative to any
submanifold of E not passing through the origin.

Theorem 1.21. If the family F W � � E ! R is sufficiently large relative to the
submanifold M ,! E , then there exists a negligible set �1 � � such that for all
� 2 � n�1 the function f� WM ! R is a Morse function.

Proof. We will carry the proof in several steps.

Step 1. We assume that M is special, i.e., there exist global coordinates

.x1; : : : ; xn/

onE (not necessarily linear coordinates) such thatM can be identified with an open
subset W of the coordinate “plane”

˚
xmC1 D � � � D xn D 0 �:

For every � 2 �, we can then regard f� as a function f� W W ! R and its
differential as a function

'� W W ! R
m; w D .x1; : : : ; xm/ 7�! '�.w/ D

�
@x1f�.w/; : : : ; @xmf�.w/

�
:

A point w 2 W is a nondegenerate critical point of f� if

'�.w/ D 0 2 R
m

and
the differential D'� W TwW ! R

m is bijective.

We deduce that f� is a Morse function if and only if 0 is a regular value of '�.
Consider now the function

˚ W � �W ! R
m; ˚.�;w/ D '�.w/:

The condition that the family be sufficiently large implies the following fact.
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Lemma 1.22. 0 2 R
m is a regular value of ˚ , i.e., for every .�;w/ 2 ˚�1.0/ the

differentialD˚ W T.�;w/� �W ! R
m is onto.

To keep the flow of arguments uninterrupted, we will present the proof of this
result after we have completed the proof of the theorem. We deduce that

Z D ˚�1.0/ D ˚ .�;w/ 2 � �W I '�.w/ D 0
�
;

is a closed smooth submanifold of � � V . The natural projection � W � �W ! �

induces a smooth map � W Z ! �. We have the following key observation.

Lemma 1.23. If � is a regular value of � W Z ! �, then 0 is a regular value of
'�, i.e., f� is a Morse function.

Proof. Suppose � is a regular value of � . If � does not belong to �.Z/ the function
f� has no critical points on M , and in particular, it is a Morse function.

Thus, we have to prove that for every w 2 W such that '�.w/ D 0, the differential
D'� W TwW ! R

m is surjective. Set

T1 WD T��; T2 D TwW; V D R
m;

D1 W D�˚ W T1 ! V; D2 D Dw˚ W T2 ! V:

Note that D˚ D D1 CD2, z D .�;w/ 2 Z, and

TzZ D ker.D1 CD2 W T1 ˚ T2 ! V /:

The lemma is then a consequence of the following linear algebra fact.


 Suppose T1; T2; and V are finite dimensional real vector spaces and

Di W Ti ! V; i D 1; 2;
are linear maps such that D1 CD2 W T1 ˚ T2 ! V is surjective and the restriction
of the natural projection

P W T1 ˚ T2 ! T1

to K D ker.D1 CD2/ is surjective. Then D2 is surjective.

Indeed, let v 2 V . Then, there exists .t1; t2/ 2 T1˚T2 such that v D D1t1CD2t2.
On the other hand, since P W K ! T1 is onto, there exists t 02 2 T2 such that
.t1; t

0
2/ 2 K . Note that

v D D1t1 CD2t2 � .D1t1 CD2t
0
2/ D D2.t2 � t 02/ H) v 2 ImD2: ut

Using the Morse–Sard–Federer theorem we deduce that the set �M � �

of critical values of � W Z ! � is negligible, i.e., it has measure zero (see
Definition 1.1). Thus, for every � 2 � n �M the function f� W M ! R is a
Morse function. This completes Step 1.
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Step 2. M is general. We can then find a countable open cover .Mk/k�1 of M such
that Mk is special 8k � 1. We deduce from Step 1 that for every k � 1 there exists
a negligible set �k � � such that for every � 2 � n�k the restriction of f� to Mk

is a Morse function. Set
�1 D

[

k�1
�k:

Then �1 is negligible, and for every � 2 � n �1 the function f� W M ! R is
a Morse function. The proof of the theorem will be completed as soon as we prove
Lemma 1.22.

Proof of Lemma 1.22. We have to use the fact that the family F is sufficiently large
relative to M . This condition is equivalent to the fact that if .�0;w0/ is such that
'�0.w0/ D 0, then the differential

D�˚ D @

@�
j�D�0 df�.w0/ W T�0�! R

m

is onto. A fortiori, the differentialD˚ W T.�0;w0/.� �W /! R
m is onto. ut

Definition 1.24. A continuous function g W M ! R is called exhaustive if all the
sublevel sets fg � cg are compact.

Using Lemma 1.19 and Example 1.20, we deduce the following result.

Corollary 1.25. Suppose M is a submanifold of the Euclidean space E not
containing the origin. Then for almost all v 2 E�, almost all p 2 E , and almost
any positive symmetric endomorphism A of E the functions

hv; rp; qA WM ! R;

defined by

hv.x/ D v.x/; rp.x/ D 1

2
jx � pj2; I qA.x/ D 1

2
.Ax; x/;

are Morse functions. Moreover, if M is closed as a subset of E , then the functions
rp and qA are exhaustive.

Corollary 1.26. Suppose thatM is a smooth manifold and U � C1.M/ is a finite
dimensional vector space satisfying the ampleness condition

8p 2M; 8� 2 T �
p M; 9u 2 U W du.p/ D �:

Then almost any function u 2 U is Morse.

Proof. Fix an embedding i0 W M ! E0 into a finite dimensional vector space E0.
Denote by U � the dual of U , U � WD Hom.U ;R/, and define

i WM ! E0 ˚U �; M 3 p 7! i0.p/˚ evp 2 E0 ˚ U �;
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where evp W U ! R is given by

evp.u/ D u.p/; 8u 2 U :

The map i is an embedding. Set E WD E0 ˚U � and define

F W U �E ! R; U � �E0 ˚ U � � 3 .u; e0 ˚ u�/ 7! u�.u/:

Note that for any p 2 M and any u 2 U , we have F
�

u; i.p/
� D u.p/, so that

FujM D u, 8u 2 U . The ampleness condition implies that F is large relative to the
submanifold i.M/ of E and the result follows from Theorem 1.21. ut
Remark 1.27. (a) Although the examples of Morse functions described in

Corollary 1.25 may seem rather special, one can prove that any Morse function
on a compact manifold is of the type hv. Indeed, let M be a compact smooth
manifold, and f W M ! R be a Morse function on M . Fix an embedding
˚ WM ,! R

n. We can then define another embedding

˚f WM ,! R � R
n; x 7! �

f .x/; ˚.x/
�
:

If .e0; e1; : : : ; en/ denotes the canonical basis in R�Rn, then we see that f can
be identified with the height function he0 , i.e.,

f D he0 ı ˚f D .˚f /�he0 :

(b) The Whitney embedding theorem states something stronger: any smooth mani-
fold of dimensionm can be embedded as a closed subset of an Euclidean space
of dimension at most 2m C 1. We deduce that any smooth manifold admits
exhaustive Morse functions.

(c) Note that an exhaustive smooth function satisfies the Palais–Smale condition:
any sequence xn 2M such that f .xn/ is bounded from above and jdf .xn/jg !
0 contains a subsequence convergent to a critical point of f . Here jdf .x/jg
denotes the length of df .x/ 2 T �

x M with respect to some fixed Riemannian
metric onM .

Definition 1.28. A Morse function f W M ! R is called resonant if there exist
two distinct critical points p and q corresponding to the same critical value, i.e.,
f .p/ D f .q/. If different critical points correspond to different critical values, then
f is called nonresonant.3

It is possible that a Morse function f constructed in this corollary may be
resonant. We want to show that any Morse function can be arbitrarily well
approximated in the C 2-topology by nonresonant ones.

3Thom refers to our nonresonant Morse functions as excellent.
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Consider a smooth function � W Œ0;1/! Œ0; 1� satisfying the conditions

�.0/ D 1; �.t/ D 0; 8t � 2; �1 � �0.t/ � 0; 8t � 0:

We set

�".t/ D "3�."�1t/:
Observe that

�.0/ D "; �"2 � �0
".t/ � 0:

Suppose f W M ! R is a smooth function and p is a nondegenerate critical point
of f , f .p/ D c. Fix coordinates x D .x�; xC/ adapted to p. Hence,

f D c � jx�j2 C jxCj2; 8x 2 U" D fjx�j2 C jxCj < 2"g:
Set u˙ D jx˙j2, u D u� C uC and define

f" D f";p D f C �".u/ D c � u� C uC C �".u/:
Then f D f" on X n U", while along U" we have

df" D .�0
" � 1/du� C .�0

" C 1/duC:

This proves that the only critical point of f" jU" is x D 0. Thus, f";p has the same
critical set as f , and

kf � f"kC2 � "; f".p/ D f .p/C "3; f".q/ D f .q/; 8q 2 Crf nfpg:

Iterating this procedure, we deduce the following result.

Proposition 1.29. Suppose f W M ! R is a Morse function on the compact
manifold M . Then, there exists a sequence of nonresonant Morse functions fn W
M ! R with the properties

Crfn D Cr.f /; 8n; fn C2�! f; asn!1: ut

Remark 1.30. The nonresonant Morse functions on a compact manifoldM enjoy a
certain stability that we want to describe.

We declare two smooth functions f0; f1 W M ! R to be equivalent if and
only if there exist diffeomorphisms R W M ! M and L W R ! R such that
f1 D L ı f0 ıR�1, i.e., the diagram below is commutative

M R

M R

�f0

�
R

�
L

�
f1
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In other words, two smooth functions are to be equivalent if one can be obtained
from the other via a global change of coordinates R on M and a global change of
coordinatesL on R.

We can give an alternate, more conceptual formulation of this condition.
Consider the group G D Diff .M/ � Diff .R/, where Diff .X/ denotes the group
of smooth diffeomorphisms of the smooth manifold X . The group G acts (on the
left) on the space C1.M;R/ of smooth functions on M , according to the rule

.R;L/ � f WD L ı f ıR�1;

8.R;L/ 2 Diff .M/ � Diff .R/, f 2 C1.M;R/. Two smooth functions are,
therefore, equivalent if and only if they belong to the same orbit of the above action
of G.

The space C1.M;R/ is equipped with a natural locally convex topology making
it a Fréchet space (see [GG, Chap. III]) so that a sequence of functions converges in
this topology if and only if the sequences of partial derivatives converge uniformly
on M . A function f 2 C1.M;R/ is said to be stable if it admits an open
neighborhood O in the above topology on C1.M;R/ such that any g 2 O is
equivalent to f .

One can prove (see [GG, Thm. III.2.2]) that a function f 2 C1.M;R/ is stable
if and only if it is a nonresonant Morse function.

1.3 Morse Functions on Knots

As we have explained in Remark 1.27(a), any Morse function on a compact manifold
M can be viewed as a height function hv with respect to some suitable embedding
of M in an Euclidean space E and some vector v 2 E .

In this section we look at the simplest case, an embedding of S1 in the three-
dimensional Euclidean space and we would like to understand the size of the critical
set of such a height function. Since we have one height function for each unit vector,
it is natural to ask what is the “average size” of the critical set of such a height
function. The answer turns out to depend both on the geometry and the topology of
the embedding. A byproduct of this analysis is a celebrated result of Milnor [M0]
concerning the “amount of twisting” it takes to knot a curve. Our presentation is
inspired from [CL].

We define a knot to be a smooth embedding � W S1 ,! E , where E is an oriented
real Euclidean three-dimensional space, with inner product .�;�/. We denote byK
the image of this embedding. Let S denote the unit sphere in E .

A vector v 2 E determines a linear map

`v W E ! R; x 7! .v;x/:
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We set
hv WD `vjK:

As explained in the previous section, for almost all v in S , the function hv is Morse.
We denote by �K.v/ the number of critical points of hv . If hv is not a Morse
function, we set �K.v/ WD 0. Observe that if hv is Morse, then �K.v/ � 2 because
a Morse function on a circle has at least two critical points, an absolute minimum
and an absolute maximum.

We want to show that the function

S 3 v 7! �K.v/ 2 Z

is measurable, and then compute its average

N�K WD 1

area .S /

Z

S

�K.v/dA.v/ D 1

4�

Z

S

�K.v/dA.v/;

where dA denotes the Euclidean area element on the unit sphere.
The proof relies on a special case of classical result in geometric measure theory

called the coarea formula. While the statement of this result is very intuitive,
its proof is rather technical. To keep the geometric arguments in this section as
transparent as possible, we decided to omit its proof. The curious reader can consult
[BZ, Sect. 13.4], [Fed, Sect. 3.2], or [Mor, Sect. 3.7].

The formulation of the area formula uses a geometric invariant that may not be
as widely known so we begin by defining it.

Suppose .M0; g0/ and .M1; g1/ are smooth, connected, Riemannian manifolds
of identical dimension m, and F W M0 ! M1 is a smooth map. We do not assume
that either one of these manifolds is orientable. The Jacobian of F is the smooth
nonnegative function

jJF j WM0 ! Œ0;1/
defined as follows. Let x0 2 M0, set x1 D F.x0/ and denote by PFx0 the differential
of F at x0 so that PFx0 , is a linear map

PFx0 W Tx0M0 ! Tx1M1:

Fix an orthonormal basis .e1; : : : ; em/ of Tx0M0, and set

fk WD PFx0ek; 1 � k � m:

We can form the m � m symmetric matrix GF .x0/ whose .i; j /th entry is the
inner product g1.fi ; fj /. The matrix Gf .x0/ is nonnegative, so its determinant is
nonnegative, and it is independent of the choice of orthonormal basis .ek/. Then

jJF j.x0/ WD
p

detGF .x0/:
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If both M0 and M1 are oriented, then we can give an alternate description of the
Jacobian. The orientations and the metrics define volume forms dVg0 2 ˝m.M0/

and dVg1 2 ˝m.M1/. There exists a smooth function wF W M0 ! R uniquely
determined by the condition

F �dVg1 D wF dVg0:

Then,

jJF j.x0/ D jwF .x0/j; 8x0 2 M0:

Observe that if F WM0!M1 is a smooth map between compact smooth manifolds
of identical dimensions, then Sard’s theorem implies that for almost every x1 2 M1

is a regular value of F . For such x1’s the fiber F �1.x1/ is a finite set. We denote by
NF .x1/ 2 Z�0 [ f1g its cardinality. We can now formulate the very special case
of the coarea formula that we need in this section.

Theorem 1.31 (Coarea formula). Suppose F W .M0; g0/ ! .M1; g1/ is a smooth
map between two compact, connected oriented Riemann manifolds of identical
dimensions. Then the function

M1 3 x1 7! NF .x1/ 2 Z�0 [ f1g
is measurable with respect to the Lebesgue measure defined by dVg1 , and

Z

M1

NF .x1/dVg1.x1/ D
Z

M0

jJF j.x0/dVg0.x0/: ut

We now return to our original investigation. The embedding � W S1 ! E

defining K induces an orientation on K . For x 2 K , we denote by e0.x/ the unit
vector tangent toK at x and pointing in the direction given by the orientation. Define

S .K/ D
n
.x;v/ 2 K � S I v ? !

e 0.x/
o
:

In other words, S .K/ is the unit sphere bundle associated to the normal bundle of
K ,! E . The natural (left and right) projections

� W K � S ! K; � W K � S ! S

induce smooth maps

�K W S .K/! K and �K W S .K/! S :

The first key observation is contained in the following lemma whose proof is left to
the reader as an exercise (Exercise 6.5).

Lemma 1.32. The vector v 2 S is a regular value of the map � W S .K/! S if an
only if hv W K ! R is a Morse function. Moreover,

�K.v/ D N�K.v/; 8v 2 S : ut
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We deduce from Theorem 1.31 that the function v 7! �K.v/ is measurable, and

N�K D 1

4�

Z

S

N�K .v/ dA.v/: (1.12)

To evaluate the right-hand side of (1.12), we plan to use the coarea formula for the
map �K . This requires a choice of metric on S .K/.

Denote by ds the length element alongK , and by L the length of K . By fixing a
point on K , we obtain an arclength parametrization

Œ0; L� 3 s 7! x.s/ 2 K � E :

Fix a smooth map e1 W K ! S such that e1.x/ ? e0.x/, 8x 2 K . In e1 is a section
of the normal unit circle bundle �K W S .K/! K . We set set

e2.x/ WD e0.x/ � e1.x/;

where � is the cross product on E induced by the metric and the orientation on this
vector space. The collection

�
e0.x/; e1.x/; e2.x/

�
is a so-called moving frame along

K . Observe that for any x 2 K , the collection .e1.x/; e2.x// is an orthonormal basis
of the normal plane .TxK/? � E . We set

ej .s/ WD ej
�
x.s/

�
; j D 0; 1; 2:

We can now produce a diffeomorphism W �R=LZ � � �R=2�Z �! S .K/

�
R=LZ

���R=2�Z � 3 .s; �/ 7! �
x.s/;v.s; �/

� 2 S .K/;

v.s; �/ D cos � � e1.s/C sin � � e2.s/:

We define the metric on S .K/ to be

gK D ds2 C d�2:

Note that we have globally defined vector fields @s and @� on S .K/ that define an
orthonormal frame of the tangent plane at each point of S .K/. In the coordinates
.s; �/, the map �K is described by

.s; �/ 7! v.s; �/:

If we denote by jJK j the Jacobian of the map

�K W
�

S .K/; gK
�! �

S ; gS

�
;

then we deduce that

jJK j2 D
ˇ
ˇ
ˇ̌ .vs;vs/E .vs ;v� /E
.vs;v� /E .v� ;v� /E

ˇ
ˇ
ˇ̌ ;
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where vs and v� denote the partial derivatives with respect to s and � of the smooth
map .s; �/ 7! v.s; �/ 2 E . We have

vs D cos � � e0
1.s/C sin � � e0

2.s/; v� D � sin � � e1.s/C cos � � e2.s/;

where a prime 0 indicates derivation with respect to s. Let us observe that

.v� ;v� /E D 1:

For any 0 � i; j � 2, we have

�
ei .s/; ej .s/

�
E
D
(
1; i D j
0; i ¤ j;

so that
�

e0
i .s/; ej .s/

�
E
C � ei .s/; e0

j .s/
�

E
D 0; 80 � i; j � 2:

This shows that the s dependent matrix,

A.s/ D � aij .s/
�
0�i;j�2; aij .s/ D

�
ei .s/; e0

j .s/
�

E
;

is skew-symmetric, so we can represent it as

A.s/ D
2

4
0 �˛.s/ �ˇ.s/
˛.s/ 0 �
.s/
ˇ.s/ 
.s/ 0

3

5 :

We deduce
�
vs ;v� / D

�
e0
1.s/; e2.s/

�
E
D a21.s/ D 
.s/:

We have

vs D cos �
��˛.s/e0.s/C 
.s/e2.s/

�C sin �
��ˇ.s/e0.s/� 
.s/e1.s/

�

D ��˛.s/ cos � C ˇ.s/ sin �
�
e0.s/� sin �
.s/e1.s/C cos �
.s/e2.s/;

so that

.vs;vs/E D
�
˛.s/ cos � C ˇ.s/ sin �

�2 C 
.s/2:

We deduce that

jJK j2 D
�
˛.s/ cos � C ˇ.s/ sin �

�2
:
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Using the coarea formula in (1.12), we deduce

N�K D 1

4�

Z L

0

�Z 2�

0

ˇ
ˇ˛.s/ cos � C ˇ.s/ sin �

ˇ
ˇd�

�

„ ƒ‚ …
DWI.s/

ds: (1.13)

To extract a geometrically meaningful information, we need a more explicit
description of the integral I.s/. This is achieved in our next lemma.

Lemma 1.33. Let u 2 R
2. For any � 2 Œ0; 2��, we denote by n.�/ the outer outer

normal to the unit circle in the plane at the point ei� . Then,

I.u/ WD
Z

S1
ju � n.�/jd� D 4juj;

where � denotes the canonical inner product in R
2.

Proof. Observe that for any rotation T W R2 ! R
2, we have I.T u/ D I.u/ so we

can assume that u D rei� , � D 0, r � 0. In this case, we have

I.u/ D 2r
Z �=2

��=2
cos �d� D 4r D 4juj: ut

Now choose u D �˛.s/; ˇ.s/ � in Lemma 1.33 to deduce that

I.s/ D 4
p
˛.s/2 C ˇ.s/2 D 4je0

0.s/j:

The scalar je0
0.s/j is known as the (absolute) curvature of K at the point x.s/ and it

is denoted by j�.s/j. We conclude

1

4�

Z

S

�K.v/dA.v/ D N�K D 1

�

Z

K

j�.s/j ds: (1.14)

The integral
R
K
j�.s/jds is called the total curvature of the knot, and it is denoted

by TK . It measures how “twisted” is the curve K . Large TK signifies that K is very
twisted. The above formula shows that ifK is very twisted, then the height function
hv will have lots of critical points on K .

In [M0], the number

cK D 1

2
N�K

was called the crookedness of the knot. Observe that

cK D 1

4�

Z

S

1

2
�K.v/dAv:
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Observing (Exercise 6.4) that on a circle, the critical points of a Morse function are
either local minima or local maxima and their numbers are equal, we conclude that
1
2
�K.v/ is the number of local minima of the Morse function hv . We deduce

ck D 1

2�
TK: (1.15)

Here are some interesting consequences.

Corollary 1.34. For any knot K ,! E , we have TK � 2� .

Proof. Since any Morse function on K has at least two critical points, the equality
(1.14) implies TK � 2� . ut
Corollary 1.35. If K is planar and convex, then TK D 2� .

Proof. Since K is convex, any local minimum of a height function must be an
absolute minimum. Thus, any Morse height function will have a unique local
minimum. This implies that the crookedness of K is 1. The corollary now follows
from (1.15). ut
Remark 1.36. A stronger result is true. More precisely, Fenchel’s theorem states
that if K is a knot, then TK D 2� if and only if K is a planar convex curve. In
Exercise 6.6, we indicate one strategy for proving this result. ut
Corollary 1.37 (Milnor). If TK < 4� , then K is not knotted.

Proof. We deduce that N�K < 4. Thus, there exists v 2 S such that �K.v/ < 4.
Since �K.v/ is a positive even number, we deduce that �K.v/ D 2. Thus the
function hv has only two critical points on K: a global minimum and a global
maximum. We leave to the reader as an exercise4 to show that this implies that
K is not knotted. ut

We can turn the above result on its head and conclude that if the knotK is not the
trivial knot, then its total curvature must be �4� . In other words, a nontrivial knot
must be twice twisted than a planar convex curve.

Remark 1.38. The results in this section can be given a probabilistic interpretation.
More precisely, equip the three-dimensional Euclidean space E with a Gaussian
probability measure

d
.v/ D .2�/� 3
2 e� jvj2

2 dv:

The function

E 3 v 7! �K.v/ 2 Z

4See Exercise 6.22 and its solution on page 304.
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is a random variable and one can prove that

Z

E

�K.v/d
.v/ D N�K D 1

4�

Z

S

�K.v/ dA.v/; (1.16)

i.e., the expectation of this random variable is equal to the crookedness of K .
We refer to [Ni3] for a generalization of this probabilistic equality. ut





Chapter 2
The Topology of Morse Functions

The present chapter is the heart of Morse theory, which is based on two fundamental
principles. The “weak” Morse principle states that as long as the real parameter t
varies in an interval containing only regular values of a smooth function f W M !
R, the topology of the sublevel set ff � tg is independent of t . We can turn this
on its head and state that a change in the topology of ff � tg is an indicator of the
presence of a critical point.

The “strong” Morse principle describes precisely the changes in the topology of
ff � tg as t crosses a critical value of f . These changes are known in geometric
topology as surgery operations or handle attachments.

The surgery operations are more subtle than they first appear, and we thought it
wise to devote an entire section to this topic. It will give the reader a glimpse at the
potential “zoo” of smooth manifolds that can be obtained by an iterated application
of these operations.

2.1 Surgery, Handle Attachment, and Cobordisms

To formulate the central results of the Morse theory, we need to introduce some
topological terminology. Denote by D

k the k-dimensional, closed unit disk and by
PDk its interior. We will refer to D

k as the standard k-cell. The cell attachment
technique is one of the most versatile methods of producing new topological spaces
out of existing ones.

Given a topological space X and a continuous map ' W @Dk ! X , we can attach
a k-cell to X to form the topological space X [' Dk . The compact spaces obtained
by attaching finitely many cells to a point are homotopy equivalent to finite CW -
complexes. We would like to describe a related operation in the more restricted
category of smooth manifolds.

L. Nicolaescu, An Invitation to Morse Theory, Universitext,
DOI 10.1007/978-1-4614-1105-5 2, © Springer Science+Business Media, LLC 2011
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34 2 The Topology of Morse Functions

We begin with the operation of surgery. Suppose that M is a smooth
m-dimensional manifold. The operation of surgery requires several additional data:

• An embedding S ,! M of the standard k-dimensional sphere Sk , k < m, with
trivializable normal bundle TSM

• A framing of the normal bundle TSM , i.e., a bundle isomorphism

' W TSM ! R
m�k
S D R

m�k � S:

Equivalently, a framing of S defines an isotopy class of embeddings

' W Dm�k � Sk !M such that '.f0g � Sk/ D S:

Set U WD '. PDm�k � Sk/. Then, U is a tubular neighborhood of S in M . We can
now define a new topological manifold M.S; '/ by removing U and then gluing
instead OU D Sm�k�1 �D

kC1 along @U D @.M n U / via the identifications

@ OU '! @U D @.M n U /:

For every e0 2 @Dm�k D Sm�k�1, the sphere '.e0 � Sk/ � M will bound the disk
e0 � D

kC1 in M.S; '/. Note that e0 � Sk can be regarded as the graph of a section
of the trivial bundle Dm�k � Sk ! Sk.

To see that M.S; '/ is indeed a smooth manifold, we observe that

U n S Š . PDm�k n 0/ � Sk:

Using spherical coordinates, we obtain diffeomorphisms

. PDm�k n 0/� Sk Š .0; 1/� Sm�k�1 � Sk;
Sm�k�1 � .0; 1/� Sk Š Sm�k�1 � .DkC1 n 0/:

Now, attach .Sm�k�1 �DkC1/ to U along U n S using the obvious diffeomorphism

.0; 1/� Sm�k�1 � Sk ! Sm�k�1 � .0; 1/� Sk:

The diffeomorphism type ofM.S; '/ depends on the isotopy class of the embedding
S ,!M and on the regular homotopy class of the framing '. We say that M.S; '/
is obtained fromM by a surgery of type .S; '/.

Example 2.1 (Zero-dimensional surgery). Suppose M is a smooth m-dimensional
manifold consisting of two connected componentsM˙. A zero-dimensional sphere
S0 consists of two points p˙. Fix an embedding S0 ,!M such that p˙ 2 M˙. Fix
open neighborhoodsU˙ of p˙ 2M˙ diffeomorphic to PDm and set U D U� [UC.
Then,

@.M n U / Š @U� [ @UC Š S0 � Sm�1:
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If we now glue D
1 � Sm�1 D Œ�1; 1� � Sm�1 such that f˙1g � Sm�1 is identified

with @U˙, we deduce that the surgery of M� [ MC along the zero sphere
fp˙g is diffeomorphic to the connected sum M�#MC. Equivalently, we identify
.�1; 0/� Sm�1 � D

1 � Sm�1 with the punctured neighborhoodU� n fp�g (so that
for s 2 .�1; 0/ the parameter �s is the radial distance in U�) and then identify
.0; 1/ � Sm�1 with the punctured neighborhood UC n fpCg (so that s 2 .0; 1/

represents the radial distance). ut
Example 2.2 (Codimension two surgery). Suppose Mm is a compact, oriented
smooth manifold m � 3 and i W Sm�2 ,! M is an embedding of a .m � 2/-
sphere with trivializable normal bundle. Set S D i.Sm�2/. The natural orientation
on Sm�2 (as boundary of the unit disk in R

m�1) induces an orientation on S . We
have a short exact sequence

0! TS ! TM jS ! TSM ! 0

of vector bundles over S .
The orientation on S together with the orientation on M induce via the above

sequence an orientation on the normal bundle TSM . Fix a metric on this bundle
and denote by DSM the associated unit disk bundle. Since the normal bundle has
rank two, the orientation on TSM makes it possible to speak of counterclockwise
rotations in each fiber. A trivialization is then uniquely determined by a choice of
section

e W S ! @DSM:

Given such a section e, we obtain a positively oriented orthonormal frame .e; f/ of
TSM , where f is obtained from e by a �=2 counterclockwise rotation. In particular,
we obtain an embedding

'e W D2 � Sm�2 Š DSM ,!M:

Once we fix such a section e0 W S ! @DSM , we obtain a trivialization

@DSM Š S1 � S;

and then any other framing is described by a smooth map Sm�2 ! S1. We see
that the homotopy classes of framings are classified by �m�2.S1/. In particular, this
shows that the choice of framing becomes relevant only when m D 3.

The surgery on the framed sphere .S; e0/ has the effect of removing a tubu-
lar neighborhood U Š 'e0.D

2 � Sm�2/ and replacing it with the manifold
OU D S1 � D

m�1, which has identical boundary.
The section e0 of @DS ! S traces a submanifoldL0 � @DSM diffeomorphic to

Sm�2. Via the trivialization 'e0 , it traces a sphere 'e0 .L0/ � @U called the attaching
sphere of the surgery. After the surgery, this attaching sphere will bound the disk
f1g � D

m�1 � OU . ut
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Example 2.3 (Surgery on knots in S3). Suppose that M D S3 and that K is a
smooth embedding of a circle S1 in S3. Such embeddings are commonly referred
to as knots.

A classical result of Seifert (see [Rolf, 5.A]) states that any such knot bounds an
orientable Riemann surfaceX smoothly embedded in S3. The interior-pointing unit
normal along @X D K defines a nowhere vanishing section of the normal bundle
TKS

3 and thus defines a framing of this bundle. This is known as the canonical
framing1 of the knot. It defines a diffeomorphism between a tubular neighborhood
U of the knot and the solid torus D2 � S1.

The canonical framing traces the curve

` D `K D f1g � S1 � @D2 � S1:

The curve ` is called the longitude of the knot, while the boundary @D2 � f1g of a
fiber of the normal disk bundle defines a curve called the meridian of the knot and
is denoted by � D �K .

Any other framing of the normal bundle will trace a curve ' on @U Š @D2 � S1
isotopic inside U to the axis K D f0g � S1 of the solid torus U . Thus in
H1.@D2 � S1;Z/, it has the form

Œ'� D pŒ��C Œ`�;

where the integer p is the winding number of ' in the meridional plane D
2. The

curve ' is called the attaching curve of the surgery.
The integer p completely determines the isotopy class of '. Thus, every surgery

on a knot in S3 is uniquely determined by an integer p called the coefficient of
the surgery, and the surgery with this framing coefficient will be called p-surgery.
We denote by S3.K; p/ the result of a p-surgery on the knot K .

The attaching curve of the surgery ' is a parallel of the knot K . By definition,
a parallel of K is a knot K 0 located in a thin tubular neighborhood of K with the
property that the radial projection onto K defines a homeomorphism K 0 ! K .
Conversely, every parallelK 0 of the knotK can be viewed as the attaching curve of
a surgery. The surgery coefficient is then the linking number of K and K 0, denoted
by lk.K;K 0/.

When we perform a p-surgery on K , we remove the solid torus U D D
2 � S1

and we replace it with a new solid torus OU D S1 � D
2, so that in the new manifold

the attaching curveKp D `C p� will bound the disk f1g � D
2 � OU .

Let us look at a very simple yet fundamental example. Think of S3 as the round
sphere

˚
.z0; z1/ 2 C

2I jz0j2 C jz1j2 D 2
�
:

1Its homotopy class is indeed independent of the choice of the Seifert surface X .
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K0

K1

Fig. 2.1 The Hopf link

Consider the closed subsets Ui D f.z0; z1/ 2 S3I jzi j � 1g, i D 0; 1. Observe that
U0 is a solid torus via the diffeomorphism

U0 3 .z0; z1/ 7!
�

z0;
z1
jz1j

�
2 D

2 � S1:

Denote by Ki the knot in S3 defined by zi D 0. For example, K0 admits the
parametrization

Œ0; 1� 3 t 7!
�
0;
p
2e2� it

�
2 S3:

The knots K0;K1 are disjoint and form the Hopf link. Both are unknotted (see
Fig. 2.1).

For example,K0 bounds the embedded 2-disk

X0 WD
˚
� 2 CI j�j2 � 2� ,!

n
.z0; z1/ D

�p
2 � j�j2; �

�
;2 S3

o
:

Observe that U0 is a tubular neighborhood of K0, and the above isomorphism
identifies it with the trivial 2-disk bundle, thus defining a framing of K0. This
framing is the canonical framing of U0. The longitude of this framing is the curve

`0 D @U0 \ X0 D
˚�
1; e2� it � I t 2 Œ0; 1�� :

The meridian of K0 is the curve z0 D e2� it ; z1 D 1, t 2 Œ0; 1�. Via the diffeomor-
phism

U1 ! D
2 � S1; U1 3 .z0; z1/ 7!

�
z1;

1

jz0jz0
�
2 D

2 � S1;

this curve can be identified with the meridian �1 of K1.
Set Mp WD S3.K; p/. The manifold Mp is obtained by removing U0 from S3

and gluing back a solid torus OU0 D S1 � D
2 to the complement of U0, which is the

solid torus U1, so that,

@ OU0 � O�0 D f1g � @D2 7�! pŒ�0�C Œ`0� D pŒ�0�C Œ�1�:

For p D 0, we see that the disk f1g � @D2 2 S1 � D
2 D OU0 bounds a disk in OU0

and a meridional disk in U1. The result of zero surgery on the unknot will then be
S1 � S2.
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If p ¤ 0, we can compute the fundamental group of Mp using the van Kampen
theorem. Denote by T the solid torus @ OU0, by j0 the inclusion induced morphism
�1.T / ! �1. OU0/, and by j1 the inclusion induced morphism �1.T / ! �1.U1/.
As generators of �1.T /, we can choose �0 and the attaching curve of the surgery
' D �p0 `0 because the intersection number of these two curves is˙1. As generator
of �1.U1/, we can choose `1 D �0 because the longitude of K1 is the meridian
of K0. As generator of �1. OU0/ we can choose j0.�0/ because j0 is surjective and
' 2 ker j0. Thus, �1.Mp/ is generated by �0; ' with the relation

1 D j0. O�0/ D jp. O�0/ D �p0 `0; `0 D j0.`0/ D jp.`0/; jp.�0/ D j0.�0/:

Hence, �1.Mp/ Š Z=p. In fact, Mp is a lens space. More precisely, we have an
orientation preserving diffeomorphism

S3.K0;˙jpj/ Š L.jpj; jpj ˙ 1/: ut

Example 2.4 (Surgery on the trefoil knot). Suppose that K is a knot in S3. Choose
a closed tubular neighborhood U of K . The canonical framing of K defines a
diffeomorphismU D D

2 � S1. Denote by EK the exterior

EK D S3 n int .U /:

Let T D @EK D @U , and denote by i� W �1.T / ! �1.EK/ the inclusion induced
morphism. LetK 0 � T be a parallel ofK , i.e., a simple closed curve that intersects
each meridian � D @D2 � fptg of the knot exactly once.

The parallel K 0 determines a surgery on the knot K with surgery coefficient
p D lk.K;K 0/. To compute the fundamental group of S3.K; p/, we use as before
the van Kampen theorem.

Suppose �1.EK/ has a presentation with the set of generators GK and relations
RK . Let OU D S1 � D

2 and denote by j the natural map

@U D @D1 � S1 ! S1 �D
2 D OU :

Then, �1. OU / is generated by Ò D j�.�/ and we deduce that S3.K; p/ has a
presentation with generators G [ f Òg and relation

i�.K 0/ D 1; Ò D j�.�/:

Equivalently, a presentation of S3.K; p/ is obtained from a presentation of �1.EK/
by adding a single relation

i�.K 0/ D 1:
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a1

a2

a3

x3
x1

x2

x1

Fig. 2.2 The (left-handed) trefoil knot and its blackboard parallel

The fundamental group of the complement of the knot is called the group of the
knot, and we will denote it by GK . Let us explain how to compute a presentation of
GK and the morphism i�.

Observe first that �1.T / is a free Abelian group of rank 2. As basis of �1.T /, we
can choose any pair .�; �/, where � is a parallel of K situated on T . Then, we can
write

K 0 D a�C b�:
If w denotes the linking number of � andK , and ` denotes the longitude ofK , then
we can write � D w�C `,

K 0 D p�C ` D a�C b.w�C `/ H) b D 1; a D p � w; K 0 D .p �w/�C �:

Thus, i� is completely understood if we know i�.�/ and i�.�/ for some parallel �
of K .

The group of the knot K can be given an explicit presentation in terms of the
knot diagram. This algorithmic presentation is known as the Wirtinger presentation.
We describe the special case of the (left-handed) trefoil knot depicted in Fig. 2.2 and
we refer to [Rolf, III.A] for proofs.

The Wirtinger algorithm goes as follows.

• Choose an orientation of the knot and a basepoint � situated off the plane of the
diagram. Think of the basepoint as the location of the eyes of the reader.

• The diagram of the knot consists of several disjoint arcs. Label them by

a1; a2; : : : ; a�;

in increasing cyclic order given by the above chosen orientation of the knot. In
the case of the trefoil knot, we have three arcs, a1; a2; a3.

• To each arc ak , there corresponds a generator xk represented by a loop starting
at � and winding around ak once in the positive direction, where the positive
direction is determined by the right-hand rule: if you point your right-hand thumb
in the direction of ak , then the rest of your palm should be wrapping around ak
in the direction of xk (see Fig. 2.3).
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ak

ai--1

ai

xi--1

xixk xk

positive crossing

ak

ai

ai--1

xi

xi--1

xk

xk

negative crossing

Fig. 2.3 The Wirtinger relations

• For each crossing of the knot diagram we have a relation. The crossings are
of two types, positive (C) (or right-handed) and negative (�) (or left-handed)
(see Fig. 2.3). Label by i the crossing, where the arc ai begins and the arc ai�1
ends. Denote by ak.i/ the arc going over the i th crossing and set

�.i/ D ˙1 if i is a˙-crossing:

Then, the relation introduced by the i th crossing is

xi D x��.i/
k.i/

xi�1x�.i/k.i/
:

The knot diagram defines a parallel ofK called the blackboard parallel and denoted
by Kbb. It is obtained by tracing a contour parallel and very close to the diagram of
K and situated to the left ofK with respect to the chosen orientation. In Fig. 2.2 the
blackboard parallel of the trefoil knot is depicted with a thin line.

The linking number of K and Kbb is called the writhe of the knot diagram and
it is denoted by w.K/. It is not an invariant of the knot. It is equal to the signed
number of crossings of the diagram, i.e., the difference between the number of
positive crossings and the number of negative crossings. One can show that

i�.Kbb/ D
�Y

iD1
x
�.i/

k.i/; i�.�/ D x�: (2.1)

SetG D GK , whereK is the (left-handed) trefoil knot. In this case all the crossings
in the diagram depicted in Fig. 2.2 are negative and we have w.K/ D �3. The
groupG has three generators x1; x2; x3, and since all the crossings are negative, we
conclude that �.i/ D �1, 8i D 1; 2; 3, so that we have three relations

x1 D x2x3x�1
2 x2 D x3x1x�1

3 ; x3 D x1x2x�1
1 ; (2.2)

k.1/ D 2; k.2/ D 3; k.3/ D 1: (2.3)
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From the equalities (2.3) we deduce

c D i�.Kbb/ D x�1
2 x�1

3 x�1
1 ; i�.�/ D x3: (2.4)

For x 2 G we denote by Tx W G ! G the conjugation g 7! xgx�1. We deduce

xi D Txk.i/xi�1; 8i D 1; 2; 3 H) x3 D Tx�1
k.1/

x�1
k.2/

x�1
k.3/
x3 D Tcx3;

i.e., x3 commutes with c D x�1
2 x�1

3 x�1
1 . Set for simplicity

a D x1; b D x2; x3 D Tab D aba�1:

We deduce from (2.2) that G has the presentation

G D ha; bj aba D babi:

Consider the group
H D h x; yj x3 D y2 i:

We have a map
H ! G; x 7! ab; y 7! aba:

It is easily seen to be a morphism with inverse a D x�1y, b D a�1x D y�1x2, so
that G Š H .

If we perform �1 surgery on the (left-handed) trefoil knot, then the attaching
curve of the surgery is isotopic to

K 0 D �1 � w�CKbb; w D lk .Kbb; `/ D �3;

and we conclude

i�.Kbb/ D c D x�1
2 x�1

3 x�1
1 D b�1ab�1a�1a D b�1ab�1; i�.�/ D aba�1:

The fundamental group �1
�
S3.K;�1/ � is obtained from G by introducing a new

relation

i�.�/�1�w D c�1 wD�3” ab2a�1 D ba�1b:

Hence, the fundamental group of S3.K;�1/ has the presentation

ha; bj abaDbab; ab2a�1Dba�1bi” ha; bj aba D bab; a2b2 D aba�1bai:

Observe that its abelianization is trivial. However, this group is nontrivial. It has
order 120 and it can be given the equivalent presentation

hx; yj x3 D y5 D .xy/2i:
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Fig. 2.4 A 1-handle of dimension two, a 0-handle of dimension two and a 2-handle of dimension
three. The midsection disks are the cores of these handles

It is isomorphic to the binary icosahedral group I �. This is the finite subgroup
of SU.2/ that projects onto the subgroup I � SO.3/ of isometries of a regular
icosahedron via the 2 W 1 map SU.2/! SO.3/.

The manifold S3.K;�1/ is called the Poincaré sphere, and it is traditionally
denoted by ˙.2; 3; 5/ because it is diffeomorphic to

˚
z D .z0; z1; z2/ 2 C

3I z20 C z31 C z52 D 0; jzj D "
�
:

It is a Z-homology sphere, meaning that its homology is isomorphic to the
Z-homology of S3. ut

Suppose that X is an m-dimensional smooth manifold with boundary. We want
to describe what it means to attach a k-handle to X . This operation will produce a
new smooth manifold with boundary.

A k-handle of dimensionm (or a handle of index k) is the manifold with corners

Hk;m WD D
k �D

m�k:

The disk D
k � f0g � Hk;m is called the core, while the disk f0g � D

m�k � Hk;m is
called the cocore. The boundary of the handle decomposes as

@Hk;m D @�Hk;m [ @CHk;m;

where

@�Hk;m WD @Dk � D
m�k; @CHk;m WD D

k � @Dk�m:

The operation of attaching a k-handle (of dimension m) requires several addi-
tional data (Figs. 2.4 and 2.5).

• A .k � 1/-dimensional sphere ˙ ,! @X embedded in @X with trivializable
normal bundle T˙@X . This normal bundle has rankm � k D dim @X � dim˙ .

• A framing ' of the normal bundle T˙@X .

The framing defines a diffeomorphism from D
m�k � Sk�1 to a tubular neigh-

borhood N of ˙ in @X . Using this identification, we detect inside N a copy of
@�Hk;m D ˙ � D

m�k . Now attach Hk;m to @X by identifying @�Hk;m with its copy
inside N and denote the resulting manifold by XC D X.˙; '/.
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Σ

Fig. 2.5 Attaching a 2-handle of dimension three

x+

x_

X X

H

X+

Fig. 2.6 Attaching a 1-handle of dimension two and smoothing the corners

The manifold XC has corners, but they can be smoothed out (see Fig. 2.6). The
smoothing procedure is local, so it suffices to understand it in the special case

X Š .�1; 0� � @Dk �R
m�k; @X D f0g � @Dk �R

m�k.Š N/:

Consider the decomposition

R
m D R

k �R
m�k; R

m 3 x D .x�; xC/ 2 R
k � R

m�k:

We have a homeomorphism

.�1; 0� � @Dk � R
m�k�!˚ x 2 R

mI jxCj2 � jx�j2 � �1
�
;
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Fig. 2.7 Smoothing corners

defined by

.�1; 0�� @Dk �Rm�k 3 .t; 	; xC/ 7!
�
. e�2t CjxCj2/1=2 	 	; xC

� 2 R
k �Rm�k:

The manifoldXC obtained after the surgery is homeomorphic to

˚
x 2 R

mI jxCj2 � jx�j2 � 1
�
;

which is a smooth manifold with boundary.
This homeomorphism is visible in Fig. 2.6, but a formal proof can be read from

Fig. 2.7.
Let us explain Fig. 2.7. We set r˙ D jx˙j and observe that

X Š ˚r� � 1
�
; Hk;m D fr�; rC � 1g:

After we attach the handle, we obtain

XC D
˚
r� � 1

�[ ˚ r� � 1; rC � 1
�
:

Now, fix a homeomorphism

XC ! Y D ˚rC � 1
�
;

which is the identity in a neighborhood of the region fr� 	 rC D 0g. Clearly Y is
homeomorphic to the region r2C � r2� � 1 via the homeomorphism

Y 3 .x�; xC/ 7!
�
x�;

�
1C r2�

�1=2
xC
�
:

Let us analyze the difference between the topologies of @XC and @X .
Observe that we have a decomposition

@XC D .@X n @�Hk;m/[' @CHk;m:
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Above, .@X n@�Hk;m/ is a manifold with boundary diffeomorphic to @Dm�k�Sk�1,
which is identified with the boundary of @CHk;m D D

k � @Dm�k via the chosen
framing '. In other words, @XC is obtained from @X via the surgery given by the
data .S; '/.

In general, if M1 is obtained from M0 by a surgery of type .S; '/, then M1 is
cobordant to M0. Indeed, consider the manifold

X D Œ0; 1� �M0:

We obtain an embedding S ,! f1g � M0 ,! @X and a framing ' of its normal
bundle. Then,

@X.S; '/ DM0.S; '/ tM0:

The above cobordismX.S; '/ is called the trace of the surgery.

2.2 The Topology of Sublevel Sets

Suppose M is a smooth connected m-dimensional manifold and f W M ! R is an
exhaustive Morse function, i.e., the sublevel set

Mc D fx 2M I f .x/ � cg

is compact for every c 2 R. We fix a smooth vector field X on M that is gradient-
like with respect to f . This means that

X 	 f > 0 on M n Crf ;

and for every critical point p of f there exist coordinates adapted to p and X , i.e.,
coordinates .xi / such that

X D �2

X

iD1
xi@xi C 2

X

j>


xj @xj ; 
 D 
.f; p/:

In these coordinates near p the flow �t generated by �X is described by

�t.x/ D e2t x� C e�2t xC;

where x D x� C xC,

x� WD
�
x1; : : : ; x
; 0; : : : ; 0

�
; xC WD

�
0; : : : ; 0; x
C1; : : : ; xm

�
:
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To see that there exist such vector fields, choose a Riemannian metric g adapted
to f , i.e., a metric with the property that for every critical point p of f there exist
coordinates .xi / adapted to p such that near p we have

g D
mX

iD1
.dxi /2; f D f .p/C


X

jD1
.xj /2 �

X

k>


.xk/2:

We denote by rf D rgf 2 Vect.M/ the gradient of f with respect to the metric
g, i.e., the vector field g-dual to the differential df . More precisely, rf is defined
by the equality

g.rf;X/ D df .X/ D X 	 f; 8X 2 Vect.M/:

In local coordinates .xi /, if

df D
X

i

@f

@xi
dxi ; g D

X

i;j

gij dxidxj ;

then
rf D

X

j

gij @xj f;

where .gij /1�i;j�m denotes the matrix inverse to .gij /1�i;j�m. In particular, near a
critical point p of index 
 the gradient of f in the above coordinates is given by

rf D �2

X

iD1
xi @xi C 2

X

j>


xj @xj :

This shows that X D rf is a gradient-like vector field.

Remark 2.5. As explained in [Sm, Theorem B], any gradient-like vector field can
be obtained by the method described above. ut
Notation. In the sequel, when referring to f �1� .a; b/

�
, we will use the more

suggestive notation fa < f < bg. The same goes for fa � f < bg, etc. ut
Theorem 2.6. Suppose that the interval Œa; b� 2 R contains no critical values
of f . Then the sublevel sets Ma and Mb are diffeomorphic. Furthermore, Ma

is a deformation retract of Mb , so that the inclusion Ma ,! Mb is a homotopy
equivalence.

Proof. Since there are no critical values of f in Œa; b� and the sublevel sets Mc are
compact, we deduce that there exists " > 0 such that

fa � " < f < b C "g �M nCrf :
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Fix a gradient-like vector field Y and construct a smooth function

� WM ! Œ0;1/
such that

�.x/ D
(
jYf j�1; a � f .x/ � b;
0; f .x/ 62 .a � "; b C "/:

We can now construct the vector field X WD ��Y on M , and we denote by

˚ W R �M !M; .t; x/ 7�! ˚t.x/

the flow generated by X . If u.t/ is an integral curve of X , i.e., u.t/ satisfies the
differential equation

Pu D X.u/;
then differentiating f along u.t/, we deduce that in the region fa � f � bg we
have the equality

df

dt
D Xf D � 1

Yf
Yf D �1:

In other words, in the region fa � f � bg, the function f decreases at a rate of one
unit per second. This implies

˚b�a.M b/ D Ma; ˚a�b.Ma/ DMb;

so that ˚b�a establishes a diffeomorphism between Mb and Ma.
To show that Ma is a deformation retract ofMb , we consider

H W Œ0; 1� �Mb !Mb; H.t; x/ D ˚t �. f .x/�a /C .x/;

where for every real number r we set rC WD max.r; 0/. Observe that if f .x/ � a,
then

H.t; x/ D x; 8t 2 Œ0; 1�;

while for every x 2Mb we have

H.1; x/ D ˚.f.x/�a /C .x/ 2Ma:

This proves that Ma is a deformation retract ofMb . ut
Theorem 2.7 (Fundamental structural theorem). Suppose c is a critical value
of f containing a single critical point p of Morse index 
. Then for every " > 0,
sufficiently small the sublevel set ff � cC "g is diffeomorphic to ff � c � "g with
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a 
-handle of dimension m attached. If x D .x�; xC/ are coordinates adapted to
the critical point, then the core of the handle is given by

e
.p/ WD
˚
xC D 0; jx�j2 � "

�
:

In particular, ff � cC "g is homotopic to ff � c� "g with the 
-cell e
 attached.

Proof. We follow the elegant approach in [M3, Sect. I.3]. There exist " > 0 and
local coordinates .xi / in an open neighborhood U of p with the following
properties.

• The region
˚ jf � cj � " � is compact and contains no critical point of f other

than p.
• xi .p/ D 0, 8i , and the image of U under the diffeomorphism

.x1; : : : ; xm/ W U ! R
m

contains the closed disk

D D
nX

.xi /2 � 2"
o
:

•
f jDD c �

X

i�

.xi /2 C

X

j>


.xj /2:

We set

x� WD .x1; : : : ; x
; 0; : : : ; 0/; u� WD
X

i�

.xi /2;

xC WD .0; : : : ; 0; x
C1; : : : ; xm/; uC WD
X

j>


.xj /2:

We have
f jDD c � u� C uC:

We fix a smooth function � W Œ0;1/ ! R with the following properties (see
Fig. 2.8).

�.0/ > "; �.t/ D 0; 8t � 2"; (2.5)

�1 < �0.t/ � 0; 8t � 0: (2.6)

Now let (see Fig. 2.8)

h WD �.0/ > "; r WD minft I �.t/ D 0g � 2":

Define
F WM ! R; F D f � �.u� C 2uC/;
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Fig. 2.8 The cutoff function �

so that alongD we have

F jUD c � u� C uC � �.u� C 2uC/;

while on M nD we have F D f .

Lemma 2.8. The function F satisfies the following properties.

(a) F is a Morse function,

CrF D Crf ; F.p/ < c � "; and F.q/ D f .q/; 8q 2 Crf nfpg:

(b) ff � ag � fF � ag, 8a 2 R, fF � c C ıg D ff � c C ıg, 8ı � ".

Proof. (a) Clearly CrF \.M nD/ D Crf \.M n U /. To show that CrF \D D
Crf \D, we use the fact that alongD we have

F D f � �.u� C 2uC/; dF D �.1C �0/du� C .1 � 2�0/duC:

The condition (2.6) implies that du� D 0 D duC at every critical point q ofF in
U , so that x�.q/ D 0, xC.q/ D 0, i.e., q D p. Clearly F.p/ D f .p/��.0/ <
c � ". Clearly p is a nondegenerate critical point of F .

(b) Note first that

F � f H) ff � ag � fF � ag; 8a 2 R:

Again we have

fF � c C ıg \ .M nD/ D ff � c C ıg \ .M nD/;

so we have to prove

fF � c C ıg \D � ff � c C ıg \D:

Suppose q 2 fF � c C ıg \D and set u˙ D u˙.q/. This means that

u� C uC � 2"; uC � u� C ı C �.u� C 2uC/:
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Using the condition �1 < �0, we deduce

�.t/ D �.t/ � �.2"/ � 2"� t � 2ı � t; 8t � 2":

If u� C 2uC � 2", we have

u� C ı C �.u� C 2uC/ � 3ı � 2uC ) uC � ı
) uC � u� � ı) f .q/ � c C ı:

If u� C 2uC � 2", then f .q/ D F.q/ � c C ". ut
The above lemma implies that F is an exhaustive Morse function such that the

interval Œc � "; cC "� consists only of regular values. We deduce from Theorem 2.6
that fF � c C "g is diffeomorphic to fF � c � "g. Since

˚
F � c C " � D ˚f � c C " �;

it suffices to show that
˚
F � c � " � is diffeomorphic to

˚
f � c � " � with a


-handle attached.
Denote by H the closure of

˚
F � c � " � n ff � c � "g D ˚F � c � " �\ ff > c � "g:

Observe that
H D ˚F � c � " � \ f f � c � " g � D:

The regionH is described by the system of inequalities

8
<

:

u� C uC � 2";
f D �u� C uC � �";
F D �u� C uC � � � �";

� D �.u� C 2uC/:

Its boundary decomposes as @H D @�H [ @CH , where

@�H D
	

u� C uC � 2" f D �u� C uC D �";
F D �u� C uC � � � �";

and

@CH D
8
<

:

u� C uC � 2";
f D �u� C uC � �";
F D �u� C uC � � D �":

Let us analyze the region R in the Cartesian plane described by the system of
inequalities

x; y � 0; x C y � 2"; �x C y � �.x C 2y/ � �"; �x C y � �":
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Fig. 2.9 A planar convex region

The region
fy � x � �"; x C y � 2"; x; y � 0 g

is the shaded polygonal area depicted in Fig. 2.9. The two lines y � x D �" and
x C y D 2" intersect at the pointQ D . 3"

2
; "
2
/. We want to investigate the equation

�x C y � �.x C 2y/C " D 0:

Set

x.y/ WD �x C y � �.x C 2y/C ":

Observe that since �.x/ > �.0/ � x, we have


x.0/ D �x � �.x/C " < ��.0/C " < 0;

while
lim
y!1 
x.y/ D1:

Since y 7! 
x.y/ is strictly increasing there exists a unique solution y D s.x/ of
the equation 
x.y/ D 0. Using the implicit function theorem, we deduce that s.x/
depends smoothly on x and

ds

dx
D 1C �0

1 � 2�0 2 Œ0; 1�:

The pointQ lies on the graph of the function y D s.x/, s.0/ > 0, and since s0.x/ 2
Œ0; 1�, we deduce that the slope-1 segmentAQ lies below the graph of s.x/. We now
see that the region R is described by the system of inequalities

x; y � 0; y � s.x/; y � x � �":
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Fix a homeomorphism ' from R to the standard square

S D ˚ .t�; tC/ 2 R
2I 0 � t˙ � 1

�

such that the vertices O;A;P;Q are mapped to the vertices

.0; 0/; .1; 0/; .1; 1/; .0; 1/

(see Fig. 2.9). Denote by hi and vj the horizontal and vertical edges of S (see
Fig. 2.9). Observe that we have a natural projection

u W H ! R
2; H 3 q 7! .x; y/ D .u�.q/; uC.q/ /:

Its image is precisely the region R, and we denote by t D .t�; tC/ the composition
' ı u. We now have a homeomorphism

H 7! H
 D D

 � D

m�
;

H 3 q 7�! �
t�.q/	�.q/; tC.q/	C.q/

� 2 D

 � D

m�
;

where

	˙.q/ D u�1=2
˙ .q/x˙.q/

denote the angular coordinates in

˙� D
˚

u� D 1; xC D 0
� Š S
�1

and

˙C D
˚

uC D 1; x� D 0
� Š Sm�
�1:

Then @CH corresponds to the part ofH mapped by u onto h2, and @�H corresponds
to the part of H mapped by u onto v2. The core is the part mapped onto the
horizontal segment h1, while the cocore is the part of H mapped onto v1. This
discussion shows that indeed

˚
F � c � " � is obtained from

˚
f � c � " � by

attaching the 
-handleH . ut
Remark 2.9. Suppose that c is a critical value of the exhaustive Morse function
f WM ! R and the level set f �1.c/ contains critical points p1; : : : ; pk with Morse
indices 
1; : : : ; 
k . Then the above argument shows that for " > 0 sufficiently small
the sublevel set ff � c C "g is obtained from ff � c � "g by attaching handles
H1; : : : ;Hk of indices 
1; : : : ; 
k . ut
Corollary 2.10. SupposeM is a smooth manifold and f WM ! R is an exhaustive
Morse function on M . Then M is homotopy equivalent to a CW -complex that has
exactly one 
-cell for every critical point of f of index 
. ut
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Fig. 2.10 Planar pentagons

Example 2.11 (Planar pentagons). Let us show how to use the fundamental struc-
tural theorem in a simple yet very illuminating example. We define a regular planar
pentagon to be a closed polygonal line in the plane consisting of five straight-line
segments of equal length 1. We would like to understand the topology of the space
of all possible regular planar pentagons.

Consider one such pentagon with vertices J0; J1; J2; J3; J4 such that

dist .Ji ; JiC1/ D 1:
There are a few trivial ways of generating new pentagons out of a given one. We can
translate it, or we can rotate it about a fixed point in the plane. The new pentagons
are not that interesting, and we will declare all pentagons obtained in this fashion
from a given one to be equivalent. In other words, we are really interested in orbits
of pentagons with respect to the obvious action of the affine isometry group of the
plane.

There is a natural way of choosing a representative in such an orbit. We fix a
cartesian coordinate system and we assume that the vertex J0 is placed at the origin,
while the vertex J4 lies on the positive x-semiaxis, i.e., J4 has coordinates .1; 0/
(Fig. 2.10).

Note that we can regard such a pentagon as a robot arm with four segments such
that the last vertex J4 is fixed at the point .0; 1/. Now recall some of the notation in
Example 1.5.

A possible position of such a robot arm is described by four complex numbers,

z1; : : : ; z4; jzi j D 1; 8i D 1; 2; 3; 4:
Since all the segments of such a robot arm have length 1, the position of the vertex
Jk is given by the complex number z1 C 	 	 	 C zk .

The space C of configurations of the robot arm constrained by the condition that
J4 can only slide along the positive x-semiaxis is a three-dimensional manifold. On
C we have a Morse function

h W C ! R; h.z/ D Re.z1 C z2 C z3 C z4/;

which measures the distance of the last joint to the origin. The space of pentagons
can be identified with the level set

˚
h D 1 �.
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Fig. 2.11 Critical positions

Consider the function f D �h W C ! R. The sublevel sets of f are compact.
Moreover, the computations in Example 1.10 show that f has exactly five critical
points, a local minimum

.1; 1; 1; 1/;

and four critical configurations of index 1

.1; 1; 1;�1/; .1; 1;�1; 1/; .1;�1; 1; 1/; .�1; 1; 1; 1/;

all situated on the level set fh D 2g D ff D �2g. The corresponding positions of
the robot arm are depicted in Fig. 2.11.

The level set
˚
f D �1 � is not critical, and it is obtained from the sublevel set

ff � �3g by attaching four 1-handles.
The sublevel set

˚
f � �3 � is a closed three-dimensional ball, and thus the

sublevel set
˚
f � �1 � is a 3-ball with four 1-handles attached. Its boundary,˚

f D �1 �, is, therefore, a Riemann surface of genus 4. We conclude that the
space of orbits of regular planar pentagons is a Riemann surface of genus 4. For
more general results on the topology of the space of planar polygons, we refer to
the very nice papers [FaSch, KM]. We will have more to say about this problem
in Sect. 3.1. ut

Remark 2.12. We can use the fundamental structural theorem to produce a new
description of the trace of a surgery. We follow the presentation in [M4, Sect. 3].

Consider an orthogonal direct sum decomposition R
m D R


˚R
m�
. We denote

by x the coordinates in R

 and by y the coordinates in R

m�
. Then identify

D

 D ˚x 2 R


I jxj � 1� ; D
m�
 D ˚y 2 R

m�
I jyj � 1�;
H
;m D

˚
.x; y/ 2 R

mI jxj; jyj � 1 �:

Consider the regions (see Fig. 2.12)
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Fig. 2.12 A Morse theoretic picture of the trace of a surgery

OB
 WD
˚
.x; y/ 2 R

mI �1 � �jxj2 C jyj2 � 1; 0 � jxj 	 jyj < r �;
B
 D

˚
.x; y/ 2 OB
I jxj 	 jyj > 0

�
:

The region B
 has two boundary components (see Fig. 2.12)

@˙B
 D
˚
.x; y/ 2 B
I �jxj2 C jyj2 D ˙1

�
:

Consider the functions

f; h W Rm ! R; f .x; y/ D �jxj2 C jyj2; h.x; y/ D jxj 	 jyj;

so that

B
 D
˚�1 � f � 1; 0 < h < r �; @˙B
 D

˚
f D ˙1; 0 < h < r �:

Denote by U the gradient vector field of f . We have

U D �Ux C Uy; Ux D 2
X

i

xi @xi ; Uy D 2
X

j

yj @yj :

The function h is differentiable in the region h > 0, and

rh D jyjjxjx C
jxj
jyjy:
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We deduce
U 	 h D .rh;U / D 0:

Define V D 1
U �f U . We have

V 	 f D 1; V 	 h D 0:
Denote by �t the flow generated by V . We have

d

dt
f .�t z/ D 1; 8z 2 R

m; and
d

dt
h.�t z/ D 0; 8z 2 R

m; h.z/ > 0:

Thus, h is constant along the trajectories of V , and along such a trajectory f
increases at a rate of one unit per second. We deduce that for any z 2 @�B
 we
have

f .�tz/ D �1C t; h.�t z/ D h.z/ 2 .0; 1/:
We obtain a diffeomorphism

� W Œ�1; 1� � @�B
 ! B
; .t; z/ 7�! �tC1.z/:

Its inverse is
B
 3 w 7�! �

f .w/; ��1�f .z/w
�
:

This shows that the pullback of f W B
 ! R to Œ�1; 1� � @�B
 via � coincides
with the natural projection

Œ�1; 1� � @�B
 ! Œ�1; 1�:
Moreover, we have a diffeomorphism

f1g � @�B

��! @CB
:

Now observe that we have a diffeomorphism

˚ W � PDm�
 n f0g � � S
�1 ! @�B
;
� PDm�
 n f0g � � S
�1 3 .u; v/ 7! �

cosh.juj/v; sinh.juj/	u
� 2 R


 � R
m�
;

	u WD u

juj :

SupposeM is a smooth manifold of dimensionm � 1 and we have an embedding

' W Dm�
 � S
�1 ,!M:

Consider the manifoldX D Œ�1; 1� �M and set

X 0 D X n '
�
Œ�1; 1� � f0g � S
�1

�
:
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Denote byW the manifold obtained from the disjoint unionX 0 t OB
 by identifying
B
 � OB
 with an open subset of Œ�1; 1��M via the gluing map � D ' ı˚�1ı��1,

B

��1

�! Œ�1; 1� � @�B

˚�1

�! Œ�1; 1� � � PDm�
 n f0g �� S
�1 '! Œ�1; 1� �M:

Via the above gluing, the restriction of f to B
 is identified with the natural
projection � W X 0 ! Œ�1; 1�, i.e.,

��.f jB
/ D �j�.B
/:

Gluing � and ��f we obtain a smooth function

F W W ! Œ�1; 1�

that has a unique critical point p with critical value F.p/ D 0 and Morse index 
.
Set

W a D ˚w 2 W I F.w/ � a �:
We deduce from the fundamental structural theorem that W 1=2 is obtained
from W �1=2 Š M by attaching a 
-handle with framing given by '. The
region

˚� 1
2
� F � 1

2

�
is, therefore, diffeomorphic to the trace of the surgery

M�!M.S
�1; '/. ut

2.3 Morse Inequalities

To formulate these important algebraic consequences of the topological facts
established so, far, we need to introduce some terminology.

Denote by ZŒŒt; t�1� the ring of formal Laurent series with integral coefficients.
More precisely,

X

n2Z
ant

n 2 ZŒŒt; t�1�” an D 0 8n
 0; am 2 Z; 8m:

Suppose F is a field. A graded F-vector space

A� D
M

n2Z
An

is said to be admissible if dimAn <1, 8n, andAn D 0, 8n
 0. To an admissible
graded vector space A� we associate its Poincaré series

PA�
.t/ WD

X

n

.dimFAn/t
n 2 ZŒŒt; t�1�:



58 2 The Topology of Morse Functions

We define an order relation � on the ring ZŒŒt; t�1� by declaring that

X.t/ � Y.t/” there exists Q 2 ZŒŒt; t�1� with nonnegative coefficients

such that
X.t/ D Y.t/C .1C t/Q.t/: (2.7)

Remark 2.13. (a) Assume that

X.t/ D
X

n

xnt
n 2 ZŒŒt; t�1�; Y.t/ D

X

n

ynt
n 2 ZŒŒt; t�1�

are such that X � Y . Then there existsQ 2 ZŒŒt; t�1� such that

X.t/ D Y.t/C .1C t/Q.t/; Q.t/ D
X

n

qnt
n; qn � 0:

Then we can rewrite the above equality as

.1C t/�1X.t/ D .1C t/�1Y.t/CQ.t/:

Using the identity
.1C t/�1 D

X

n�0
.�1/ntn

we deduce X

k�0
.�1/kxn�k �

X

k�0
.�1/kyn�k D qn � 0:

Thus the order relation � is equivalent to the abstract Morse inequalities

X � Y ”
X

k�0
.�1/kxn�k �

nX

k�0
.�1/kyn�k; 8n � 0: (2.8)

Note that (2.7) implies immediately the weak Morse inequalities

xn � yn; 8n � 0: (2.9)

(b) Observe that � is an order relation satisfying

X � Y ” X CR � Y CR; 8R 2 ZŒ


t; t�1

�
;

X � Y; Z � 0 H) X 	Z � Y 	Z: ut
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Lemma 2.14 (Subadditivity). Suppose we have a long exact sequence of
admissible graded vector spaces A�, B�, C�

	 	 	 ! Ak
ik�! Bk

jk�! Ck
@k�! Ak�1 ! 	 	 	 :

Then,
PA�
C PC�

� PB�
: (2.10)

Proof. Set

ak D dimAk; bk D dimBk; ck D dimCk;

˛k D dim ker ik; ˇk D dim ker jk; �k D dim ker @k:

Then,

8
<

:

ak D ˛k C ˇk
bk D ˇk C �k
ck D �k C ˛k�1

H) ak � bk C ck D ˛k C ˛k�1

H)
X

k

.ak � bk C ck/tk D
X

k

tk.˛k C ˛k�1/

H) PA�
.t/� PB�

.t/C PC�
.t/ D .1C t/Q.t/; Q.t/ D

X

k

˛kt
k:

ut
For every compact topological spaceX , we denote by bk.X/ D bk.X;F/ the kth

Betti number (with coefficients in F)

bk.X/ WD dimHk.X;F/;

and by PX.t/ D PX;F.t/ the Poincaré polynomial

PX;F.t/ D
X

k

bk.X;F/t
k:

If Y is a subspace of X then the relative Poincaré polynomial PX;Y .t/ is defined in
a similar fashion. The Euler characteristic of X is

�.X/ D
X

k�0
.�1/kbk.X/;

and we have the equality

�.X/ D PX.�1/:
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t1

t3

t2

c1

c2

c3

c4

Fig. 2.13 Slicing a manifold by a Morse function

Corollary 2.15 (Topological Morse inequalities). Suppose f WM ! R is a
Morse function on a smooth compact manifold of dimension M with Morse
polynomial

Pf .t/ D
X




�f .
/t

:

Then, for every field of coefficients F we have

Pf .t/ � PM;F.t/:

In particular,

X


�0
.�1/
�f .
/ D Pf .�1/ D PM;F.�1/ D �.M/:

Proof. Let c1 < c1 < 	 	 	 < c� be the critical values of f . Set (see Fig. 2.13)

t0 D c1 � 1; t� D c� C 1; tk D ck C ckC1
2

; k D 1; : : : ; � � 1;
Mi D ff � tig; 0 � i � �:

For simplicity, we drop the field of coefficients from our notations.
From the long exact homological sequence of the pair .Mi ;Mi�1/ and the

subadditivity lemma, we deduce

PMi�1
C PMi ;Mi�1

� PMi
:

Summing over i D 1; : : : ; �, we deduce

�X

iD1
PMi�1 C

�X

iD1
PMi ;Mi�1 �

�X

iD1
PMi H)

�X

kD1
PMk;Mk�1 � PM� :
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Using the equalityM� DM , we deduce

�X

iD1
PMi ;Mi�1 � PM :

Denote by Cri � Crf the critical points on the level set ff D cig. From the
fundamental structural theorem and the excision property of the singular homology,
we deduce

H�.Mi ;Mi�1IF/ Š
M

p2Cri

H�.H
.p/; @�H
.p/IF/ Š
M

p2Cri

H�.e
.p/; @e
.p/IF/:

Now observe that Hk.e
; @e
IF/ D 0, 8k ¤ 
, while H
.e
; @e
IF/ Š F. Hence

PMi ;Mi�1.t/ D
X

p2Cri

t
.p/:

Hence,

Pf .t/ D
�X

iD1
PMi ;Mi�1 .t/ � PM : ut

Remark 2.16. The above proof yields the following more general result. If

X1 � 	 	 	 � X� D X
is an increasing filtration by closed subsets of the compact space X , then

�X

iD1
PXi ;Xi�1 .t/ � PX.t/: ut

Suppose F is a field and f is a Morse function on a compact manifold. We
say that a critical point p 2 Crf of index 
 is F-completable if the boundary
of the core e
.p/ defines a trivial homology class in H
�1.M c�";F/, c D f .p/,
and 0 < " 
 1. We say that f is F-completable if all its critical points are
F-completable.

We say that f is an F-perfect Morse function if its Morse polynomial is equal to
the Poincaré polynomial of M with coefficients in F, i.e., all the Morse inequalities
become equalities.

Proposition 2.17. Any F-completable Morse function on a smooth, closed, com-
pact manifold is F-perfect.

Proof. Suppose f WM ! R is a Morse function on the compact, smooth
m-dimensional manifold. Denote by c1 < 	 	 	 < c� the critical values of M and
set (see Fig. 2.13)

t0 D c1 � 1; t� D c� C 1; ti WD ci C ciC1
2

; i D 1; : : : ; � � 1:
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Denote by Cri � Crf the set of critical points on the level set ff D cig. Set
Mi WD ff � ti g. From the fundamental structural theorem and the excision property
of the singular homology, we deduce

H�.Mi ;Mi�1IF/ Š
M

p2Cri

H�.H
.p/; @�H
.p/IF/ Š
M

p2Cri

H�.e
.p/; @e
.p/IF/:

Now, observe that Hk.e
; @e
IF/ D 0, 8k ¤ 
, while H
.e
; @e
IF/ Š F.
This last isomorphism is specified by fixing an orientation on e
.p/, which then
produces a basis of H
.H
; @�H
IF/ described by the relative homology class
Œe
; @e
�.

The connecting morphism

H�.Mi ;Mi�1IF/ @�! H��1.Mi�1;F/

maps Œe
; @e
.p/� to the image of Œ@e
� in H
.p/�1.Mi�1;F/. Since f is F-
completable, we deduce that these connecting morphisms are trivial. Hence for
every 1 � i � � we have a short exact sequence

0! H�.Mi�1;F/! H�.Mi ;F/!
M

p2Cri

H�.e
.p/; @e
.p/IF/! 0:

Hence,

PMi ;F.t/ D PMi�1;F.t/C
X

p2Cri

t
.p/:

Summing over i D 1; : : : ; � and observing that M0 D ; and M� D M , we
deduce

PM;F.t/ D
�X

iD1

X

p2Cri

t 
.p/ D Pf .t/: ut

Let us describe a simple method of recognizing completable functions.

Proposition 2.18. Suppose f WM ! R is a Morse function on a compact manifold
satisfying the gap condition:

j
.p/� 
.q/j ¤ 1; 8p; q 2 Crf :

Then, f is F-completable for any field F.

Proof. We continue to use the notation in the proof of Proposition 2.17. Set

� WD ˚
.p/I p 2 Crf
�
; �i D

˚

.p/I p 2 Cri

� � Z:
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The gap condition shows that


 2 � H) 
˙ 2 Z n�: (2.11)

Note that the fundamental structural theorem implies

Hk.Mi ;Mi�1IF/ D 0” k 2 Z n�; (2.12)

since Mi=Mi�1 is homotopic to a wedge of spheres of dimensions belonging to �.
We will prove by induction over i � 0 that

k 2 Z n� H) Hk.Mi ;F/ D 0; (Ai )

and that the connecting morphism

@ W Hk.Mi ;Mi�1IF/�!Hk�1.Mi�1;F/ (Bi )

is trivial for every k � 0.
The above assertions are trivially true for i D 0. Assume i > 0. We begin by

proving (Bi ).
This statement is obviously true if Hk.Mi ;Mi�1IF/ D 0, so we may assume

Hk.Mi;Mi�1IF/ ¤ 0. Note that (2.12) implies k 2 �, and thus the gap condition
(2.11) implies that k � 1 2 Z n�.

The inductive assumption (Ai�1) implies that Hk�1.Mi�1;F/ D 0, so that the
connecting morphism

@ W Hk.Mi ;Mi�1IF/! Hk�1.Mi�1;F/

is zero. This proves (Bi ). In particular, for every k � 0 we have an exact sequence

0! Hk.Mi�1;F/! Hk.Mi ;F/! Hk.Mi;Mi�1IF/:

Suppose k 2 Zn�. ThenHk.Mi ;Mi�1IF/ D 0, so thatHk.Mi ;F/ Š Hk.Mi�1;F/.
From (Ai�1), we now deduceHk.Mi�1;F/ D 0. This proves (Ai ) as well.

To conclude the proof of the proposition observe that (Bi ) implies that f is
F-completable. ut
Corollary 2.19. Suppose f WM ! R is a Morse function on a compact mani-
fold whose critical points have only even indices. Then, f is a perfect Morse
function. ut
Example 2.20. Consider the round sphere

Sn D
	
.x0; : : : ; xn/ 2 R

nC1I
X

i

jxi j2 D 1
�
:
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The height function

hn W Sn ! R; .x0; : : : ; xn/ 7! x0

is a Morse function with two critical points: a global maximum at the north pole
x0 D 1 and a global minimum at the south pole x0 D �1.

For n > 1, this is a perfect Morse function, and we deduce

PSn.t/ D Phn.t/ D 1C tn:

Consider the manifoldM D Sm � Sn. For jn �mj � 2 the function

hm;n W Sm � Sn ! R; Sm � Sn 3 .x; y/ 7! hm.x/C hn.y/;

is a Morse function with Morse polynomial

Phm;n.t/ D Phm.t/Phn .t/ D 1C tm C tn C tmCn;

and since jn �mj � 2, we deduce that it is a perfect Morse function. ut
Example 2.21. Consider the complex projective space CP

n with projective coordi-
nates Œz0; : : : ; zn� and define

f W CPn ! R; f .Œz0; z1; : : : ; zn�/ D
Pn

jD1 j jzj j2
jz0j2 C 	 	 	 C jznj2 :

We want to prove that f is a perfect Morse function.
The projective space CPn is covered by the coordinate charts

Vk D
˚

zk ¤ 0;
�
; k D 0; 1; : : : ; n;

with affine complex coordinates

vi D vi .k/ D zi
zk
; i 2 f0; 1; : : : ; ng n fkg:

Fix k and set

jvj2 WD jv.k/j2 D
X

i¤k
jvi j2:

Then,

f jVkD
�
k C

X

j¤k
j jvj j2

�

„ ƒ‚ …
DWkCa.v/

.1C jvj2/�1
„ ƒ‚ …

DWb.v/
:
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Observe that db D �b2djvj2 and

df jVk D bda � .k C a/b2djvj2 D b2
X

j¤k

�
j.1C jvj2/� .k C a/ �djvj j2

D
X

j¤k

�
.j � k/C .jvj2 � a/ �djvj j2:

Since
djvj j2 D Nvjdvj C Nvj dvj ;

and the collection fdvj ; d Nvj I j ¤ kg defines a trivialization of T �Vk ˝ C we
deduce that v is a critical point of f jVk if and only if

�
j.1C jvj2/� .k C a/ �vj D 0; 8j ¤ k:

Hence, f jVk has only one critical point pk with coordinates v.k/ D 0. Near this
point we have the Taylor expansions

.1C jvj2/�1 D 1 � jvj2 C 	 	 	 ;
f jVkD .k C a.v//.1 � jvj2 C 	 	 	 / D k C

X

j¤j
.j � k/jvj j2 C 	 	 	 :

This shows that Hessian of f at pk is

Hf;pk D 2
X

j¤k
.j � k/

�
x2j C y2j

�
; vj D xj C yj i:

Hence, pk is nondegenerate and has index 
.pk/ WD 2k. This shows that f is a
Q-perfect Morse function with Morse polynomial:

PCPn .t/ D Pf .t/ D
nX

jD0
t2j D 1 � t 2.nC1/

1 � t2 :

Let us point out an interesting fact which suggests some of the limitations of the
homological techniques we have described in this section.

Consider the perfect Morse function h2;4 W S2 � S4 ! R described in Example
2.20. Its Morse polynomial is

P2;4 D 1C t 2 C t4 C t6

and thus coincides with the Morse polynomial of the perfect Morse function
f WCP3 ! R investigated in this example. However, S2 �S4 is not even homotopic
to CP

3, because the cohomology ring of S2 � S4 is not isomorphic to the
cohomology ring of CP3. ut
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Remark 2.22. The above example may give the reader the impression that on any
smooth compact manifold, there should exist perfect Morse functions. This is not
the case. In Exercise 6.20, we describe a class of manifolds which do not admit
perfect Morse functions. The Poincaré sphere is one such example. ut

2.4 Morse–Smale Dynamics

Suppose f W M ! R is a Morse function on the compact manifold M and � is a
gradient-like vector field relative to f . We denote by ˚t the flow on M determined
by ��. We will refer to it as the descending flow determined by the gradient, like
vector field �.

Lemma 2.23. For every p0 2 M the limits

˚˙1.p0/ WD lim
t!˙1˚t.p0/

exist and are critical points of f . ut
Proof. Set �.t/ WD ˚t.p0/. If �.t/ is the constant path, then the statement is
obvious. Assume that �.t/ is not constant.

Since � 	 f � 0 and P�.t/ D ��.�.t//, we deduce that

Pf WD d

dt
f .�.t// D df . P�/ D �� 	 f � 0:

From the condition � 	 f > 0 on M n Crf and the assumption that �.t/ is not
constant, we deduce

Pf .t/ < 0; 8t:
Define ˝˙1 to be the set of points q 2 M such that there exists a sequence tn !
˙1 with the property that

lim
n!1 �.tn/ D q:

Since M is compact, we deduce˝˙1 ¤ ;. We want to prove that ˝˙1 consist of
a single point which is a critical point of f . We discuss only ˝1, since the other
case is completely similar.

Observe first that

�t.˝1/ � ˝1; 8t � 0:
Indeed, if q 2 ˝1 and �.tn/! q, then

�.tn C t/ D �t.�.tn//! �t.q/ 2 ˝1:
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Suppose q0; q1 are two points in ˝1. Then there exists an increasing sequence
tn !1 such that

�.t2nCi /! qi ; i D 0; 1; t2nC1 2 .t2n; t2nC2/:

We deduce

f .�.t2n// > f .�.t2nC1// > f .�.t2nC2//:

Letting n ! 1, we deduce f .q0/ D f .q1/, 8q0; q1 2 ˝1, so that there exists
c 2 R such that

˝1 � f �1.c/:

If q 2 ˝1 n Crf , then t 7! �t.q/ 2 ˝1 is a nonconstant trajectory of ��
contained in a level set f �1.c/. This is impossible since f decreases strictly on
such nonconstant trajectories. Hence,

˝1 � Crf :

To conclude it suffices to show that ˝1 is connected. Denote by C the set of
connected components of ˝1. Assume that #C > 1. Fix a metric d on M and set

ı WD min
˚

dist .C; C 0/I C;C 0 2 C; C ¤ C 0 � > 0:

Let C0 ¤ C1 2 C and qi 2 Ci , i D 0; 1. Then, there exists an increasing sequence
tn !1 such that

�.t2nCi /! qi ; i D 0; 1; t2nC1 2 .t2n; t2nC2/:

Observe that

lim dist
�
�.t2n/; C0

� D dist .q0; C0/ D 0;
lim dist

�
�.t2nC1/; C0

� D dist .q1; C0/ � ı:

From the intermediate value theorem we deduce that for all n � 0 there exists
sn 2 .t2n; t2nC1/ such that

dist
�
�.sn/; C0

� D ı

2
:

A subsequence of �.sn/ converges to a point q 2 ˝1 such that dist .q; C0/D ı
2
.

This is impossible since q 2 ˝1 � Crf nC0. This concludes the proof of
Lemma 2.23. ut
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Suppose f W M ! R is a Morse function and p0 2 Crf , c0 D f .p0/. Fix a
gradient-like vector field � onM and denote by ˚t the flow onM generated by ��.
We set

Wṗ0
D Wṗ0

.�/ WD ˚�1˙1.p0/ D
	
x 2 M I lim

t!˙1˚t.x/ D p0
�
:

Wṗ0
.�/ is called the stable/unstable manifold of p0 (relative to the gradient-like

vector field �). We set

Sṗ0."/ D Wṗ0
\ f f D c0 ˙ " g:

Proposition 2.24. Let m D dimM , 
 D 
.f; p0/. Then W �
p0

is a smooth manifold

homeomorphic to R

, while W C

p0
is a smooth manifold homeomorphic to R

m�
.

Proof. We will only prove the statement for the unstable manifold, since �� is
a gradient-like vector field for �f and W C

p0
.�/ D W �

p0
.��/. We will need the

following auxiliary result.

Lemma 2.25. For any sufficiently small " > 0, the set S�
p0
."/ is a sphere of

dimension 
� 1 smoothly embedded in the level set ff D c0 � "g with trivializable
normal bundle.

Proof. Pick local coordinates x D .x�; xC/ adapted to p0. Fix " > 0 sufficiently
small so that in the neighborhood

U D ˚ jx�j2 C jx�j2 < r
�

the vector field � has the form

�2x�@x�
C xC@xC

D �2
X

i�

xi @xi C 2

X

j>


xj @xj :

A trajectory ˚t.q/ of ��, which converges to p0 as t ! �1 must stay inside U
for all t 
 0. Inside U , the only such trajectories have the form e2t x�, and they are
all included in the disk

D
�
p0
.r/ D ˚ xC D 0; jx�j2 � r

�
:

Moreover, since f decreases strictly on nonconstant trajectories, we deduce that if
" < r , then

S�
p0
."/ D @D�

p0
."/: ut
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Fix now a diffeomorphism u W S
�1 ! S�
p0
."/. If .r; 	/, 	 2 S
�1, denote the

polar coordinates on R

, we can define

F W R
 ! W �
p0
; F .r; 	/ D ˚1

2
log r .u.	//:

The arguments in the proof of Lemma 2.25 show that F is a diffeomorphism. ut
Remark 2.26. The stable and unstable manifolds of a critical point are not closed
subsets of M . In fact, their closures tend to be quite singular, and one can say that
the topological complexity ofM is hidden in the structure of these singularities. ut

We have the following fundamental result of Smale [Sm].

Theorem 2.27. Suppose f W M ! R is a Morse function on a compact manifold.
Then there exists a gradient-like vector field � such that for any p0; p1 2 Crf the
unstable manifoldW �

p0
.�/ intersects the stable manifoldW C

p1
.�/ transversally.

Proof. For the sake of clarity we prove the theorem only in the special case when
f is nonresonant, i.e., every level set of f contains at most one critical point. The
general case is only notationally more complicated. Let

�f D
˚
c1 < 	 	 	 < c�

�

be the set of critical values of f . Denote by pi the critical point of f on the level
set ff D cig. Clearly W �

p intersects W C
p transversally at p, 8p 2 Crf .

In general,W C
pi
\W �

pj
is a union of trajectories of �� and

W C
pi
\W �

pj
¤ ; H) f .pi / � f .pj /” i � j:

Note that if r is a regular value of f , then the manifolds Wṗ .�/ intersect the level
set ff D rg transversally, since � is transversal to the level set and tangent to W ˙.
For every regular value r we set

Wṗi
.�/r WD Wṗi

.�/ \ ff D rg:

Observe that

W �
pj
.�/ t W C

pi
.�/” W �

pj
.�/r t W C

pi
.�/r ;

for some regular value f .pi / < r < f .pj /.
For any real numbers a < b such that the interval Œa; b� contains only regular

values and any gradient-like vector field �, we have a diffeomorphism

˚
�

b;a W ff D ag�!ff D bg
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obtained by following the trajectories of the flow of the vector field

h�i WD 1

� 	 f � (2.13)

along which f increases at a rate of one unit per second. We denote by ˚�

a;b its
inverse. Note that

Wṗi
.�/a D ˚�

a;b

�
Wṗi

�/b
�
; Wṗi

.�/b D ˚�

b;a

�
Wṗi

.�/a
�
:

For every r 2 R, we set Mr WD ff D rg.
Lemma 2.28 (The main deformation lemma). Suppose a < b are such that Œa; b�
consists only of regular values of f . Suppose h WMb !Mb is a diffeomorphism of
Mb isotopic to the identity. This means that there exists a smooth map

H W Œ0; 1� �Mb !Mb; .t; x/ 7! ht .x/;

such that x 7! ht .x/ is a diffeomorphism ofMb, 8t 2 Œ0; 1�, h0 D 1Mb
, and h1 D h.

Then, there exists a gradient-like vector field 
 for f which coincides with � outside
fa < f < bg and such that the diagram below is commutative:

Mb Mb

Ma

�h

�
��

˚
�
b;a

�
��
˚



b;a

Proof. For the simplicity of exposition we assume that a D 0, b D 1, and that the
correspondence t 7! ht is independent of t for t close to 0 and 1. Note that we have
a diffeomorphism

� W Œ0; 1� �M1 ! f0 � f � 1g; .t; x/ 7! ˚
�
t;1.x/ 2 ff D tg:

Its inverse is
y 7! �

f .y/; ˚
�

1;f .y/.y/
�
:

Using the isotopy H we obtain a diffeomorphism

OH WD Œ0; 1� �M1 ! Œ0; 1� �M1; OH.t; x/ D .t; ht .x//:

It is now clear that the pushforward of the vector field h�i in (2.13) via the
diffeomorphism

F D � ı OH ı ��1 W f0 � f � 1g ! f0 � f � 1g



2.4 Morse–Smale Dynamics 71

is a vector field O
, which coincides with h�i near M0;M1, and satisfies O
 	 f D 1.
The vector field


 D .� 	 f / O

extends to a vector field that coincides with � outside f0 < f < 1g and satisfies
h
i D O
. Moreover, the flow of h
i fits in the commutative diagram

M1 M1

M0 M0

�F

�
F

�
˚
�
1;0

�
˚


1;0:

Now, observe that F jM0 D 1M0 and

FM1
D ˚�

1;1h1˚
�
1;1 D h1 D h: ut

Lemma 2.29 (The moving lemma). Suppose X and Y are smooth submanifolds
of the compact smooth manifold V , and X is compact. Then, there exists a
diffeomorphism of h W V ! V isotopic to the identity2 such that h.X/ intersects Y
transversally. ut

We omit the proof which follows from the transversality results in [Hir, Chap. 3]
and the isotopy extension theorem [Hir, Chap. 8].

We can now complete the proof of Theorem 2.27. Let 1 � k � �. Suppose we
have constructed a gradient-like vector field � such that

W C
pi
.�/ t W �

pj
.�/; 8i < j � k:

We will show that for " > 0 sufficiently small there exists a gradient-like vector
field 
 which coincides with � outside the region fckC1 � 2" < f < ckC1 � "g and
such that

W �
pkC1

.
/ t W C
pj
.
/; 8j � k:

For " > 0 sufficiently small, the manifold W �
pkC1

.�/ckC1�" is a sphere of dimension

.pkC1/ � 1 embedded in ff D ckC1 � "g. We set

a WD ckC1 � 2"; b WD ckC1 � ";

and
Xb D

[

j�k
W C
pj
.�/b:

2The diffeomorphism h can be chosen to be arbitrarily C0-close to the identity.
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pk+1

pk

f=b

f=a

W+(pk,ξ)

W-(pk+1,ξ)

h

Fig. 2.14 Deforming a gradient-like flow

Using the moving lemma, we can find a diffeomorphism h W Mb ! Mb isotopic to
the identity such that (see Fig. 2.14)

h.Xb/ t W �
pkC1

.�/b: (2.14)

Using the main deformation lemma we can find a gradient-like vector field 
,
which coincides with � outside fa < f < bg such that

˚



b;a D h ı˚�

b;a:

Since 
 coincides with � outside fa < f < bg, we deduce

W C
pj
.
/a D W C

pj
.�/a; 8j � k; W �

pkC1
.�/b D W �

pkC1
.
/b:

Now observe that

W C
pj
.
/b D ˚


b;a
W C
pj
.
/a D h˚�

b;a
W C
pj
.�/a D hW C

pj
.�/b;

and we deduce from (2.14) that

W C
pj
.
/b t W �

pkC1
.
/b; 8j � k:

Performing this procedure gradually, from k D 1 to k D �, we obtain a gradient-
like vector field with the properties stipulated in Theorem 2.27. ut
Definition 2.30. (a) If f W M ! R is a Morse function and � is a gradient like
vector field such that

W �
p .�/ t W C

q .�/; 8p; q 2 Crf ;
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then we say that .f; �/ is a Morse–Smale pair on M and that � is a Morse–Smale
vector field adapted to f .

Remark 2.31. Observe that if .f; �/ is a Morse–Smale pair on M and p; q 2 Crf
are two distinct critical points such that 
f .p/ � 
f .q/, then

W �
p .�/ \W C

q .�/ D ;:

Indeed, suppose this is not the case. Then

dimW �
p .�/C dimW C

q .�/ D dimM C . 
.p/� 
.q/ / � dimM;

and because W �
p .�/ intersectsW C

q .�/ transversally, we deduce that

dim
�
W �
p .�/ \W C

q .�/
� D 0:

Since the intersection W �
p .�/ \ W C

q .�/ is flow invariant and p ¤ q, this zero
dimensional intersection must contain at least one nontrivial flow line. ut
Definition 2.32. A Morse function f WM ! R is called self-indexing if

f .p/ D 
f .p/; 8p 2 Crf :

Theorem 2.33 (Smale). Suppose M is a compact smooth manifold of dimension
m. Then there exist Morse–Smale pairs .f; �/ on M such that f is self-indexing.

Proof. We follow closely the strategy in [M4, Sect. 4]. We begin by describing
the main technique that allows us to gradually modify f to a self-indexing Morse
function.

Lemma 2.34 (Rearrangement lemma). Suppose f WM ! R is a Morse function
such that 0; 1 are regular values of f and the region f0 < f < 1g contains precisely
two critical points p0 and p1. Furthermore, assume that � is a gradient-like vector
field onM such that

W.p0; �/ \W.p1; �/ \ f0 � f � 1g D ;;

where we have used the notationW.pi/ D W C
pi
[W �

pi
.

Then for any real numbers a0; a1 2 Œ0; 1� there exists a Morse function
g WM ! R with the following properties:

(a) g coincides with f outside the region f0 < f < 1g.
(b) g.pi / D ai , 8i D 0; 1.
(c) f � g is constant in a neighborhood of fp0; p1g.
(d) � is a gradient-like vector field for g.
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U0

U0

U1

U1

p0

p1

^^

f=1

f=0

W-

W+
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Fig. 2.15 Decomposing a Morse flow

Proof. Let

W WD
�
W C
p0
.�/ [W �

p0
.�/ [W C

p1
.�/ [W �

p1
.�/

�
\ ˚0 � f � 1�;

M0 WD ff D 0g; M 0
0 D M0 n

�
W �
p0
.�/ [W �

p1
.�/

�
;

W �
pi
.�/0 WD W �

pi
.�/ \M0:

Denote by h�i the vector field 1
��f � on f0 � f � 1g nW and by ˚�

t its flow. Then,

˚
�
t defines a diffeomorphism

� W Œ0; 1� �M 0
0 ! f0 � f � 1g nW; .t; x/ 7! ˚

�
t .x/:

Its inverse is

y 7! ��1.y/ D
�
f .y/; ˚

�

�f .y/.y/
�
:

Choose open neighborhoods Ui of W �
pi
.�/0 in M0 such that U \ U 0 D ;. This is

possible since W.p0/\W.p1/\M0 D ;.
Now, fix a smooth function � W M0 ! Œ0; 1� such that � D i on Ui . Denote by
OUi the set of points y in f0 � f � 1g such that either y 2 W C

pi
.�/, or the trajectory

of �� through y intersects M0 in Ui , i D 0; 1 (see Fig. 2.15). We can extend � to a
smooth function O� on f0 � f � 1g as follows.

If y 62 . OU0 [ OU1/, then ��1.y/ D .t; x/, x 2M0 n .U0 [ U1/, and we set

O�.y/ WD �.x/:

Then, we set O�.y/ D i , 8y 2 OUi .
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Now, fix a smooth function G W Œ0; 1� � Œ0; 1� ! Œ0; 1� satisfying the following
conditions:

• @G
@t
.s; t/ > 0, 80 � s; t � 1.

• G.s; 0/ D 0, G.s; 1/ D 1.
• G.s; t/ D t near the segments t D 0; 1.
• G.i; t/� t D .ai � f .pi // for t near f .pi /.

We can think of G as a one-parameter family of increasing diffeomorphisms

Gs W Œ0; 1�! Œ0; 1�; s 7! Gs.t/ D G.s; t/

such that G0.f .p0// D a0 and G1.f .p1// D a1.
Now define

h W f0 � f � 1g ! Œ0; 1�; h.y/ D G. O�.y/; f .y//:

It is now easy to check that g has all the desired properties. ut
Remark 2.35. (a) To understand the above construction it helps us to think of the

Morse function f as a clock, i.e., a way of indicating the time when a flow line
reaches a point. For example, the time at the point y is f .y/.

We can think of the family s ! Gs as one-parameter family of “clock
modifiers.” If a clock indicates time t 2 Œ0; 1�, then by modifying the clock
with Gs it will indicate the time Gs.t/.

The function h can be perceived as a different way of measuring time,
obtained by modifying the “old clock” f using the modifierGs . More precisely,
the new time at y will be G O�.y/.f .y//.

(b) The rearrangement lemma works in the more general context, when instead of
only two critical points, we have a partition C0 t C1 of the set of critical points
in the region f0 < f < 1g such that f is constant on C0 and on C1, and
W.p0; �/ \W.p1; �/ D ;, 8p0 2 C0, 8p1 2 C1. ut

We can now complete the proof of Theorem 2.33. Suppose that .f; �/ is a Morse–
Smale pair on M such that f is nonresonant. Remark 2.31 shows that

p ¤ q and 
.p/ � 
.q/ H) W �
p .�/ \W C

q .�/ D ;:

We say that a pair of critical points p; q 2 Crf is an inversion if


.p/ < 
.q/ and f .p/ > f .q/:

We see that if .p; q/ is an inversion, then

W �
p .�/ \W C

q .�/ D ;:
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Using the rearrangement lemma and Theorem 2.27 we can produce inductively a
new Morse–Smale pair .g; 
/ such that Crg D Crf , and g is nonresonant and has
no inversions.

To see how this is done, define the level function

`f W Crf ! Z�0; `.p/ WD #
˚
q 2 Crf I f .q/ < f .p/

�
;

denote by �.f / the number of inversions of f , and then set

�.f / D max
˚
`f .q/I .p; q/ inversion of f

�
:

If �.f / > 0, then there exists an inversion .p; q/ such that `f .p/ D �.f /C 1 and
`f .q/ D �.f /. We can then use the rearrangement lemma to replace f with f 0
such that �.f 0/ < �.f /.

This implies that there exist regular values r0 < r1 < 	 	 	 < rm such that all the
critical points in the region fr
 < g < r
C1g have the same index 
.

Using the rearrangement lemma again (see Remark 2.35(b)) we produce a new
Morse–Smale pair .h; �/ with critical values c0 < 	 	 	 < cm, and all the critical
points on fh D c
g have the same index 
.

Finally, via an increasing diffeomorphism of R we can arrange that c
 D 
. ut
Observe that the above arguments prove the following slightly stronger

result.

Corollary 2.36. Suppose .f; �/ is a Morse–Smale pair on the compact mani-
fold M . Then, we can modify f to a smooth Morse function g W M ! R with
the following properties:

(a) Crg D Crf and 
.f; p/ D 
.g; p/ D g.p/, 8p 2 Crf D Crg .
(b) � is a gradient-like vector field for g.

In particular, .g; �/ is a self-indexing Morse–Smale pair. ut
Here is a simple application of this corollary. We define a handlebody to be

a three-dimensional manifold with boundary obtained by attaching one-handles
to a three-dimensional ball. A Heegard decomposition of a smooth, compact,
connected 3-manifold M is a quadruple .H�;HC; f; ˚/ satisfying the following
conditions.

• H˙ are handlebodies.
• f is an orientation reversing diffeomorphism f W @H� ! @HC.
• ˚ is a homeomorphism from M to the space H� [f HC obtained by gluing
H� to HC along their boundaries using the identification prescribed by f .

Theorem 2.37. Any smooth compact connected 3-manifold admits a Heegard
decomposition.
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Proof. Fix a self-indexing Morse–Smale pair .f; �/ on M . The critical values of f
are contained in f0; 1; 2; 3g. To prove the claim in the theorem it suffices to show
that the manifolds with boundary

H�.f / WD
	
f � 3

2

�
and HC.f / WD

	
f � 3

2

�

are handlebodies. We do this only for H�. The case HC.f / is completely similar
since HC.f / D H�.3 � f /.

Observe first that H� is connected. Indeed, the connected manifold M is
obtained fromH� by attaching 2 and 3-handles and these operations do not change
the number of connected components.

The sublevel set ff � "g, " 2 .0; 1/, is the disjoint union of a collection of
three-dimensional balls, one ball for every minimum point of f . The manifold H�
is obtained from this disjoint union of balls by attaching 1-handles, one for each
critical point of index 1.

We can encode this description as a graph � . The vertices of � correspond to
the connected components of ff � "g, while the edges correspond to the attached
one-handles. The endpoint(s) of an edge indicate how the attaching is performed.
The graph � may have loops, i.e., edges that start and end at the same vertex. To
such a loop it corresponds a 1-handle attached to a single component of ff � "g.

Since H� is connected, so is � . Let T be a spanning tree of � , i.e., a simply
connected subgraph of � with the same vertex set as � . By attaching first the
1-handles corresponding to the edges of T we obtain a manifold H.T / diffeo-
morphic to a three-dimensional ball. This shows that H� is obtained by attaching
1-handles to the three-dimensional ball H.T /, so that H� is a handlebody. ut

2.5 Morse–Floer Homology

Suppose that .f; �/ is a Morse–Smale pair on the compactm-dimensional manifold
M such that f is self-indexing. In particular, the real numbers k C 1

2
are regular

values of f . We set

Mk D
	
f � k C 1

2

�
; Yk D

	
k � 1

2
� f � k C 1

2

�
:

Then, Yk is a smooth manifold with boundary (see Fig. 2.16)

@Yk D @�Yk [ @CYk; @˙Yk D
	
f D k ˙ 1

2

�
:
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f=k-1

f=k+1/2

f=k

f=k-1/2

f=k-3/2
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Yk-1

p

q

D (p)
-

+D (q)
Mk

Fig. 2.16 Constructing the Thom–Smale complex

Set

Ck.f / WD Hk.Mk;Mk�1IZ/; Crf;k WD
˚
p 2 Crf I 
.p/ D k

� � f f D k g:

Finally, for p 2 Crf;k denote by Dṗ the unstable disk

Dṗ WD Wṗ .�/ \ Yk:

Using the excision theorem and the fundamental structural theorem of Morse
theory, we obtain an isomorphism

Ck.f / Š
M

p2Crk

Hk

�
D�
p ; @D

�
p IZ

�
:

By fixing an orientation or�.p/ on each unstable manifold W �
p we obtain isomor-

phisms
Hk.D

�
p ; @D

�
p IZ /! Z; p 2 Crf;k :

We denote by hpj the generator of Hk.D
�
p ; @D

�
p IZ / determined by the choice of

orientation or�.p/.
Observe that we have a natural morphism @ W Ck ! Ck�1 defined as the

composition

Hk.Mk;Mk�1IZ /! Hk�1.Mk�1;Z/! Hk�1.Mk�1;Mk�2IZ /: (2.15)



2.5 Morse–Floer Homology 79

Arguing exactly as in the proof of [Ha, Theorem 2.35] (on the equivalence of cellular
homology with the singular homology)3 we deduce that

	 	 	 ! Ck.f /
@�! Ck�1.f /! 	 	 	 (2.16)

is a chain complex whose homology is isomorphic to the homology of M . This is
called the Thom–Smale complex associated to the self-indexing Morse function f .

We would like to give a more geometric description of the Thom–Smale
complex. More precisely, we will show that it is isomorphic to a chain complex
which can be described entirely in terms of Morse data.

Observe first that the connecting morphism

@k W Hk.Mk;Mk�1/! Hk�1.Mk�1/

can be geometrically described as follows. The relative class hpj 2 Ck is represented
by the fundamental class of the oriented manifold with boundary .D�

p ; @D
�
p /.

The orientation or�
p induces an orientation on @D�

p , and thus the oriented closed
manifold @D�

p defines a homology class in Hk�1.Mk�1;Z/ which represents @hpj.
Assume for simplicity that the ambient manifoldM is oriented. (As explained in

Remark 2.40 (a), this assumption is not needed.) The orientation orM onM and the
orientation or�

p on D�
p determine an orientation orC

p on DC
p via the equalities

TpM D TpD�
p ˚ TpDC

p ; or�
p ^ orC

p D orM :

Since � is a Morse–Smale gradient-like vector field, we deduce that @D�
p and DC

q

intersect transversally. In particular, if p 2 Crf;k and q 2 Crf;k�1, then

dim @D�
p C dimDC

q D .k � 1/C dimM � .k � 1/ D m;

so that @D�
p intersectsDC

q transversally in finitely many points. We denote by hpjqi
the signed intersection number

hpjqi WD #
�
@D�

p \DC
q

�
; p 2 Crf;k ; q 2 Crf;k�1 :

Observe that each point s in @D�
p \ DC

q corresponds to a unique trajectory �.t/
of the flow generated by �� such that �.�1/ D p and �.1/ D q. We will refer

3For the cognoscienti. The increasing filtration � � � � Mk�1 � Mk � � � � defines an increasing
filtration on the singular chain complex C�.M;Z/. The associated (homological) spectral sequence
has the property that E2

p;q D 0 for all q > 0 so that the spectral sequence degenerates at E2 and

the edge morphism induces an isomorphism Hp.M/ ! E2
p;0. The E1 term is precisely the chain

complex (2.16).
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to such a trajectory as a tunneling from p to q. Thus hpjqi is a signed count of
tunnelings from p to q.

Proposition 2.38 (Thom–Smale). There exist �k 2 f˙1g such that

@hpj D �k
X

q2Crf;k�1

hpjqi 	 hqj; 8p 2 Crf;k : (2.17)

Proof. We have

@hpj 2 Hk�1.Mk�1;Mk�2IZ/ Š Hk�1.Yk�1; @�Yk�1IZ/:

From the Poincaré–Lefschetz duality theorem, we deduce

Hk�1.Yk�1; @�Yk�1IZ/ Š Hm�.k�1/.Yk�1; @CYk�1IZ/:

Since Hj .Yk�1; @CYk�1IZ/ is a free Abelian group nontrivial only for j D m �
.k � 1/, we deduce that the canonical map

Hm�.k�1/.Yk�1; @CYk�1IZ/�!Hom
�
Hm�.k�1/.Yk�1; @CYk�1IZ/; Z

�

given by the Kronecker pairing is an isomorphism.
The groupHm�.k�1/.Yk�1; @CYk�1IZ/ is freely generated by4

jqi WD ŒDC
q ; @D

C
q ; orC

q �; q 2 Crf;k�1 :

If we view @hpj as a morphism Hm�.k�1/.Yk�1; @CYk�1IZ/�!Z, then its value on
jqi is given (up to a sign �k which depends only on k) by the above intersection
number hpjqi. ut

Given a Morse–Smale pair .f; �/ on an oriented manifoldM and orientations of
the unstable manifolds, we can form the Morse–Floer complex

.C�.f /; @/; Ck.f / D
M

p2Crk.f /

Z 	 hpj;

where the boundary operator has the tunneling description (2.17). Note that the
definitions of Ck.f / and @ depend on � but not on f .

In view of Corollary 2.36 we may as well assume that f is self-indexing. Indeed,
if this is not the case, we can replace f by a different Morse function g with the
same critical points and indices such that g is self-indexing and � is a gradient-like
vector field for both f and g.

4There is no typo! jqi is a ket vector and not a bra vector hqj.
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We conclude that @ is indeed a boundary operator, i.e., @2 D 0, because it
can alternatively be defined as the composition (2.15). We have thus proved the
following result.

Corollary 2.39. For any Morse–Smale pair .f; �/ on the compact oriented mani-
foldM there exists an isomorphism from the homology of the Morse–Floer complex
to the singular homology of M . ut
Remark 2.40. (a) The orientability assumption imposed onM is not necessary. We

used it only for the ease of presentation. Here is how one can bypass it.
Choose for every p 2 Crf orientations of the vector subspaces T �

p M �
TpM of spanned by the eigenvectors of the Hessian of f corresponding to
negative eigenvalues. The unstable manifold W �

p is homeomorphic to a vector
space and its tangent space at p is precisely T �

p M . Thus, the chosen orientation
on T �

p M induces an orientation on W �
p . Similarly, the chosen orientation on

T �
p M defines an orientation on the normal bundle T

W
C
p
M of the embedding

W C
p ,!M .
Now observe that if X and Y are submanifolds in M intersecting transver-

sally, such that TX is oriented and the normal bundle TYM of Y ,! M is
oriented, then there is a canonical orientation of X \ Y . Indeed, the normal
bundle of X \ Y ,! X is naturally isomorphic to the restriction to X \ Y of
the normal bundle of Y in M , i.e., we have a natural short exact sequence of
bundles

0! T .X \ Y / ,! .TX/jX\Y ! .TYM/jX\Y ! 0:

Hence, if 
.p/ � 
.q/ D 1, then W �
p \ W C

q is an oriented one-dimensional
manifold.

On the other hand, each component of W �
p \ W C

q is a trajectory of the
gradient flow and thus comes with another orientation given by the direction of
the flow.

We conclude that on each component of W �
p \ W C

q , we have a pair of
orientations which differ by a sign �. We can now define n.p; q/ to be the sum
of all these �’s. We then get an operator

O@ W Ck.f /! Ck�1.f /; O@hpj D
X

q

n.p; q/hqj:

One can prove that it coincides, up to an overall sign, with the previous
boundary operator.

(b) For different proofs of the above corollary we refer to [BaHu, Sal, Sch].
(c) Corollary 2.39 has one unsatisfactory feature. The isomorphism is not induced

by a morphism between the Morse–Floer complex and the singular chain
complexes and thus does not highlight the geometric nature of this construction.

For any homology class in a smooth manifold M , the Morse–Smale flow ˚t on
M selects a very special singular chain representing this class. For example, if a
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Fig. 2.17 The polyhedral structure determined by a Morse function on a Riemann surface of
genus 2

homology class is represented by the singular cycle c, then it is also represented
by the cycle ˚t .c/ and, stretching our imagination, by the cycle ˚1.c/ D
limt!1˚t.c/.

The Morse–Floer complex is, loosely speaking, the subcomplex of the singular
complex generated by the family of singular simplices of the form ˚1.�/, where
� is a singular simplex. The supports of such asymptotic simplices are invariant
subsets of the Morse–Smale flow and thus must be unions of orbits of the flow.

The isomorphism between the Morse–Floer homology and the singular homol-
ogy suggests that the subcomplex of the singular chain complex generated by
asymptotic simplices might be homotopy equivalent to the singular chain complex.
For a rigorous treatment of this idea we refer to [BFK], [Lau], or [HL].

There is another equivalent way of visualizing the Morse flow complex, which
goes back to Thom [Th]. Think of a Morse–Smale pair .f; �/ on M as defining a
“polyhedral structure,” and then the Morse–Floer complex is the complex naturally
associated to this structure. The faces of this “polyhedral structure” are labeled by
the critical points of f , and their interiors coincide with the unstable manifolds of
the corresponding critical point.

The boundary of a face is a union (with integral multiplicities) of faces of one
dimension lower. To better understand this point of view, it helps to look at the
simple situation depicted in Fig. 2.17. Let us explain this figure.

First, we have the standard description of a Riemann surface of genus 2 obtained
by identifying the edges of an octagon with the gluing rule

a1b1a
�1
1 b

�1
1 a2b2a

�1
2 b

�1
2 :

This poyhedral structure corresponds to a Morse function on the Riemann surface,
which has the following structure.

• There is a single critical point of index 2, denoted by F , and located in the center
of the two-dimensional face. The relative interior of the top face is the unstable
manifold of F , and all the trajectories contained in this face will leave F and end
up either at a vertex or in the center of some edge.



2.6 Morse–Bott Functions 83

• There are four critical points of index one, a1; b1; b2, located at the center of
the edges labeled by the corresponding letter. The interiors of the edges are the
corresponding one-dimensional unstable manifolds. The arrows along the edges
describe orientations on these unstable manifolds. The gradient flow trajectories
along an edge point away from the center.

• There is a unique critical point of index 0 denoted by V .

In the picture there are two tunnelings connectingF with a1, but they are counted
with opposite signs. In general, we deduce

hF jai i D hF jbj i D 0; 8i; j:

Similarly,
hai jV i D hbj jV i D 0; 8i; j:

The existence of a similar polyhedral structure in the general case was recently
established in [Qin]. We refer to Chap. 4 for more details.
(d) The dynamical description of the boundary map of the Morse–Floer complex in
terms of tunnelings is due to Witten [Wit] (see the nice story in [B3]), and it has
become popular through the groundbreaking work of Floer [Fl]. In Sect. 4.5 we will
take a closer look at this dynamical interpretation.

The tunneling approach has been used quite successfully in infinite dimensional
situations leading to various flavors of the so-called Floer homologies.

These are situations when the stable and unstable manifolds are infinite dimen-
sional yet they intersect along finite dimensional submanifolds. One can still form
the operator @ using the description in Proposition 2.38, but the equality @2 D 0 is
no longer obvious, because in this case an alternative description of @ of the type
(2.15) is lacking. For more information on this aspect, we refer to [ABr, Sch]. ut

2.6 Morse–Bott Functions

Suppose f WM ! R is a smooth function on the m-dimensional manifoldM .

Definition 2.41. A smooth submanifold S ,! M is said to be a nondegenerate
critical submanifold of f if the following hold.

• S is compact and connected.
• S � Crf .
• 8s 2 S we have TsS D kerHf;s , i.e.,

Hf;s.X; Y / D 0; 8Y 2 TsM” X 2 TsS.� TsM/:

The function f is called a Morse–Bott function if its critical set consists of
nondegenerate critical submanifolds. ut
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Suppose S ,! M is a nondegenerate critical submanifold of f . Assume for
simplicity that f jSD 0. Denote by TSM the normal bundle of S ,! M , TSM WD
.TM/jS=TS . For every s 2 S and every X; Y 2 TsS we have

Hf;s.X; Y / D 0;

so that the Hessian of f at s induces a quadratic formQf;s on TsM=TsS D .TSM/s.
We thus obtain a quadratic formQf on TSM , which we regard as a function on the
total space of TSM , quadratic along the fibers.

The same arguments in the proof of Theorem 1.12 imply the following Morse
lemma with parameters.

Proposition 2.42. There exist an open neighborhood U of S ,! E D TSM and a
smooth open embedding ˚ W U !M such that ˚ jS D 1S and

˚�f D 1

2
Qf :

If we choose a metric g on E , then we can identify the Hessians Qf;s with a
symmetric automorphismQ W E ! E . This produces an orthogonal decomposition

E D EC ˚ E�;

where E˙ is spanned by the eigenvectors of H corresponding to positive/negative
eigenvalues. If we denote by r˙ the restriction to E˙ of the function

u.v; s/ D gs.v; v/;

then we can choose the above ˚ so that

˚�f D �u� C uC:

The topological type of E˙ is independent of the various choices, and thus it is
an invariant of .S; f / denoted by E˙.S/ or E˙.S; f /. We will refer to E�.S/ as
the negative normal bundle of S . In particular, the rank of E� is an invariant of S
called the Morse index of the critical submanifold S , and it is denoted by 
.f; S/.
The rank of EC is called the Morse coindex of S , and it is denoted by O
.f; S/. ut
Definition 2.43. Let F be a field. The F-Morse–Bott polynomial of a Morse–Bott
function f WM ! R defined on the compact manifoldM is the polynomial

Pf .t/ D Pf .t IF/ D
X

S

t
.f;S/PS;F.t/;
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where the summation is over all the critical submanifolds of f . Note that the Morse–
Bott polynomial of a Morse function coincides with the Morse polynomial defined
earlier. ut

Arguing exactly as in the proof of the fundamental structural theorem, we obtain
the following result.

Theorem 2.44 (Bott). Suppose f W M ! R is an exhaustive smooth function and
c 2 R is a critical value such that Crf \f �1.c/ consists of finitely many critical
submanifolds S1; : : : ; Sk . For i D 1; : : : ; k denote by D�

Si
the (closed) unit disk

bundle of E�.Si / (with respect to some metric on E�.Si /). Then for " > 0 the
sublevel setMcC" D ff � cC"g is homotopic to the space obtained fromMc�" D
ff � c� "g by attaching the disk bundlesD�

Si
toMc�" along the boundaries @D�

Si
.

In particular, for every field F we have an isomorphism

H�.M cC";M c�"IF/ D
kM

iD1
H�.D�.Si/; @D�.Si /IF/: (2.18)

ut
Let F be a field and X a compact CW -complex. For a real vector bundle � W

E ! X of rank r over X , we denote by D.E/ the unit disk bundle of E with
respect to some metric. We say that E is F-orientable if there exists a cohomology
class

� 2 Hr.D.E/; @D.E/IF/
such that its restriction to each fiber .D.E/x; @D.E/x/, x 2 X defines a generator
of the relative cohomology groupHr.D.E/x; @D.E/x IF/. The class � is called the
Thom class of E associated to a given orientation.

For example, every vector bundle is Z=2-orientable, and every complex vector
bundle is Q-orientable. Every real vector bundle over a simply connected space is
Q-orientable.

The Thom isomorphism theorem states that if the vector bundle � W E ! X is
F-orientable, then for every k � 0 the morphism

Hk.X;F/ 3 ˛ 7�! �E [ ��˛ 2 HkCr .D.E/; @D.E/IF/

is an isomorphism for any k 2 Z. Equivalently, the transpose map

HkCr .D.E/; @D.E/IF/! Hk.X;F/; c 7! ��.c \ �E/

is an isomorphism. This implies

PD.E/;@D.E/.t/ D t rPX.t/: (2.19)
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Definition 2.45. Suppose F is a field, and f W M ! R is a Morse–Bott function.
We say that f is F-orientable if for every critical submanifold S the bundle E�.S/
is F-orientable. ut
Corollary 2.46. Suppose f W M ! R is an F-orientable Morse–Bott function on
the compact manifold. Then, we have the Morse–Bott inequalities

Pf .t/ � PM;F.t/:

In particular,

X

S

.�1/
.f;S/�.S/ D Pf .�1/ D PM.�1/ D �.M/:

Proof. Denote by c1 < 	 	 	 < c� the critical values of f and set

tk D ck C ckC1
2

; k D 1; � � 1; t0 D c1 � 1; t� D c� C 1; Mk D ff � tkg:

As explained in Remark 2.16, we have an inequality

X

k

PMk;Mk�1
� PM :

Using the equality (2.18), we deduce

X

k

PMk;Mk�1
D
X

S

PD�
S ;@D

�
S
;

where the summation is over all the critical submanifolds of f . Since E�.S/ is
orientable for every S , we deduce from (2.19) that

PD�
S ;@D

�
S
D t
.f;S/PS : ut

Definition 2.47. Suppose f W M ! R is a Morse–Bott function on a compact
manifoldM . Then f is called F-completable if for every critical value c and every
critical submanifold S � f �1.c/ the inclusion

@D�
S ! ff � c � "g

induces the trivial morphism in homology. ut
Arguing exactly as in the proof of Proposition 2.17 we obtain the following result.

Theorem 2.48. Suppose f W M ! R is a F-completable, F-orientable, Morse–
Bott function on a compact manifold. Then, f is F-perfect, i.e., Pf .t/ D PM .t/.

ut
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Corollary 2.49. Suppose f W M ! R is an orientable Morse–Bott function such
that for every critical submanifoldM we have 
.f; S/ 2 2Z and PS.t/ is even, i.e.,

bk.S/ ¤ 0 H) k 2 2Z:

Then, f is Q-perfect and thus Pf .t/ D PM .t/.
Proof. Using the same notation as in the proof of Corollary 2.46, we deduce by
induction over k from the long exact sequences of the pairs .Mk;Mk�1/ that
bj .Mk/ D 0 if j is odd, and we have short exact sequence

0! Hj .Mk�1/! Hj .Mk/! Hj .Mk;Mk�1/! 0

if j is even. ut

2.7 Min–Max Theory

So far we have investigated how to use information about the critical points of a
smooth function on a smooth manifold to extract information about the manifold
itself. In this section we will turn the situation on its head. We will use topological
methods to extract information about the critical points of a smooth function.

To keep the technical details to a minimum so that the geometric ideas are as
transparent as possible, we will restrict ourselves to the case of a smooth function
f on a compact, connected smooth manifoldM without boundary equipped with a
Riemannian metric g.

We can substantially relax the compactness assumption, and the same geometri-
cal principles we will outline below will still apply, but that will require additional
technical work.

Morse theory shows that if we have some information about the critical points
of f we can obtain lower estimates for their number. For example, if all the
critical points are nondegenerate, then their number is bounded from below by
the sum of Betti numbers of M . What happens if we drop the nondegeneracy
assumption? Can we still produce interesting lower bounds for the number of critical
points?

We already have a very simple lower bound. Since a function on a compact
manifold must have a minimum and a maximum, it must have at least two critical
points. This lower bound is in some sense optimal because the height function
on the round sphere has precisely two critical points. This optimality is very
unsatisfactory since, as pointed out by Reeb in [Re], if the only critical points of
f are (nondegenerate) minima and maxima, then M must be homeomorphic to a
sphere.
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Min–max theory is quite a powerful technique for producing critical points that
often are saddle type points. We start with the basic structure of this theory. For
simplicity we denote by Mc the sublevel set ff � cg.

The min–max technology requires a special input.

Definition 2.50. A collection of min–max data for the smooth function

f WM ! R

is a pair .H; S/ satisfying the following conditions.

• H is a collection of homeomorphisms of M such that for every regular value a
of M there exist " > 0 and h 2 H, such that

h.MaC"/ �Ma�":

• S is a collection of subsets of M , such that

h.S/ 2 S; 8h 2 H; 8S 2 S: ut

The key existence result of min–max theory is the following.

Theorem 2.51 (Min–max principle). If .H; S/ is a collection of min–max data for
the smooth function f WM ! R, then the real number

c D c.H; S/ WD inf
S2S sup

x2S
f .x/

is a critical value of f .

Proof. We argue by contradiction. Assume that c is a regular value. Then, there
exist " > 0 and h 2 H, such that

h.M cC"/ �Mc�":

From the definition of c, we deduce that there exists S 2 S, such that supx2S f .x/ <
c C ", that is,

S �McC":

Then, S 0 D h.S/ 2 S and h.S/ � Mc�". It follows that supx2S 0 f .x/ � c � ", so
that

inf
S 02S sup

x2S 0

f .x/ � c � ":

This contradicts the choice of c as a min–max value. ut
The usefulness of the min–max principle depends on our ability to produce

interesting min–max data. We will spend the remainder of this section describing
a few classical constructions of min–max data.
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x0x1

c

U

Fig. 2.18 A mountain pass from x0 to x1

In all these constructions, the family of homeomorphisms H will be the same.
More precisely, we fix gradient-like vector field � and we denote by ˚t the flow
generated by ��. The condition (a) in the definition of min–max data is clearly
satisfied for the family

Hf WD f˚t I t � 0g:
Constructing the family S requires much more geometric ingenuity.

Example 2.52. Suppose S is the collection

S D
n
fxgI x 2 M

o
:

The condition (b) is clearly satisfied, and in this case we have

c.Hf ; S/ D min
x2M f .x/:

This is obviously a critical value of f . ut

Example 2.53 (Mountain-Pass points). Suppose x0 is a strict local minimum of f ,
i.e., there exists a small, closed geodesic ball U centered at x0 2M , such that

c0 D f .x0/ < f .x/; 8x 2 U n fx0g:

Note that
c0
0 WD min

x2@U f .x/ > c0:

Assume that there exists another point x1 2M n U such that (see Fig. 2.18)

c1 D f .x1/ � f .x0/:
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Now denote by Px0 the collection of smooth paths � W Œ0; 1�!M , such that

�.0/ D x0; �.1/ 2Mc0 n U:

The collection Px0 is nonempty, since M is connected and x1 2 Mc0 n U . Observe
that for any � 2 Px0 and any t � 0, we have

˚t ı � 2 Px0 :

Now define

S D
n
�.Œ0; 1�/I � 2 Px0

o
:

Clearly the pair .Hf ; S/ satisfies all the conditions in Definition 2.50, and we
deduce that

c D inf
�2Px0

max
s2Œ0;1� f .�.s//

is a critical value of f such that c � c0
0 > c0 (see Fig. 2.18).

This statement is often referred to as the mountain-pass lemma and critical points
on the level set ff D cg are often referred to as mountain-pass points. Observe that
the Mountain Pass Lemma implies that if a smooth function has two strict local
minima, then it must admit a third critical point.

The search strategy described in the mountain-pass lemma is very intuitive if we
think of f as a height function. The point x0 can be thought of as a depression and
the boundary @U as a mountain range surrounding x0. We look at all paths � from
x0 to points of lower altitude, and on each of them we pick a point x� of greatest
height. Then, we select the path � such that the point x� has the smallest possible
altitude.

It is perhaps instructive to give another explanation of why there should exist
a critical value greater than c0. Observe that the sublevel set Mc0 is disconnected
while the manifold M is connected. The change in the topological type in going
from Mc0 to M can be explained only by the presence of a critical value greater
than c0. ut

To produce more sophisticated examples of min–max data we will use a
technique pioneered by Lusternik and Schnirelmann. Denote by CM the collection
of closed subsets ofM . For a closed subset C �M and " > 0 we denote byN".C /
the open tube of radius " around C , i.e., the set of points in M at distance < "

from C , with respect to a fixed Riemann metric on M .

Definition 2.54. An index theory on M is a map

� W CM ! NZ�0 WD f0; 1; : : :g [ f1g
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satisfying the following conditions.

• Normalization. For every x 2M , there exists r D r.x/ > 0 such that

�.fxg/ D 1 D �.N".x//; 8x 2 M; 8" 2 .0; r/:

• Topological invariance. If f WM !M is a homeomorphism, then

�.C / D �.f .C //; 8C 2 CM :

• Monotonicity. If C0; C1 2 CM and C0 � C1, then �.C0/ � �.C1/.
• Subadditivity. �.C0 [ C1/ � �.C0/C �.C1/.

ut
Suppose we are given an index theory � W CM ! NZ�0. For every positive integer

k we define

�k WD
n
C 2 CM I �.C / � k

�
:

The axioms of an index theory imply that for each k the pair .Hf ; �k/ is a collection
of min–max data. Hence, for every k the min–max value

ck D inf
C2�k

max
x2C f .x/

is a critical value. Since

�1 � �2 � 	 	 	 ;
we deduce that

c1 � c2 � 	 	 	 :
Observe that the decreasing family �1 � �2 � 	 	 	 stabilizes at �m, where m D
�.M/. If by accident it happens that

c1 > c2 > 	 	 	 > c�.M/;

then we could conclude that f has at least �.M/ critical points. We want to prove
that this conclusion holds even if some of these critical values are equal.

Theorem 2.55. Suppose that for some k; p > 0 we have

ck D ckC1 D 	 	 	 D ckCp D c;

and denote by Kc the set of critical points on the level set c. Then either c is an
isolated critical value of f andKc contains at least p C 1 critical points or c is an
accumulation point of Crf , i.e., there exists a sequence of critical values dn ¤ c

converging to c.
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Proof. Assume that c is an isolated critical value. We argue by contradiction.
Suppose Kc contains at most p points. Then, �.Kc/ � p. At this point we need
a deformation result whose proof is postponed. Set

Tr.Kc/ WD Nr.Kc/:

Lemma 2.56 (Deformation lemma). Suppose c is an isolated critical value of f
and Kc D Crf \ff D cg is finite. Then for every ı > 0, there exist 0 < "; r < ı

and a homeomorphism h D hı;";r of M such that

h
�
McC" n Tr.Kc/

� �Mc�":

Consider "; r sufficiently small as in the deformation lemma. Then the normal-
ization and subadditivity axioms imply

�.Tr.Kc// � �.Kc/ D p:

We choose C 2 �kCp such that

max
x2C f .x/ � ckCp C " D c C ":

Note that
C � Tr.Kc/[ C n Tr.Kc/;

and from the subadditivity of the index we deduce

�.C n Tr.Kc// � �.C /� �.Tr.Kc// � k:

Hence
�
�
h.C n Tr.Kc//

� D �.C n Tr.Kc// � k;
so that

C 0 WD h.C n Tr.Kc/ / 2 �k:
Since

C n Tr.Kc/ � McC" n Tr.Kv/;

we deduce from the deformation lemma that

C 0 �Mc�":

Now observe that the condition C 0 2 �k implies

c D ck � max
x2C 0

f .x/;

which is impossible since C 0 �Mc�". ut
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Proof of the deformation lemma. The strategy is a refinement of the proof of
Theorem 2.6. The homeomorphism will be obtained via the flow determined by a
carefully chosen gradient-like vector field.

Fix a Riemannian metric g on M . For r sufficiently small, Nr.Kc/ is a finite
disjoint union of open geodesic balls centered at the points of Kc. Let r0 > 0 such
that Nr0.Kc/ is such a disjoint union and the only critical points of f in Nr0.Kc/

are the points in Kc. Fix "0 such that c is the only critical value in the interval
Œc � "0; c C "0�. For r 2 .0; r0/ define

b D b.r/ WD inf
˚ jrf .x/j; x 2McC"0 n .Mc�"0 [Nr=8.Kc//

�
> 0:

Choose " D ".r/ 2 .0; "0/ satisfying.

2" < min
� b.r/r

8
; b.r/2; 1

�
H) 2"

b.r/
<
r

8
;

2"

min.1; b.r/2/
� 1: (2.20)

Define smooth cutoff functions

˛ WM ! Œ0; 1�; ˇ WM ! Œ0; 1�

such that

• ˛.x/ D 0 if jf .x/ � cj � "0 and ˛.x/ D 1 if jf .x/ � cj � ";
• ˇ.x/ D 1 if dist .x;Kc/ � r=4 and ˇ.x/ D 0 if dist .x;Kc/ < r=8.

Finally, define a rescaling function

' W Œ0;1/! Œ0;1/; '.s/ WD
(
1 s 2 Œ0; 1�;
s�1 s � 1:

We can now construct the vector field � on M by setting

�.x/ WD �˛ 	 ˇ 	 '� jrgf j2 �rgf:

Observe that � vanishes outside the region fc� "0 < f < c � "0g and also vanishes
in r

8
-neighborhood of Kc. This vector field is not smooth, but it still is Lipschitz

continuous. Note also that (Fig. 2.19)

j�.x/j � 1; 8x 2M:

The existence theorem for ODEs shows that for every x 2M there exist T˙.x/ 2
.0;1� and a C1-integral curve �x W .�T�.x/; TC.x//!M of � through x,

�x.0/ D x; P�x.t/ D �.�x.t//; 8t 2 .�T�.x/; TC.x//:
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Kc

f=c+ε

f=c+ε0

f=c−ε

f=c−ε0

Nr/2 (Kc)

Nr (Kc)

x

Fig. 2.19 A gradient-like flow

The compactness ofM implies that the integral curves of � are defined for all t 2 R,
i.e., T˙.x/ D 1. In particular, we obtain a (topological) flow ˚t on M . To prove
the deformation lemma it suffices to show that

˚1
�
McC" nNr.Kc/

� �Mc�":

Note that by construction we have

d

dt
f .˚t .x// � 0; 8x 2 M;

so that
˚1.M

c�"/ �Mc�":

Let x 2 McC" n �Nr.Kc/[Mc�" �. We need to show that ˚1.x/ 2 Mc�". We will
achieve this in several steps.

For simplicity we set xt WD ˚t .x/. Consider the region

Z D ˚ c � " � f � c C " � nNr=2.Kc/;

and define
Tx WD

˚
t � 0I xs 2 Z; 8s 2 Œ0; t �

�
:

Clearly Tx ¤ ;.

Step 1. We will prove that if t 2 Tx , then

dist .x; xs/ <
r

8
; 8s 2 Œ0; t �:
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In other words, during the time interval Tx , the flow line t 7! xt cannot stray too far
from its initial point.

Observe that ˛ and ˇ are equal to 1 in the regionZ and thus for every t 2 Tx we
have

2" � f .x/ � f .xt / D �
Z t

0

g
�rf .xs/; �.xs/

�
ds

D
Z t

0

jrf .xs/j2'
� jrf .xs/j2

�
ds

� b.r/
Z t

0

jrf .xs/j'
�
.jrf .xs/j2

�
ds D b.r/

Z t

0

ˇ̌
ˇ
ˇ
dxs
ds

ˇ̌
ˇ
ˇ ds

� b.r/ 	 dist .x; xt /:

From (2.20) we deduce

dist .x; xt / � 2"

b.r/
<
r

8
:

Step 2. We will prove that there exists t > 0 such that ˚t.x/ 2 Mc�". Loosely
speaking, we want to show that there exists a moment of time t when the energy
f .xt / drops below c � ". Below this level the rate of decrease in the energy f will
pickup.

We argue by contradiction, and thus we assume f .xt / > c � ", 8t > 0. Thus

0 � f .x/ � f .xt / � 2"; 8t > 0:

Since xs 2 fc � " � f � c C "g, 8s � 0, we deduce

Tx D
n
t � 0I dist .xs;Kc/ � r

2
; 8s 2 Œ0; t �

o
:

Hence
dist .xt ;Kc/ � dist .x;Kc/� d.x; xt / > r � r

8
; 8t 2 Tx

This implies that T D supTx D 1. Indeed, if T <1, then

dist .xT ;Kc/ � r � r
8
>
r

2

H) dist .xt ;Kc/ >
r

2
; 8t sufficiently close to T :

This contradicts the maximality of T . We deduce

xt 2 Z” c � " < f .xt / � c C "; dist .xt ;Kc/ >
r

2
; 8t � 0:
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This is impossible, since there exists a positive constant � such that

j�.x/j > �; 8x 2 Z;

which implies that

df .xt /

dt
� �b.r/� H) lim

t!1f .xt / D �1;

which is incompatible with the condition 0 � f .x/ � f .xt / � 2" for every t � 0.

Step 3. We will prove that ˚1.x/ 2 Mc�" by showing that there exists t 2 .0; 1�
such that xt 2 Mc�". Let

t0 WD inf
˚
t � 0I xt 2 Mc�" �:

From Step 2 we see that t0 is well defined and f .xt0 / D c � ". We claim that the
path

Œ0; t0� 3 s 7! xs

does not intersect the neighborhoodNr=2.Kc/, i.e.,

dist .xs ;Kc/ � r

2
; 8s 2 Œ0; t0�:

Indeed, from Step 1 we deduce

dist .xs;Kc/ > r � r
8
; 8s 2 Œ0; t0/:

Now observe that

df .xs/

ds
D �jrf j2'.jrf j2/ � �max.1; b.r/2/:

Thus, for every s 2 Œ0; t0� we have

f .x/ � f .xs/ � smax.1; b.r/2/ H) f .xs/ � c C " � smax.1; b.r/2/:

If we let s D t0 in the above inequality and use the equality f .xt0 / D c � ", we
deduce

c � " � c C " � t0 max.1; b.r/2/ H) t0 � 2"

max.1; b.r/2/

.2.20/� 1:

This completes the proof of the deformation lemma. ut
We now have the following consequence of Theorem 2.55.



2.7 Min–Max Theory 97

Corollary 2.57. Suppose � W CM ! NZ�0 is an index theory on M . Then any
smooth function on M has at least �.M/ critical points. ut

To complete the story we need to produce interesting index theories on M .
It turns out that the Lusternik–Schnirelmann category of a space is such a theory.

Definition 2.58. (a) A subset S � M is said to be contractible in M if the
inclusion map S ,!M is homotopic to the constant map.

(b) For every closed subset C �M we define its Lusternik–Schnirelmann category
of C in M and denote it by catM .C /, to be the smallest positive integer k such
that there exists a cover of C by closed subsets

S1; : : : ; Sk �M
that are contractible in M . If such a cover does not exist, we set

catM.C / WD 1: ut

Theorem 2.59 (Lusternik–Schnirelmann). If M is a compact smooth manifold,
then the correspondence

CM 3 C 7! catM.C /

defines an index theory on M . Moreover, if R denotes one of the rings Z=2;Z;Q

then
cat.M/ WD catM.M/ � CL .M;R/C 1;

where CL .M;R/ denotes the cuplength ofM with coefficients inR, i.e., the largest
integer k such that there exist

˛1; : : : ; ˛k 2 H �.M;R/

with the property that

kY

jD1
deg˛j ¤ 0; ˛1 [ 	 	 	 [ ˛k ¤ 0:

Proof. It is very easy to check that catM satisfies all the axioms of an index theory:
normalization, topological invariance, monotonicity, and subadditivity, and we leave
this task to the reader. The lower estimate of cat.M/ requires a bit more work. We
argue by contradiction. Let

` WD CL .M;R/

and assume that cat.M/ � `. Then, there exist ˛1; : : : ; ˛` 2 H �.M;R/ and closed
sets S1; : : : ; S` �M , contractible in M , such that

M D
[̀

kD1
Sk; ˛1 [ 	 	 	 [ ˛` ¤ 0;

kY

jD1
deg˛j ¤ 0:

Denote by jk the inclusion Sk ,!M .



98 2 The Topology of Morse Functions

Since Sk is contractible in M , we deduce that the induced map

j �
k W H �.M;R/! H �.Sk; R/

is trivial. In particular, the long exact sequence of the pair .M; Sk/ shows that the
natural map

ik W H �.M; SkIR/! H �.M/

is onto. Hence there exist ˇk 2 H �.M; Sk/ such that

ik.ˇk/ D ˛k:

Now we would like to take the cup products of the classes ˇk , but we hit a technical
snag. The cup product in singular cohomology,

H �.M; Si IR/ �H �.M; Sj IR/! H �.M; Si [ Sj IR/;

is defined only if the sets Si ; Sj are “reasonably well behaved” (“excisive” in the
terminology of [Spa, Sect. 5.6]). Unfortunately, we cannot assume this. There are
two ways out of this technical conundrum. Either we modify the definition of catM
to allow only covers by closed, contractible, and excisive sets, or we work with a
more supple concept of cohomology. We adopt this second option and we choose to
work with Alexander cohomology NH �.�; R/, [Spa, Sect. 6.4].

This cohomology theory agrees with the singular cohomology for spaces which
are not too “wild.” In particular, we have an isomorphism NH �.M;R/ Š H �.M;R/,
and thus we can think of the ˛k’s as Alexander cohomology classes.

Arguing exactly as above, we can find classes ˇk 2 NH �.M; SkIR/, such that

ik.ˇk/ D ˛k:

In Alexander cohomology there is a cup product

[ W NH �.M;AIR/ � NH �.M;BIR/! NH �.M;A [ BIR/;

well defined for any closed subsets of M . In particular, we obtain a class

ˇ1 [ 	 	 	 [ ˇl 2 NH �.M; S1 [ 	 	 	 [ S`IR/

that maps to ˛1 [ 	 	 	 [ ˛` via the natural morphism

NH �.M; S1 [ 	 	 	 [ S`IR/! NH �.M;R/:

Now observe that OH �.M; S1 [ 	 	 	 ;[S`IR/ D 0, since S1 [ 	 	 	 [ S` D M .
We reached a contradiction since ˛1 [ 	 	 	 [ ˛` ¤ 0. ut
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Example 2.60. Since CL .RPn;Z=2/ D CL..S1/n;Z/ D CL .CPn;Z/ D n, we
deduce

cat.RPn/ � nC 1; cat. .S1/n / � nC 1; cat.CPn/ � nC 1: ut

Corollary 2.61. Every even smooth function f W Sn ! R has at least 2.n C 1/
critical points.

Proof. Observe that f descends to a smooth function Nf on RP
n, which has at least

cat.RPn/ � nC 1 critical points. Every critical point of Nf is covered by precisely
two critical points of f . ut





Chapter 3
Applications

It is now time to reap the benefits of the theoretical work we sowed in the previous
chapter. Most applications of Morse theory that we are aware of share one thing in
common. More precisely, they rely substantially on the special geometric features
of a concrete situation to produce an interesting Morse function, and then squeeze
as much information as possible from geometrical data. Often this process requires
deep and rather subtle incursions into the differential geometry of the situation at
hand. The end result will display surprising local-to-global interactions.

The applications we have chosen to present follow this pattern and will lead
us into unexpected geometrical places that continue to be at the center of current
research.

3.1 The Moduli Space of Planar Polygons

We want to investigate in greater detail the robotics problem discussed in Example
1.5, 1.10, and 2.11. More precisely, consider a robot arm with arm lengths
r1; : : : ; rn, where the initial joint J0 is fixed at the origin. As explained in
Example 1.5, a position of the robot arm is indicated by a collection angles
� D .�1; : : : ; �n/ 2 .S1/n, so that the location of the kth joint is

Jk D
kX

iD1
rkei�k :

We will refer to the vector r D .r1; : : : ; rn/ 2 R
n
>0 as the length vector of the

robot arm.
We declare two positions or configurations of the robot arm to be equivalent if

one can be obtained from the other by a rotation of the plane about the origin. More
formally, two configurations

� D .�1; : : : ; �n/; � D .�1; : : : ; �n/

L. Nicolaescu, An Invitation to Morse Theory, Universitext,
DOI 10.1007/978-1-4614-1105-5 3, © Springer Science+Business Media, LLC 2011
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are equivalent if there exists an angle ! 2 Œ0; 2�/ such that

�k � �k D ! mod 2�; 8k D 1; : : : ; n:

We denote by Œ�1; : : : ; �n� the equivalence class of the configuration .�1; : : : ; �n/ and
byWn D Wn.r/ the space of equivalence classes of configurations. Following [Fa],
we will refer to Wn as the work space of the robot arm. We denote by W �

n the set
of equivalence classes of configurations such that Jn ¤ J0, and by Mr the set of
equivalence classes of configurations such that Jn D J0. Note that Mr is nonempty
if and only if

ri �
X

j¤i
rj ; 8i D 1; : : : ; n:

The work space Wn is a quotient space of the n-torus and as such it has an induced
quotient topology. In particular, we can equip Mr with a topology as a closed
subspace of Wn.

Note that any configuration of the robot arm such that Jn ¤ J0 D 0 is equivalent
to a unique configuration such that Jn lies in on the positive side of the x-axis. This
shows that the configuration space Cn discussed in Example 1.5 can be identified
with W �

n .
A configuration such that Jn D J0 is uniquely determined by requiring that

the joint Jn�1 lies on the positive part of the x-axis at a distance rn from the
origin. Observe that the configurations in Mr can be identified with n-gons whose
side lengths are r1; : : : ; rn. For this reason, the topological space Mr is called the
moduli space of planar polygons with length vector r. In this section we want show
how clever Morse theoretic techniques lead to a rather explicit description of the
homology of Mr. All the results in this section are due to Farber and Schütz [FaSch].

Proposition 3.1. The work space Wn is homeomorphic to a .n � 1/-torus.

Proof. Consider the diagonal action of S1 on T n D .S1/n given by

ei! � �ei�1 ; : : : ; ei�n
� WD �ei.�1C!/; : : : ; ei.�nC!/�:

The natural map

.S1/n 3 .ei�1 ; : : : ; ei�n/
q7! Œ�1; : : : ; �n� 2 Wn

is invariant with respect to this action and the induced map .S1/n=S1 ! Wn is a
homeomorphism. On the other hand, the map

.S1/n 3 �ei�1 ; : : : ; ei�n
� �7�! �

ei.�2��1/; : : : ; ei.�n��1/� 2 .S1/n�1

is also invariant under the above action of S1 and induces a homeomorphism
.S1/n=S1! T n�1. ut
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For any permutation � of f1; : : : ; ng and any length vector r D .r1; : : : ; rn/, we
set �r WD .r�.1/; : : : ; r�.n//. Note that we have a homeomorphism

Wn.r/ 3 Œ�1; : : : ; �n� 7! Œ��.1/; : : : ; ��.n/� 2 Wn.�r/

that maps Mr homeomorphically onto M�r. Thus, in order to understand the
topology of Mr we can assume that r is ordered, i.e.,

r1 � r2 � � � � � rn > 0:
The computations in Example 1.5 allow us to extract some information about
Mr, where r D .r1; : : : ; rn/ is ordered. We will also assume that the genericity
assumption (1.1) is satisfied, i.e.,

nX

kD1
�krk ¤ 0; 8�1; : : : ; �n 2 f1;�1g:

Consider the a robot arm with .n�1/-segments of lengths r1; : : : ; rn�1 and consider
again the set Cn�1 of all configurations of this robot arm such that J0 is fixed at the
origin, while the endpoint Jn�1 lies on the positive part of the positive x-axis.

We have a smooth function hn�1 WCn�1 ! .0;1/ that associates to a configura-
tion at the location of the joint Jn�1 on the x-axis. Observe that Mr can be identified
with the level set

˚
hn�1 D rn

�
.

The genericity assumption implies that rn is a regular value of h. The manifold
Cn�1 has dimension .n � 2/ so that the level set

˚
hn�1 D rn

�
is a smooth manifold

of dimension .n � 3/. We have thus established the following result.

Proposition 3.2. If the length vector r satisfies the genericity assumption (1.1),
then the moduli space Mr is homeomorphic to a smooth manifold of dimension
.n � 3/. ut

Fix an ordered length vector r D .r1; : : : ; rn/ satisfying (1.1). For any subset
I � f1; : : : ; ng, we set

r.I / WD
X

i2I
ri �

X

j 62I
rj :

The subset I is called r-short (or short if r is understood from the context) if
r.I / < 0. A subset is called long if r.I / > 0. Due to the genericity assumption,
we see that r.I / ¤ 0 for any subset I , so that I is either long, or short. Moreover,
a set is long/short if and only if its complement is short/long. We denote by Lṙ
the collection of r-long/short subsets. For any k D 0; 1; : : : ; n � 3, we denote by
ak D ak.r/ the number of r-short subsets of cardinality k C 1 that contain 1, i.e.,

ak.r/ WD #
˚
I 2 L�

r I 1 2 I; #I D k C 1�:
We have the following result.
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Theorem 3.3 (Farber–Schütz). Suppose rD .r1; : : : ; rn/ is an ordered length
vector satisfying the genericity assumption (1.1). Then, for any k D 0; 1; : : : ; n � 3
we have the equality

dimHk.Mr;Q/ D ak.r/C an�3�k.r/:

Proof. Let us briefly outline the strategy which at its core is based on a detailed
analysis of a Morse function on Wn. The work space Wn is equipped with a natural
continuous function

hn W Wn ! Œ0;1/
that associates to every equivalence class of configurations, the distance from J0
to Jn. This is not a smooth function but its restriction to W �

n is a smooth function
that we have encountered before in Example 1.5 and 1.10. Namely, if we identify
W �
n with the space Cn of configurations of the robot arm such that the endpoint Jn

lies on the positive side of the x-axis, then hn associates to such a configuration,
the location of Jn on the x-axis. Using hn, we can construct the smooth function
f D fr W Wn ! .�1; 0�

f .�/ D �hn.�/2 D �
ˇ
ˇ
ˇ

nX

kD1
rkei�k

ˇ
ˇ
ˇ
2 D �dist .J0; Jn/

2:

Observe that Mr coincides with the top level set ff D 0g. Define

N" WD ff � �"g; " > 0:

If " is sufficiently small, then the space Mr is homotopy equivalent to its
neighborhood N". Hence it suffices to understand the (co)homology of N". For
simplicity we will denote by H�.X/ the homology of X with integral coefficients.

On the other hand,N" is an oriented .n�1/-dimensional manifold with boundary,
and the Poincaré–Lefschetz duality implies that for any j D 0; : : : ; n � 1 we have
isomorphisms

Hj .N"/ Š Hn�1�j .N"; @N"/; Hj .N"/ Š Hn�1�j .N"; @N"/:

Thus it suffices to understand the (co)homology of the pair .N"; @N"/.
From the excision isomorphism we see that this is isomorphic to the

(co)homology of the pair .W;W �"/, where W D Wn, W �" D ff � �"g. We will
determine the cohomology of the pair .W;W �"/ in two steps.

A. Produce a description of the homology of W �" using the Morse function f .
B. Obtain detailed information about the morphisms entering into the long exact

sequence of the pair .W;W �"/.
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Lemma 3.4. The restriction of f to W �Dff ¤ 0g is a Morse function, and there
exists a natural bijection between the set of critical points of f on W � and the
collection of long r-sets. Moreover, if I is such a long set, then the Morse index of
the corresponding critical point is n � #I .

Proof. As we have explained before, the open set W � D W �
n can be identified

with the configuration space Cn in Example 1.5. For simplicity we write h instead
of hn. The function f D �h2 is not equal to zero on this set, so it must have
the same critical points of h. We know that these points correspond to collinear
configurations, �k D 0; � , such that the last joint is located on the positive part of
the x-axis. For such configurations we set �k WD ei�k and we deduce �k D ˙1,
8k, and

nX

kD1
�krk > 0:

We see that there exists a bijection between long subsets of f1; : : : ; ng and the
critical points of f on W �. For such a collinear configuration the corresponding
long set is ˚

kI �k > 0
�
:

For any long set I we denote by �I the corresponding critical configuration, and we
denote by cI the corresponding critical value, cI WD f .�I /.

Denote by HI the Hessian of f at �I . Then, for any X; Y 2 T�I W we have

HI .X; Y / D � OX OY h2.�I /;

where OX; OY are smooth vector fields on W such that OX.�I / D X , OY .�I / D Y . We
have

OY h2 D 2h OY h and OX OY h2 D 2. OXh/. OY h/ � 2h OX OY h:
The function . OXh/. OY h/ vanishes at �I and we deduce

HI D �2hHh;�I :

Since the function h is positive, we deduce that HI is nondegenerate. Denote by 	I
the Morse index of f at �I . The computations in Example 1.10 show that

	I D dimW � 	.h;�I / .1.5/D n � #
˚
kI �k D 1

� D n � #I: ut

For every subset I � f1; : : : ; ng we set

WI WD
˚
Œ�1; : : : ; �n� 2 W I �i1 D �i2 ; 8i1; i2 2 I

�
:
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Observe that WI is a torus of dimension n � #I . In particular, when I is a long
subset we have

�I 2 WI ; dimWI D 	I :
We have the following key result.

Lemma 3.5. Suppose I is a r-long subset. Then, the restriction of f to WI is a
Morse function that achieves its absolute maximum at �I . ut

To keep the flow of arguments uninterrupted we will present the proof of this
lemma after we have completed the proof of Theorem 3.3. For t 2 R we set

W t WD ff � tg:

For every critical value c < 0 of f we define

LC
r .c/ WD

˚
I 2 LC

r I cI D c
�
:

In other words, LC
r .c/ can be identified with the set of critical points of f on the

level set ff D cg. Lemma 3.5 implies that for any I 2 LC
r .c/ the following holds.

• The torus WI is contained in the sublevel set W c and intersects the level set
ff D cg only at the point �I .

• For " > 0 sufficiently small, the torus WI intersects the level set ff D c � "g
transversally, and W "

I WD WI \ fc � " � f � cg is diffeomorphic to a disk of
dimension 	I . We fix an orientation
I onWI so that we get a relative homology
class,

uI ."/ WD ŒW "
I ; @W

"
I ; 
I � 2 H	I

�
W cC";W c�"�;

and a homology class

wI ."/ D ŒWI ; 
I � 2 H	I

�
W cC"�:

Lemma 3.6. Let c be a critical value of f , c < 0. Then, for " > 0 sufficiently small
the following hold.

(a) The collection fuI ."/I I 2 LC
r .c/g forms an integral basis of the relative

homologyH�.W cC";W c�"/.
(b) If

i� W H�.W cC"/! H�.W cC";W c�"/

denotes the inclusion induced morphism and

@ W H�
�
W cC";W c�"�! H��1

�
W c�"�
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denotes the connecting morphism in the long exact sequence of the pair
.W cC";W c�"/, then

i�.wI / D uI ; @uI D 0; 8I 2 LC
r .c/:

Proof. (a) We choose a Riemann metric g on W with the following property: for
any critical point �I 2 ff D cg, there exist local coordinates .x1; : : : ; xn�1/ in a
neighborhood NI of �I such that the following hold.

• xk.�I / D 0, 8k.
• g D .dx1/2 C � � � C .dxn�1/2 on NI .
• f D c �P	I

jD1.xj /2 C
P

k>	I
.xk/2 on NI .

• The tangent space T�I WI � T�I
W coincides with the coordinate plane PI

spanned by the tangent vector @xj , 1 � j � 	I .

Let � denote the vector field �rgf . Denote by W�
I the unstable manifold of �I

with respect to �. Note that W�
I \NI can be identified with an open neighborhood

OI of 0 in the plane PI , and thus WI has a natural orientation induced from the
orientation of WI .

For " > 0 sufficiently small the intersection

WI ."/ WDW�
I \ fc � " � f � c C "g

is a 	I dimensional oriented disk, the unstable disk as constructed in Sect. 2.5.
We get a homology class

vI ."/ D ŒW�
I ."/; @W

�
I ."/; 
I � 2 H	I

�
W cC";c�"�:

Arguing as in Sect. 2.5, we see that for " > 0 sufficiently small, the collection
fuI ."/I I 2 LC

r .c/g is an integral basis of H�.W cC";W c�"IZ/. The class vI ."/ is
none other than the class h�I j as defined in Sect. 2.5.

To prove (a) it suffices to show that uI ."/ D vI ."/ for " sufficiently small. Given
our local coordinates, we can identify NI with some open convex neighborhood of
0 in the tangent space P WD T�I W . Under this identification �I corresponds to the
origin. We let y denote the vectors in PI and z denote the vectors in P?

I so that any
x 2 NI � P admits a unique orthogonal decomposition x D yC z. In this notation
we have

f .y; z/ D �jyj2 C jzj2:
Since WI is tangent to PI we can find an even smaller neighborhood N0

I of the
origin in P such that the portionWI \N0

I can be described as the graph of a smooth
map

� W BI � PI ! P?
I ;

where BI � OI is a tinny open ball of radius r0 on PI centered at 0, and the
differential of � at 0 is trivial. In other words

WI \N0
I D

˚
x D y C zI jyj < r; z D �.y/�:
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Fix ı 2 .0; r0/ sufficiently small, so that the function

fjyj � ıg 3 y 7! g.y/ D jyj2 � j�.y/j2 2 R

is nonnegative and convex, with a unique critical point at the origin. Such a choice
is possible since �.0/ D 0 and the differential of � at 0 is trivial.

For " > 0 sufficiently small, we have W "
I � N0

I and

W "
I D

˚
x D y C zI jyj � ı; z D �.y/; 0 � jyj2 � j�.y/j2 � "�

D ˚
x D y C zI jyj � r0; z D �.y/; g.y/ � "�:

The set
Og;" WD fy 2 PI I jyj � ı; g.y/ � "g

is a compact convex neighborhood of the origin with smooth boundary. It defines
a relative homology class ŒOg;"; @Og;"� that coincides with the class vI ."/. It also
coincides with uI ."/ as can be seen using the homotopy

Œ0; 1� � Og;" ! P; .t; y/ 7! y C t�.z/:

(b) The equality i�wI D uI follows directly from the definition of i� using a
triangulation of WI . The equality @uI D 0 is then a consequence of the identity
@i� D 0. ut
Remark 3.7. (a) If we form the Floer complex of f jW � , then the result in Lemma

3.6 and the considerations in Sect. 2.5 imply that the boundary maps of this
complex are trivial.

(b) The results in Lemma 3.6 are manifestations of a more general phenomenon.
Suppose f W M ! R is a proper Morse function on a smooth manifold M ,
and p is a critical point of f of index 	, and f .p/ D 0. We say that p is of
Bott–Samelson type if there exist a compact oriented manifold X of dimension
	 and a smooth map ˚ W X !M such that

˚.X/ � ff � 0g; ˚.X/ \ ff D 0g D fpg;

and the point x0 D ˚�1.p/ is a nondegenerate maximum of f ı ˚ W X ! R.
Using unstable disks as in Sect. 2.5, we obtain a homology class

hpj 2 H	

�
M";M�" �:

Then (see [PT, Sect. 10.3])

hpj D i�˚�ŒX�;
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where ŒX� 2 H	

�
X
�

is the orientation class and

i� W H�
�
M"

�! H�
�
M";M�"�

is the natural morphism. In particular, @hpj D 0. Note that Lemma 3.5 states
that the critical points �I of f are of Bott–Samelson type. ut

Lemma 3.6 implies that for any critical value c < 0 of f , and any sufficiently
small " > 0, the connecting morphism

@ W H�
�
W cC";W c�"�! H��1

�
W c�"�

is trivial. Thus for any k > 0, we have short exact sequences,

0! Hk

�
W c�"�! Hk

�
W cC"�! Hk

�
W cC";W c�"�! 0: (3.1)

while for k D 0 we have an exact sequence

0! H0

�
W c�"�! H0

�
W cC"�! H0

�
W cC";W c�"�:

Let c1 < c2 < � � � < c� be all the critical values of f jW � . Set c�C1 D 0. Fix

" <
1

2
min
1�k��.ckC1 � ck/:

Observe that f has a unique local minimum corresponding to the critical point �In ,
In D f1; : : : ; ng. Thus W c1C" has the homotopy type of a point, and its homology
is generated by the point WIn . Using (3.1) inductively we deduce that H�.W �";Z/
is a free Abelian group and the collection of homology classes ŒWI � 2 H	I .W

�"/,
I 2 LC

r is an integral basis ofH�.W �"/. This completes Step A of our strategy.
Consider the diffeomorphisms q and � that we used in the proof of

Proposition 3.1,

T n�1 D .S1/n�1 � .S1/n=S1
q! W;

where we recall that

�.�1; : : : ; �n/ D . 2; : : : ;  n/ 2 .R=2�Z/n�1;  k D �k � �1 mod 2�:

For every J � f2; : : : ; ng, we set

TJ D
˚
. 2; : : : ;  n/I  j D 0 mod 2�; 8j 2 J �:

Then,TJ � T n�1 is a torus of dimension .n�1/�#J and, upon fixing an orientation,
we obtain a homology class ŒTJ � 2 Hn�1�#J .T

n�1;Z/. The collection

˚
ŒTJ �I J � f2; : : : ; ng

�
;
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is an integral basis of H�.T n�1;Z/. Note that

q��1.TJ / D W OJ ; OJ D J [ f1g:

This proves that the collection

˚
ŒW OJ �I J � f2; : : : ; ng

�
(3.2)

is an integral basis of H�.W;Z/.
A subset I � f2; : : : ; ng defines a homology class ŒWI � 2 Hn�#I .W;Z/ and

thus can be written as a linear combination of classes ŒW OJ �, J � f2; : : : ; ng. More
precisely, we have the following result.

Lemma 3.8. Let I � f2; : : : ; ng. Then,

ŒWI � D
X

i2I
˙ŒW OIi �; Ii D I n fig:

Proof. Consider the diffeomorphism˚ D � ı q�1 W W ! T n�1

Œ�1; : : : ; �n� 7! . 2; : : : ;  n/ D .�2 � �1; : : : ; �n � �1/:

Thus,

˚.WI / D
˚
. 2; : : : ;  n�1/ 2 T n�1I  i1 D  i2 ; 8i1; i2 2 I g:

Denote by I c the complement of I in f2; : : : ; ng. Then the torus TI has angular
coordinates . j /j2I c , while the torus TIc has angular coordinates . i /i2I . Denote
by 
 the “diagonal” simple closed curve on TIc given by the equalities

 i1 D  i2; 8i1; i2 2 I:

We have a canonical diffeomorphism F W TIc � TI ! T n�1 and we observe

˚.WI / D F.
 � TI /:

We fix an orientation on C and we denote by ŒC � the resulting cohomology class.
We leave to the reader as an exercise (Exercise 6.25) to verify that in H1.TIc / we
have the equality

Œ
� D
X

i2I
˙ŒEi �; (3.3)

where Ei is the simple closed curve in TIc given by the equalities

 j D 0; 8j 2 Ii :



3.1 The Moduli Space of Planar Polygons 111

Using Künneth theorem we deduce that

˚�ŒWI � D
X

i2I
˙F�.ŒEi � � ŒTI �/ D

X

i2I
˙ŒTIi �: ut

The groupH�.W �"/ admits a direct sum decomposition

H�
�
W �"� D A� ˚ B�;

where

• A� is spanned by the classes ŒWI �, I 2 LC
r , I 3 1

• B� is spanned by the classes ŒWJ �, J 2 LC
r , J 63 1

Similarly, we have a direct sum decomposition

H�.W;Z/ D A� ˚ C�;

where A� is as above, and

• C� is spanned by the classes ŒW OJ �, J � f2; : : : ; ng, OJ 2 L�
r

Thus, the inclusion induced morphism j� W H�.W �"/ ! H�.W / has a block
decomposition

i� D
2

4
˛ ˇ

� ı

3

5 W
A�
˚
B�
�!

A�
˚
C�
:

Lemma 3.9.
˛ D 1A�

; � D 0; ı D 0:

Proof. Clearly j�jA�
D 1A�

, which implies ˛ D 1A�
and � D 0.

Let J 2 LC
r , and 1 62 J , so that ŒWJ � 2 B�. Lemma 3.8 implies that

j�ŒWJ � D
X

j2J
˙ŒW OJj �:

Observe that since r is ordered we have

r. OJj / D r.J / � rj C r1 � r.J / > 0:

Hence all of the subsets OJj and j 2 J are long. The above equality implies that
j�ŒWJ � 2 A�, i.e., ıŒWJ � D 0. ut
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Lemma 3.9 implies that the range of the morphism jk W Hk.W
�"/! Hk.W / is

the free Abelian group Ak . Hence

coker jk Š Ck; rank ker jk D rankBk:

Consider now the long exact sequence of the pair .W;W �"/,

� � � @! Hk.W
�"/

jk! Hk.W /
ik! Hk.W;W

�"/ @! Hk�1.W �"/
jk�1! � � �

This yields a short exact sequence (k � 1)

0! Ck ! Hk.W;W
�"/! ker jk�1 ! 0:

Hence Hk.W;W
�"/ is a free Abelian group and its rank is

rankHk.W;W
�"/ D rankCk C rankBk�1:

From the excision theorem we deduce that Hk.N"; @N"/ Š Hk.W;W
�"/, so that

Hk.N"; @N"/ is free Abelian and

rankHk.N"; @N"/ D rankCk C rankBk�1:

The Poincaré –Lefschetz duality and the universal coefficients theorem now imply
that for 80 � ` � n � 3 we have

rankHk

�
Mr
� D rankH`.N"/ D rankCn�1�k C rankBn�2�k:

Observe that rankCn�1�k can be identified with the number of subsets J of
f2; : : : ; ng such that

OJ 2 L�
r ; n � # OJ D n � k � 1:

In other words, rankCn�1�k D ak.r/.
Similarly, rankBn�2�k can be identified with the number of long subsets J �

f2; : : : ; ng such that n � 2 � k D n � #J . The complement of such a subset
in f1; : : : ; ng is a short subset of cardinality n � 2 � k that contains one, i.e.,
rankBn�2�k D an�3�k.r/. This concludes the proof of Theorem 3.3. ut
Proof of Lemma 3.5. On WI , we have �i1 D �i2 , 8i1; i2 2 I . Denote by �0 the
common value of these angular coordinates. The restriction fI of f to WI can now
be rewritten as

fI D �
ˇ
ˇ
ˇ
ˇ
ˇ̌r0e

i�0 C
X

j2I c
rj ei�j

ˇ
ˇ
ˇ
ˇ
ˇ̌

2

;
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where I c denotes the complement of I in f1; : : : ; ng and r0 D P
i2I ri . Suppose

I c D fj1 < � � � < jkg. Form a new robot arm with arm lengths r0; rj1 ; : : : ; rjk .
The torus WI can be identified with the work space of this robot arm. Note that
since I is a long subset we have

r0 > rj1 C � � � C rjk ;
so that the end joint of this arm can never reach the origin. ThusWI can be identified
with the configuration space of this robot arm as defined in Example 1.5 and fI < 0
onWI . Arguing as in the proof of Lemma 3.4 we deduce that fI is a Morse function.
The minimum distance from the origin to the end joint is realized for a unique
collinear configuration, namely, �0 D 0, �j D � , j 2 I c . Thus

max
WI

fI D �.r0rj1 � � � � � rjk /2 D f .�I /:

This maximum is nondegenerate because fI is Morse. ut
Example 3.10. (a) Suppose n is an odd number, n D 2� C 1. Then, the length

vector r D .1; : : : ; 1/ 2 R
n is ordered and satisfies the genericity condition

(1.1). In this case a subset I is long if and only if #I � � C 1. We deduce that

ak D
( �

n�1
k

�
; k � � � 1

0; k > � � 1; an�3�k D
( �

n�1
kC2

�
; k � � � 1

0; k < � � 1;
so that

bk.Mr/ D

8
ˆ̂
<

ˆ̂
:

�
2�
k

�
; k < � � 1

�
2�
��1
�C � 2�

�C1
�
; k D � � 1

�
2�
kC2

�
; k > � � 1:

For n D 5 and � D 2, the moduli space Mr is two-dimensional and its Poincaré
polynomial is 1C 8t C t 2. This agrees with the conclusion of Example 2.11.

(b) At the other extreme suppose n � 5 is arbitrary and

r D .r1; r2; : : : ; rn�1; rn/ D .n � 1 � "; 1; 1; : : : ; 1/; 0 < " < 1:
Then r is ordered and satisfies (1.1). A subset I � f1; : : : ; ng is r-short if and
only if either I D f1g, or 1 62 I . Then the Poincaré polynomial Pr.t/ of Mr is
1C t n�3.

(c) Suppose

r D .r1; : : : ; rn/ D .n � 2j C "; 1; : : : ; 1/; 0 < "� 1; 2j < n � 3:
Consider a subset I � f1; : : : ; rg of cardinality k C 1 that contains 1. Then, I
is r-short if and only if k < j . Hence,

ak.r/ D
(
0; k � j;
�
n�1
k

�
; k < j;

; an�3�k.r/ D
( �

n�1
kC2

�
; k > n � 3 � j

0; k � n � 3 � j:
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We deduce

Pr.t/ D
j�1X

kD0

 
n � 1
k

!

tk C
n�3X

kDn�2�j

 
n � 1
k C 2

!

tk: ut

3.2 The Cohomology of Complex Grassmannians

Denote by Gk;n the Grassmannian of complex k-dimensional subspaces of an
n-dimensional complex vector space. The GrassmannianGk;n is a complex manifold
of complex dimension k.n � k/ (see Exercise 6.29) and we have a diffeomorphism
Gk;n ! Gn�k;n which associates to each k-dimensional subspace its orthogonal
complement with respect to a fixed Hermitian metric on the ambient space. Denote
by Pk;n.t/ the Poincaré polynomial ofGk;n with rational coefficients. In this section
we will present a Morse theoretic computation of Pk;n.t/.

Proposition 3.11. For every 1 � k � n the polynomialPk;n.t/ is even, i.e., the odd
Betti numbers of Gk;n are trivial. Moreover,

Pk;nC1.t/ D Pk;n.t/C t 2.nC1�k/Pk�1;n.t/; 81 � k � n:

Proof. We carry out an induction on � D k C n. The statement is trivially valid for
� D 2, i.e., .k; n/ D .1; 1/.

Suppose that U is a complex n-dimensional vector space equipped with a
Hermitian metric .	; 	/. Set V WD C˚ U and denote by e0 the standard basis of C.
The metric on U defines a metric on V , its direct sum with the standard metric
on C. For every complex Hermitian vector space W , we denote by Gk.W / the
Grassmannian of k-dimensional complex subspaces of W and by S.W / the linear
space of Hermitian linear operators T W W ! W . Note that we have a natural map

Gk.W /! S.W /; L 7! PL;

where PL W W ! W denotes the orthogonal projection on L. This map is a smooth
embedding. (See Exercise 6.29.)

Denote by A W C ˚ U ! C ˚ U the orthogonal projection onto C. Then,
A 2 S.V / and we define

f W S.V /! R; f .T / D Re tr.AT /:

This defines a smooth function on Gk.V /,

L 7! f .L/ D Re tr.APL/ D .PLe0; e0/:
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Equivalently, f .L/ D cos2 ].e0; L/. Observe that we have natural embeddings
Gk.U / ,! Gk.V / and

Gk�1.U /! Gk.V /; Gk�1.U / 3 L 7! Ce0 ˚ L:

Lemma 3.12.

0 � f � 1; 8L 2 Gk.V /;
f �1.0/ D Gk.U /; f �1.1/ D Gk�1.U /:

Proof. If L � V is a k-dimensional subspace, we have 0 � .PLe0; e0/ � 1.
Observe that

.PLe0; e0/ D 1” e0 2 L;

.PLe0; e0/ D 0” e0 2 L? ” L � .e0/? D U:

Hence for i D 0; 1 we have Si D ff D ig D Gk�i .U /. ut
Lemma 3.13. The only critical values of f are 0 and 1.

Proof. Let L 2 Gk.V / such that 0 < f .L/ < 1. This means that

0 < .PLe0; e0/ D cos2 ].e0; L/ < 1:

In particular, L intersects the hyperplane U � V transversally along a .k � 1/-
dimensional subspace L0 � L. Fix an orthonormal basis e1; : : : ; ek�1 of L0 and
extend it to an orthonormal basis e1; : : : ; en of U . Then,

L D L0 CCv; v D c0e0 C
X

j�k
cj ej ; jc0j2 C

X

j�k
jcj j2 D 1

and .PLe0; e0/ D jc0j2. If we choose

v.t/ D a0.t/e0 C
X

j�k
aj .t/ej ; ja0.t/j2 D 1 �

X

j�k
jaj .t/j2;

such that a0.t/ and aj .t/ depend smoothly on t , dja0j2
dt jtD0 ¤ 0, a0.0/ D c0, then

t 7�! Lt D L0 C Cv.t/

is a smooth path in Gk.V / and df
dt .Lt /jtD0 ¤ 0. This proves that L0 D L is a

regular point of f . ut



116 3 Applications

Lemma 3.14. The level sets Si D f �1.i/, i D 0; 1, are nondegenerate critical
manifolds.

Proof. Observe that S0 is a complex submanifold of Gk.V / of complex dimension
k.n � k/ and thus complex codimension

codimC .S0/ D k.nC 1 � k/ � k.n � k/ D k:

Similarly,

codimC .S1/ D .nC 1 � k/k � .nC 1 � k/.k � 1/ D .n � k C 1/:

To prove that S0 is a nondegenerate critical manifold, it suffices to show that for
every L 2 S0 D Gk.U / there exists a smooth map ˚ W Ck ! Gk.V / such that

˚.0/ D L; ˚ is an immersion at 0 2 C
k;

and

f ı ˚ has a nondegenerate minimum at 0 2 C
k .

For every u 2 U denote byXu W V ! V the skew-Hermitian operator defined by

Xu.e0/ D u; Xu.v/ D �.v; u/e0; 8v 2 U:

Observe that the map U 3 u 7! Xu 2 HomC.V; V / is R-linear. The operator Xu

defines a one-parameter family of unitary maps etXu W V ! V . Set

˚.u/ WD eXuL; P.u/ WD P˚.u/:

Then,

P.u/ D eXuPLe�Xu ; PPu D dP.tu/

dt
jtD0 D ŒXu; PL�

and

. PPue0; u/ D �.PLXu.e0/; u/ D �juj2;
so that if u 2 L we have

PPu D 0 H) u D 0:
This proves that the map,

L! Gk.V /; L 3 u 7�! ˚.u/ 2 Gk.V /;

is an immersion at u D 0. Let us compute f .˚.u//. We have
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f .˚.u// D .P.u/e0; e0/ D .PLe�Xue0; e�Xue0/

D
�
PL

�
1 � Xu C 1

2
X2

u � � � �
�
e0;

�
1 � Xu C 1

2
X2

u � � � �
�
e0

�

D
�
PLXue0; Xue0

�
C � � � D juj2 C � � � ;

where at the last step we used the equalities Xue0 D u, PLu D u and PLe0 D 0.
Hence,

d2f
�
˚.tu/

�

dt2
jtD0 D 2.PLXue0; Xue0/ D 2juj2:

This shows that 0 2 L is a nondegenerate minimum of L 3 u 7! f .˚.u// 2 R, and
since dimCL D codimC S0, we deduce that S0 is a nondegenerate critical manifold.

Let L 2 S1. Denote by L0 the intersection of L and U and by L0
0 the orthogonal

complement of L0 in U . Observe that

dimCL
0
0 D n � k C 1 D codimC S1;

and we will show that the smooth map

˚ W L0
0 ! Gk.V /; u 7! ˚.u/ D eXuL

is an immersion at 0 2 L0
0 and that f ı ˚ has a nondegenerate maximum at 0.

Again we set P.u/ D P˚.u/ and we have

PPu W D dP.tu/

dt
jtD0 D ŒXu; PL�;

PPue0 D XuPLe0 � PLXue0 D Xue0 D u H) . PPue0; u/ D juj2:
Now observe that

f
�
˚.u/

� D �PLe�Xue0; e
�Xue0

�

D
�
PL

�
1 �Xu C 1

2
X2

u C � � �
�
e0;

�
1 � Xu C 1

2
X2

u C � � �
�
e0

�

.Xue0 D u; PLXue0 D 0/

D
�
e0 C 1

2
X2

u e0 C � � � ; e0 � uC 1

2
X2

u e0

�

D je0j2 C 1

2
.X2

u e0; e0/C
1

2
.e0; X

2
u e0/C � � �

.X�
u D �Xu/ D 1 � .Xue0; Xue0/C � � � D 1 � juj2 C � � � :

This shows that S1 is a nondegenerate critical manifold. ut
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Remark 3.15. The above computations can be refined to prove that the normal
bundle of S0 D Gk.U / ,! Gk.V / is isomorphic as a complex vector bundle to the
dual of the tautological vector bundle on the GrassmannianGk.U /, while the normal
bundle of S1 D Gk�1.U / ,! Gk.V / is isomorphic to the dual of the tautological
quotient bundle on the Grassmannian Gk�1.U /. ut

We have

	.f; S0/ D 0; 	.f; S1/ D 2.nC 1 � k/:
The negative bundles E�.Si / are orientable since they are complex vector bundles

E�.S0/ D 0; E�.S1/ D TS1Gk.V /:

Since S0 Š Gk;n, S1 ŠD Gk�1;n, we deduce from the induction hypothesis that the
Poincaré polynomialsPSi .t/ are even. Hence the function f is a perfect Morse–Bott
function, and we deduce

PGk.V / D PS0.t/C t2.nC1�k/PS1.t/;

or

Pk;nC1.t/ D Pk;n.t/C t2.nC1�k/Pk�1;n.t/: ut
Let us make a change in variables

Qk;` D Pk;n; ` D .n� k/:

The last identity can be rewritten

Qk;`C1 D Qk;` C t2.`C1/Qk�1;`C1:

On the other hand,Qk;` D Q`;k , and we deduce

Qk;`C1 D Q`C1;k D Q`C1;k�1 C t2kQ`;k:

Subtracting the last two equalities, we deduce

.1 � t 2k/Qk;` D .1 � t 2.`C1//Qk�1;`C1:

We deduce

Qk;` D .1 � t2.`C1//
.1 � t2k/ Qk�1;`C1 H) Pk;n D .1 � t2.n�kC1//

.1 � t2k/ Pk�1;n:

Iterating, we deduce that the Poincaré polynomial of the complex Grassmannian
Gk;n is
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Pk;n.t/ D
Qn
jD.n�kC1/.1� t 2j /
Qk
iD1.1 � t2i /

D
Qn
iD1.1� t2i /Qk

jD1.1 � t 2j /
Qn�k
iD1 .1 � t 2i /

:

Remark 3.16. The above analysis can be further refined and generalized. We leave
most of the details to the reader as an exercise (Exercise 6.32).

Suppose E is a finite dimensional real Euclidean space, and A 2 End.E/ is a
symmetric endomorphism. Denote by Grk.E/ the Grassmannian of k-dimensional
subspaces of E . For every L 2 Grk.E/ we denote by PL the orthogonal projection
onto L. The map

Grk.E/ 3 L 7! PL 2 EndE

embeds Grk.E/ as a (real algebraic) submanifold of End.E/. On End.E/ we have
and the inner product is given by

hS; T i D tr.ST �/:

We denote by j 	 j the corresponding Euclidean norm on End.E/. This inner product
induces a smooth Riemann metric on Grk.E/.

The function

fA W Grk.E/! R; fA.L/ D trAPL D hA;PLi: (3.4)

This is a Morse–Bott function whose critical points are the k-dimensional invariant
subspaces of A. Its gradient flow has an explicit description,

Grk.E/ 3 L 7! eAtL 2 Grk.E/ (3.5)

We want to point out a simple application of these facts that we will need later.
Suppose U is a subspace of E , dimU � k, and define

A WD PU? D 1E � PU :

Then,

fA.L/ D tr.PL � PLPU / D dimL � tr.PLPU /:

On the other hand, we have

jPU � PUPLj2 D tr.PU � PUPL/.PU � PLPU / D tr.PU � PUPLPU /
D trPU � trPUPLPU D dimU � trPUPL:

Hence,

fA.L/ D jPU � PUPLj2 C dimL � dimU;

so that

fA.L/ � dimL � dimU;
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with equality if and only if L 
 U . Thus, the set of minima of fA consists of all
k-dimensional subspaces containingU . We denote this set with Grk.E/U . Since fA
is a Morse–Bott function, we deduce that

8j � k; 8U 2 Grj .E/; 9C D C.U / > 1; 8L 2 Grk.E/ W
1

C
dist.L;Grk.E/U /2 � jPU � PUPLj2 � C dist.L;Grk.E/U /2: (3.6)

In a later section, we will prove more precise results concerning the asymptotics of
this Grassmannian flow. ut

3.3 The Lefschetz Hyperplane Theorem

A Stein manifold is a complex submanifoldM of C� such that the natural inclusion
M ,! C

� is a proper map. Let m denote the complex dimension of M and denote
by � D .�1; : : : ; ��/ the complex linear coordinates on C

� . We set i D p�1.

Example 3.17. Suppose M � C
� is an affine algebraic submanifold of C

� , i.e.,
there exist polynomials P1; : : : ; Pr 2 CŒ�1; : : : ; ��� such that

M D ˚� 2 C
� I Pi.�/ D 0; 8i D 1; : : : ; r

�
:

ThenM is a Stein manifold. ut
Suppose M ,! C

� is a Stein manifold. Modulo a translation of M we can
assume that the function f W C� ! R, f .�/ D j�j2 restricts to a Morse function
which is necessarily exhaustive because M is properly embedded. The following
theorem due to Andreotti and Frankel [AF] is the main result of this section.

Theorem 3.18. The Morse indices of critical points of f jM are not greater thanm.
ut

Corollary 3.19. A Stein manifold of complex dimension m has the homotopy type
of an m-dimensional CW complex.1 In particular,

Hk.M;Z/ D 0; 8k > m: ut
Before we begin the proof of Theorem 3.18 we need to survey a few basic facts

of complex differential geometry.
Suppose M is a complex manifold of complex dimension m. Then, the (real)

tangent bundle TM is equipped with a natural automorphism

J W TM ! TM

1With a bit of extra work one can prove that if X is affine algebraic, then f has only finitely
many critical points, so X is homotopic to a compact CW complex. There exist, however, Stein
manifolds for which f has infinitely many critical values.
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satisfying J 2 D �1 called the associated almost complex structure. If .zk/1�k�m are
complex coordinates on M , zk D xk C iyk , then

J@xk D @yk ; J @yk D �@xk :

We can extend J by complex linearity to the complexified tangent bundle,

Jc W cTM ! cTM; cTM WD TM ˝R C:

The equality J 2 D �1 shows that ˙i are the only eigenvalues of Jc . If we set

TM1;0 WD ker.i � Jc/; TM0;1 WD ker.iC Jc/;

then we get a direct sum decomposition

cTM D TM1;0 ˚ TM0;1:

Locally, TM1;0 is spanned by the vectors

@zk D
1

2
.@xk � i@yk /; k D 1; : : : ; m;

while TM0;1 is spanned by

@Nzk D
1

2
.@xk C i@yk /; k D 1; : : : ; m:

We denote by Vectc.M/ the space of smooth sections of cTM , and by Vect.M/ the
space of smooth sections of TM , i.e., real vector fields on M .

Given V 2 Vect.M/ described in local coordinates by

V D
X

k

�
ak@xk C bk@yk

�
;

and if we set vk D ak C ibk, we obtain the (local) equalities

V D
X

k

.vk@zk C Nvk@Nzk /; JV D
X

k

.ivk@zk � i Nvk@Nzk /: (3.7)

The operator J induces an operator J t W T �M ! T �M that extends by complex
linearity to cT �M . Again we have a direct sum decomposition

cT �M D T �M1;0 ˚ T �M0;1;

T �M1;0 D ker.i � J tc /; T �M0;1 D ker.iC J tc /:



122 3 Applications

Locally, T �M1;0 is spanned by dzk D dxk C idyk , while T �M0;1 is spanned by
dNzk D dxk � idyk . The decomposition

cT �M D T �M1;0 ˚ T �M0;1

induces a decomposition of �r cT �M ,

�r cT �M D
M

pCqDr
�p;qT �M; �p;qT �M D �pT �M1;0 ˝C �

qT �M0;1:

The bundle �p;qT �M is locally spanned by the forms dzI ^ dNzJ , where I; J are
ordered multi-indices of length jI j D p, jJ j D q,

I D .i1 < i2 < � � � < ip/; J D .j1 < � � � < jq/;

and

dzI D dzi1 ^ � � � ^ dzip ; dNzJ D dNzj1 ^ � � � ^ dNzjq :
We denote by ˝p;q.M/ the space of smooth sections of �p;qT �M and by
˝r.M;C/ the space of smooth sections of �r cT �M . The elements of ˝p;q.M/

are called .p; q/-forms.
The exterior derivative of a .p; q/-form ˛ admits a decomposition

d˛ D .d˛/pC1;q C .d˛/p;qC1:

We set

@˛ WD .d˛/pC1;q ; N@˛ WD .d˛/p;qC1:

If f is a .0; 0/-form (i.e., a complex valued function on M ), then locally we have

@f D
X

k

.@zk f /dzk; N@f D
X

k

.@Nzkf /dNzk:

In general, if

˛ D
X

jI jDp;jJ jDq
˛IJ dzI ^ dNzJ ; ˛IJ 2 ˝0;0;

then

@˛ D
X

jI jDp;jJ jDq
@˛IJ ^ dzI ^ dNzJ ; N@˛ D

X

jI jDp;jJ jDq
N@˛IJ ^ dzI ^ dNzJ :

We deduce that for every f 2 ˝0;0.M/, we have the local equality

@N@f D
X

j;k

@zj @Nzkf dzj ^ dNzk: (3.8)
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If U DPj .a
j @xk C bj @yj / and V DPk.c

k@xk C dk@yk / are locally defined real
vector fields on M and we set

uj D .aj C ibj /; vk D .ck C idk/;

then using (3.8) we deduce

@N@f .U; V / D
X

j;k

.@zj @Nzk f /.uj Nvk � Nukvj /: (3.9)

Lemma 3.20. Suppose f W M ! R is a smooth real valued function on the
complex manifold M and p0 is a critical point of M . Denote by H the Hessian
of f at p0. We define the complex Hessian of f at p0 to be the R-bilinear map

Cf W Tp0M � Tp0M ! R;

Cf .U; V / WD H.U; V /CH.JU; JV /; 8U; V 2 Tp0M:
Then,

Cf .U; V / D i@N@f .U; JV /:

Proof. Fix complex coordinates .z1; : : : ; zm/ near p0 such that zj .p0/ D 0. Set
f0 D f .p0/. Near p0 we have a Taylor expansion

f .z/ D f0 C 1

2

X

jk

�
ajkzj zk C bjk Nzj Nzk C cjkzj Nzk�C � � � :

Since f is real valued, we deduce

bjk D Najk; cjk D Nckj D .@zj @Nzkf /.0/:

Given the real vectors

U D
X

j

.uj @zj C Nuj @Nzj / 2 Tp0M; V D
X

k

.vk@zk C Nvk@Nzk /;

we set H.U / WD H.U;U /, and we have

H.U / D
X

jk

�
ajkujuk C bjk Nuj Nuk C cjkuj Nuk�:

Using the polarization formula

H.U; V / D 1

4

�
H.U C V /�H.U � V /�
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we deduce

H.U; V / D
X

j;k

�
ajkujvk C bjk Nuj Nvk/C 1

2

X

j;k

cjk.u
j Nvk C Nuj vk/:

Using (3.7), we deduce

H.JU; JV / D �
X

j;k

�
ajkuj vk C bjk Nuj Nvk/C 1

2

X

j;k

cjk.u
j Nvk C Nuj vk/;

so that

Cf .U; V / D H.U; V /CH.JU; JV / D
X

j;k

cjk.u
j Nvk C Nuj vk/:

Using (3.7), again we conclude that

C.U; JV / D
X

j;k

cjk.�iuj Nvk C iNuj vk/

D �i
X

j;k

cjk.u
j Nvk � Nuj vk/ .3.9/D �i@N@f .U; V /:

Replacing V by �JV in the above equality we obtain the desired conclusion. ut
Lemma 3.21 (Pseudoconvexity). Consider the function

f W C� ! R; f .�/ D 1

2
j�j2:

Then for every q 2 C
� and every real tangent vector U 2 TqC� , we have

i.@N@f /q.U; JU / D jU j2:

Proof. We have

f D 1

2

X

k

�k N�k; @N@f D 1

2

X

k

d�k ^ d N�k:

If

U D
X

k

. uk@�k C Nuk@N�k / 2 TqC�;
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then

JU D i
X

k

. uk@�k � Nuk@N�k /

and

.@N@f /p0 .U; JU / D
1

2

X

k

d�k ^ d N�k.U; JU /

D 1

2

X

k

ˇ
ˇ
ˇ
ˇ
d�k.U / d�k.JU /
d N�k.U / d N�k.JU /

ˇ
ˇ
ˇ
ˇ

D 1

2

X

k

�
d�k.U /d N�k.JU / � d�k.JU /d N�k.U /

�

D �i
X

k

uk Nuk D �ijU j2:
ut

Proof of Theorem 3.18. Let M ,! C
� be a Stein manifold of complex dimension

m and suppose f W C� ! R, f .�/ D 1
2
j�j2 restricts to a Morse function on M .

Suppose p0 is a critical point of f jM and denote by H the Hessian of f jM at
p0. We want to prove that 	.f; p0/ � m. Equivalently, we have to prove that if
S � Tp0M is a real subspace such that the restriction ofH to S is negative definite,
then

dimR S � m:
Denote by J W TM ! TM the associated almost complex structure. We will first
prove that

S \ JS D 0:
We argue by contradiction. Suppose that S \ JS ¤ 0. Then, there exists U 2 S n 0
such that JU 2 S . Then,

H.U;U / < 0; H.JU; JU / < 0) Cf .U;U / D H.U;U /CH.JU; JU / < 0:

Lemma 3.20 implies

0 > Cf .U;U / D i.@N@f jM/p0.U; JU / D i.@N@f /p0.U; JU /;

while the pseudoconvexity lemma implies

0 > i.@N@f /p0.U; JU / D jU j2;

which is clearly impossible. Hence S \ JS D 0 and we deduce

2m D dimR Tp0M � dimR S C dimR JS D 2 dimR S: ut
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Let us discuss a classical application of Theorem 3.18. Suppose that V � CP
� is

a smooth complex submanifold of complex dimension m described as the zero set
of a finite collection of homogeneous polynomials2

Q1; : : : ;Qr 2 CŒz0; : : : ; z��:

Consider a hyperplane H � CP
� . Modulo a linear change in coordinates, we can

assume that it is described by the equation z0 D 0. Its complement can be identified
with C

� with coordinates �k D zk

z0
. Denote byM the complement of V1 WD V \H

in V ,

M D V n V1:

Let us point out that V1 need not be smooth. Notice that M is a submanifold of C�

described as the zero set of the collection of polynomials

Pj .�
1; : : : ; ��/ D Qj .1; �

1; : : : ; ��/;

and thus it is an affine algebraic submanifold of C
� . In particular, M is a Stein

manifold. By Theorem 3.18, we deduce

HmCk.M;Z/ D 0; 8k > 0:

On the other hand, we have the Poincaré–Lefschetz duality isomorphism [Spa,
Theorem 6.2.19]3

Hj .V n V1;Z/! H2m�j .V; V1IZ/;

and we deduce

Hm�k.V; V1IZ/ D 0; 8k > 0:
The long exact sequence cohomological sequence of the pair .V; V1/,

� � � ! Hm�k.V; V1IZ/!Hm�k.V;Z/! Hm�k.V1IZ/ ı!
!Hm�.k�1/.V; V1IZ/! � � � ;

implies that the natural morphism

Hm�k.V;Z/! Hm�k.V1IZ/

2By Chow’s theorem, every complex submanifold of CP
� can be described in this fashion

[GH, I.3].
3This duality isomorphism does not require V1 to be smooth. Only V n V1 needs to be smooth;
V1 is automatically tautly embedded, since it is triangulable.
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is an isomorphism if k > 1, and it is an injection if k D 1. Note that

k > 1” m � k < 1

2
dimR V1; k D 1” m � k D 1

2
dimR V1:

We have obtained the celebrated Lefschetz hyperplane theorem.

Theorem 3.22 (Lefschetz). If V is a projective algebraic manifold and V1 is the
intersection of V with a hyperplane, then the natural restriction morphism

Hj .V;Z/! Hj .V1;Z/

is an isomorphism for j < 1
2

dimR V1 and an injection for j D 1
2

dimR V1. ut

3.4 Symplectic Manifolds and Hamiltonian Flows

A symplectic pairing on a finite dimensional vector space V is, by definition, a
nondegenerate skew-symmetric bilinear form ! on V . The nondegeneracy means
that the induced linear map

I! W V ! V �; v 7! !.v; 	/;

is an isomorphism. We will identify a symplectic pairing with an element of �2V �
called a symplectic form. A symplectic space is a pair .V; !/, where V is a finite
dimensional vector space and ! a symplectic form on V .

Suppose ! is a symplectic pairing on the vector space V . An almost complex
structure tamed by ! is an R-linear operator J W V ! V such that J 2 D �1V and
the bilinear form

g D g!;J W V � V ! R; g.u; v/ D !.u; J v/

is symmetric and positive definite. We denote by J! the space of almost complex
structures tamed by !.

Proposition 3.23. Suppose that .V; !/ is a symplectic space. Then, J! is a
nonempty contractible subset of End.V /. In particular, the dimension of V is
even, dimV D 2n, and for every J 2 J! there exists a g!;J -orthonormal basis
.e1; f1; : : : ; en; fn/ of V such that

Jei D fi ; Jfi D �ei ; 8i and !.u; v/ D g.J u; v/;8u; v 2 V:

We say that the basis .ei ; fi / is adapted to !.
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Proof. Denote byMV the space of Euclidean metrics onV , i.e., the space of positive
definite, symmetric bilinear forms on V . Then, MV is a contractible space.

Any h 2MV defines a linear isomorphismAh W V ! V uniquely determined by

!.u; v/ D h.Ahu; v/:

We say that h is adapted to ! if A2h D �1V . We denote by M! the space of metrics
adapted to !. We have thus produced a homeomorphism

M! ! J!; h 7! Ah;

and it suffices to show that M! is nonempty and contractible. More precisely, we
will show that M! is a retract of MV .

Fix a metric h 2 MV . For every linear operator B W V ! V , we denote by B�
the adjoint of B with respect to h. Since ! is skew-symmetric, we have

A�
h D �Ah:

Set Th D .A�
hAh/

1=2 D .�A2h/1=2. Observe that Ah commutes with Th. We define a
new metric

Oh.u; v/ WD h.Thu; v/” h.u; v/ D Oh.T �1
h u; v/:

Then,

!.u; v/ D h.Ahu; v/ D Oh.T �1
h Ahu; v/ H) A Oh D T �1

h Ah:

We deduce that
A2Oh D T �2

h A2h D �1V ;
so that Oh 2M! , and therefore M! ¤ ;. Now we observe that Oh D h” h 2M! .
This shows that the correspondence h 7! Oh is a retract of MV onto M! . ut

If ! is a symplectic pairing on the vector space V and .ei ; fi / is a basis of V
adapted to !, then

! D
X

i

ei ^ f i ;

where .ei ; f i / denotes the dual basis of V �. Observe that

1

nŠ
!n D e1 ^ f 1 ^ � � � ^ en ^ f n:

Definition 3.24. (a) A symplectic structure on a smooth manifold M is a 2-form
! 2 ˝2T �M satisfying the following conditions.

• d! D 0.
• For every x 2 M , the element !x 2 �2T �

x M is a symplectic pairing on
TxM .



3.4 Symplectic Manifolds and Hamiltonian Flows 129

We will denote by I! W TM ! T �M the bundle isomorphism defined by !
and we will refer to it as the symplectic duality.

(b) A symplectic manifold is a pair .M;!/, where ! is a symplectic form on the
smooth manifold M . A symplectomorphism of .M;!/ is a smooth map f W
M !M such that

f �! D !: ut
Observe that if .M;!/ is a symplectic manifold, then M must be even dimen-

sional, dimM D 2n, and the form dv! WD 1
nŠ
!n is nowhere vanishing. We deduce

that M is orientable. We will refer to dv! as the symplectic volume form, and we
will refer to the orientation defined by dv! as the symplectic orientation. Note that
if f WM !M is symplectomorphism, then

f �.dv!/ D dv!:

In particular, f is a local diffeomorphism.

Example 3.25 (The standard model). Consider the vector space Cn with Euclidean
coordinates zj D xj C iyj . Then,

� D
nX

jD1
dxj ^ dyj D i

2

nX

jD1
dzj ^ dNzj D � Im

X

j

dzj ˝ dNzj

defines a symplectic structure on C
n. We will refer to .Cn;�/ as the standard model.

Equivalently, the standard model is the pair .R2n;� /, where � is as above. ut
Example 3.26 (The classical phase space). Suppose M is a smooth manifold. The
classical phase space, denoted by ˚.M/, is the total space of the cotangent bundle
of M . The space ˚.M/ is equipped with a canonical symplectic structure. To
describe it denote by � W ˚.M/ ! M the canonical projection. The differential
of � is a bundle morphism

D� W T˚.M/! ��TM:

Since � is a submersion, we deduce thatD� is surjective. In particular, its dual

.D�/t W ��T �M ! T �˚.M/

is injective, and thus we can regard the pullback ��T �M of T �M to ˚.M/ as a
subbundle of T �˚.M/.

The pullback ��T �M is equipped with a tautological section � defined as
follows. If x 2M and v 2 T �

x M , so that .v; x/ 2 ˚.M/, then

�.v; x/ D v 2 T �
x M D .��T �M/.v;x/:
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Since ��T �M is a subbundle of T �˚.M/, we can regard � as a 1-form on T �M .
We will refer to it as the tautological 1-form on the classical phase space.

If we choose local coordinates .x1; : : : ; xn/ on M , we obtain a local frame
.dx1; : : : ; dxn/ of T �M . Any point in ' 2 T �M is described by the numbers
.�1; : : : ; �n; x

1; : : : ; xn/, where x D .xi / are the coordinates of �.'/ and
P
�idxi

describes the vector in T �
�.'/M corresponding to '. The tautological 1-form is

described in the coordinates .�i ; xj / by

� D
X

i

�idxi :

Set ! D �d� . Clearly ! is closed. Locally,

! D
X

i

dxi ^ d�i ;

and we deduce that ! defines a symplectic structure on ˚.M/. The pair .˚.M/; !/

is called the classical symplectic phase space.
Let us point out a confusing fact. Suppose M is oriented, and the orientation

is described locally by the n-form dx1 ^ � � � ^ dxn. This orientation induces an
orientation on T �M , the topologists orientation ortop described locally by the fiber-
first convention

d�1 ^ � � � ^ d�n ^ dx1 ^ � � � ^ dxn:

This can be different from the symplectic orientation orsymp defined by

dx1 ^ d�1 ^ � � � ^ dxn ^ d�n:

This discrepancy is encoded in the equality

ortop D .�1/
n.nC1/

2 orsymp: ut

Example 3.27 (Kähler manifolds). SupposeM is a complex manifold. A Hermitian
metric on M is then a Hermitian metric h on the complex vector bundle TM1;0. At
every point x 2M , the metric h defines a complex valued R-bilinear map

hx W TxM1;0 � TxM1;0 ! C;

such that for any X; Y 2 TxM1;0 and z 2 C we have

zhx.X; Y / D hx.zX; Y / D hx.X; NzY /;
hx.Y;X/ D hx.X; Y /; hx.X;X/ > 0; if X ¤ 0:
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We now have an isomorphism of real vector spaces TxM ! TxM
1;0 given by

TxM 3 X 7! X1;0 D 1

2
.X � iJX/ 2 TM1;0;

where J 2 End.TM/ denotes the almost complex structure determined by the
complex structure. Now define

gx; !x W TxM � TxM ! R

by setting

gx.X; Y / D Re hx.X
1;0; Y 1;0/ and !x.X; Y / D � Imhx.X

1;0; Y 1;0/;

where gx is symmetric and !x is skew-symmetric. Note that

!x.X; JX/ D � Imhx.X1;0; .JX/1;0/

D � Imhx.X
1;0; iX1;0/ D Re hx.X

1;0; X1;0/:

Thus, !x defines a symplectic pairing on TxM , and the almost complex structure J
is tamed by !x .

Conversely, if ! 2 ˝2.M/ is a nondegenerate 2-form tamed by the complex
structure J , then we obtain a Hermitian metric on M .

A Kähler manifold is a complex Hermitian manifold .M; h/ such that the
associated 2-form !h D � Imh is symplectic.

By definition, a Kähler manifold is symplectic. Moreover, any complex subman-
ifold of a Kähler manifold has an induced symplectic structure.

For example, the Fubini–Study form on the complex projective space CP
n

defined in projective coordinates z D Œz0; z1; : : : ; zn� by

! D i@N@ log jzj2; jzj2 D
nX

kD0
jzkj2;

is tamed by the complex structure, and thus CPn is a Kähler manifold. In particular,
any complex submanifold of CPn has a symplectic structure. The complex subman-
ifolds of CPn are precisely the projective algebraic manifolds, i.e., the submanifolds
of CPn defined as the zero sets of a finite family of homogeneous polynomials in
nC 1 complex variables. ut
Remark 3.28. A symplectic structure on a manifold may seem like a skew-
symmetric version of a Riemannian structure. As is well-known, two Riemann
structures can be very different locally. In particular, there exist Riemann metrics
which cannot be rendered Euclidean in any coordinate system. The Riemann
curvature tensor is essentially the main obstruction.
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The symplectic situation is dramatically different. More precisely, if .M2m; !/ is
a symplectic manifold, then a theorem of Darboux shows that for any pointp0 2 M ,
there exist local coordinates x1; : : : ; xm; y1; : : : ; ym on a neighborhoodU of p0 such
that in these coordinates ! has the canonical form

!jU D
mX

kD1
dxk ^ dyk:

For a proof of this and much more general results, we refer to [Au, II.1.c]. ut
Example 3.29 (Codajoint orbits). To understand this example, we will need a few
basic facts concerning homogeneous spaces. For proofs and more information we
refer to [Helg, Chap. II].

A smooth right action of a Lie group G on the smooth manifold M is a
smooth map

M �G !M; G �M 3 .x; g/ 7! Rg.x/ WD x � g;

such that

R1 D 1M; .x � g/ � h D x � .gh/; 8x 2M; g; h 2 G:

The action is called effective if Rg ¤ 1M , 8g 2 G n f1g.
Suppose G is a compact Lie group and H is a subgroup of G that is closed as

a subset of G. Then, H carries a natural structure of a Lie group such that H is a
closed submanifold of G. The space HnG of right cosets of H equipped with the
quotient topology carries a natural structure of a smooth manifold. Moreover, the
right action of G on HnG is smooth, transitive, and the stabilizer of each point is a
closed subgroup of G conjugated to H .

Conversely, given a smooth and transitive right action ofG on a smooth manifold
M , then for every point m0 2 M , there exists a G-equivariant diffeomorphism
M ! Gm0nG, where Gm0 denotes the stabilizer of m0. Via this isomorphism the
tangent space of M at m0 is identified with the quotient T1G=T1Gm0 .

Suppose G is a compact connected Lie group. We denote by LG the Lie algebra
of G, i.e., the vector space of left invariant vector fields on G. As a vector space
it can be identified with the tangent space T1G. The group G acts on itself by
conjugation,

Cg W G ! G; h 7! ghg�1:

Note that Cg.1/ D 1. Denote by Adg the differential of Cg at 1. Then, Adg is a
linear isomorphism Adg W LG ! LG . The induced group morphism

Ad W G ! AutR.LG/; g 7! Adg;
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is called the adjoint representation of G. Observe that Ad�
gh D Ad�

h ıAd�
g , and thus

we have a right action of G on L�
G

L�
G �G�!L�

G; .˛; g/ 7! ˛ � g WD Ad�
g ˛:

This is called the coadjoint action of G.
For every X 2 LG and ˛ 2 L�

G , we set

X].˛/ WD d

dt

ˇ̌
ˇ
ˇ
tD0

Ad�
etX ˛ 2 T˛L�

G D L�
G:

More explicitly, we have

hX].˛/; Y i D h˛; ŒX; Y �i; 8Y 2 LG; (3.10)

where h	; 	i is the natural pairing L�
G �LG ! R.

Indeed,

hX].˛/; Y i D
	

d

dt

ˇ
ˇ
ˇ
ˇ
tD0

Ad�
etX .˛/; Y



D
	
˛;

d

dt

ˇ
ˇ
ˇ
ˇ
tD0

AdetX Y



D h˛; ŒX; Y �i:

For every ˛ 2 L�
G , we denote by O˛ � L�

G the orbit of ˛ under the coadjoint action
of G, i.e.,

O˛ WD
˚
Ad�

g.˛/I g 2 G
�
:

The orbit O˛ is a compact subset of L�
G . Denote by G˛ the stabilizer of ˛ with

respect to the coadjoint action,

G˛ WD
˚
g 2 GI Ad�

g.˛/ D ˛
�
:

The stabilizer G˛ is a Lie subgroup of G, i.e., a subgroup such that the subset G˛ is
a closed submanifold of G. We denote by L˛ its Lie algebra. The obvious map

G ! O˛; g 7! Ad�
g.˛/;

is continuous and surjective, and it induces a homeomorphism from the spaceG˛nG
of right cosets of G˛ (equipped with the quotient topology) to O˛ given by

˚ W G˛nG 3 G˛ � g 7! Ad�
g.˛/ 2 O˛:

For every g 2 G denote by Œg�, the left cosetG˛ �g. The quotientG˛nG is a smooth
manifold, and the induced map

˚ W G˛nG ! L�
G
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is a smooth immersion, because the differential at the point Œ1� 2 G˛nG is injective.
It follows that O˛ is a smooth submanifold of L�

G . In particular, the tangent space
T˛O˛ can be canonically identified with a subspace of L�

G .
Set

L?̨ WD ˚ˇ 2 L�
G I hˇ;Xi D 0; 8X 2 L˛

�
:

We claim that

T˛O˛ D L?̨:

Indeed, let P̌ 2 T˛O˛ � L�
G . This means that there exists X D Xˇ 2 LG such that

P̌ D d

dt

ˇ
ˇ
ˇ̌
tD0

Ad�
exp.tXˇ/

˛ D X]

ˇ.˛/:

Using (3.10), we deduce that

h P̌; Y i D h˛; ŒXˇ; Y �i; 8Y 2 LG:

On the other hand, ˛ is G˛-invariant, so that

Z].˛/ D 0; 8Z 2 L˛

.3.10/H)hZ].˛/;Xi D h˛; ŒZ;X�i D 0; 8X 2 LG; 8Z 2 L˛:

If we choose X D Xˇ in the above equality, we deduce

h P̌; Zi D h˛; ŒXˇ;Z�i; 8Z 2 LG˛ H) P̌ 2 L?̨:

This shows that T˛O˛ � L?̨. The dimension count

T˛O˛ D dimO˛ D dimG˛nG D dimLG � dimL˛ D dimL?̨

implies

T˛O˛ D L?̨:

The differential of ˚ W G˛nG ! O˛ at Œ1� induces an isomorphism

˚� W TŒ1�G˛nG ! T˛O˛

and thus a linear isomorphism

˚� W TŒ1�G˛nG D L=L˛�!L?̨; X modL˛ 7! X].˛/:

Observe that the vector space L?̨ is naturally isomorphic to the dual of LG=L˛ .
The above isomorphism is then an isomorphism .L?̨/� ! L?̨. We obtain a



3.4 Symplectic Manifolds and Hamiltonian Flows 135

nondegenerate bilinear pairing

!˛ W L?̨ �L?̨ ! R; !˛. P̌; P�/ D h P̌; ˚�1� P� i:

Equivalently, if we write

P̌ D X]

ˇ.˛/; P� D X]
� .˛/; Xˇ;X� 2 LG;

then

!˛. P̌; P�/ D
D
X
]

ˇ.˛/ ; X�

�
D h˛; ŒXˇ;X��i: (3.11)

Observe that !˛ is skew-symmetric, so that !˛ is a symplectic pairing. The group
G˛ acts on T˛O˛ and !˛ is G˛-invariant. Since G acts transitively on O˛ and !˛
is invariant with respect to the stabilizer of ˛, we deduce that !˛ extends to a
G-invariant, nondegenerate 2-form ! 2 ˝2.O˛/. We want to prove that it is a
symplectic form, i.e., d! D 0.

Observe that the differential d! is also G-invariant and thus it suffices to
show that

.d!/˛ D 0:
Let Yi D X]

i .˛/ 2 T˛O˛, Xi 2 LG , i D 1; 2; 3. We have to prove that

.d!/˛.Y1; Y2; Y3/ D 0:

We have the following identity [Ni1, Sect. 3.2.1]

d!.X1; Y2; Y3/ D Y1!.Y2; Y3/ � Y2!.Y3; Y1/C Y3!.Y1; Y2/
C !.Y1; ŒY2; Y3�/ � !.Y2; ŒY3; Y1�/C !.Y3; ŒY1; Y2�/:

Since ! is G-invariant, we deduce

!.Yi ; Yj / D const 8i; j;
so the first row in the above equality vanishes. On the other hand, at ˛ we have the
equality

!.Y1; ŒY2; Y3�/ � !.Y2; ŒY3; Y1�/C !.Y3; ŒY1; Y2�/
D h ˛; ŒX1; ŒX2;X3�� � ŒX2; ŒX3;X2��C ŒY3; ŒX1;X2�� i:

The last term is zero due to the Jacobi identity. This proves that ! is a symplectic
form on O˛.

Consider the special case G D U.n/. Its Lie algebra u.n/ consists of skew-
Hermitian n � n matrices and it is equipped with the Ad-invariant metric

.X; Y / D Re tr.XY �/:
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This induces an isomorphism u.n/� ! u.n/. The coadjoint action of U.n/ on u.n/�
is given by

Ad�
T .X/ D T �XT D T �1XT; 8T 2 U.n/: 8X 2 u.n/ Š u.n/�:

Fix S0 2 u.n/. We can assume that S0 has the diagonal form

S0 D S0.�/ D i	11Cn1 ˚ � � � ˚ i	k1C
nk ; 	j 2 R;

with n1 C � � � C nk D n and the 	’s. The coadjoint orbit of S0 consists of all the
skew-Hermitian matrices with the same spectrum as S0, multiplicities included.

Consider a flag of subspaces of type � WD .n1; : : : ; nk/, i.e., an increasing
filtration F of Cn by complex subspaces

0 D V0 � V1 � � � � � Vk D C
n

such that nj D dimC Vj =Vj�1. Denote by Pj D Pj .F/ the orthogonal projection
onto Vj . We can now form the skew-Hermitian operator

A�.F/ D
X

j

i	j .Pj � Pj�1/:

Observe that the correspondence F 7! A�.F/ is a bijection from the set of flags
of type � to the coadjoint orbit of S0.�/. We denote this set of flags by FlC.�/.
The natural smooth structure on the coadjoint orbit induces a smooth structure on
the set of flags. We will refer to this smooth manifold as the flag manifold of type
� WD .n1; : : : ; nk/. Observe that

FlC.1; n� 1/ D CP
n�1;

FlC.k; n � k/ D Gk.Cn/ D the Grassmannian of k-planes in C
n.

The diffeomorphism A� defines by pullback a U.n/-invariant symplectic form on
FlC.�/, depending on �. However, since U.n/ acts transitively on the flag manifold,
this symplectic form is uniquely determined up to a multiplicative constant. ut
Proposition 3.30. Suppose .M;!/ is a symplectic manifold. We denote by JM;! the
set of almost complex structures on M tamed by !, i.e., endomorphisms J of TM
satisfying the following conditions

• J 2 D �1TM .
• The bilinear form g!;J defined by

g.X; Y / D !.X; J Y /; 8X; Y 2 Vect.M/

is a Riemannian metric onM .

Then, the set J!;M is nonempty and the corresponding set of metrics fg!;J I J 2
JM;!g is a retract of the space of metrics on M .
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Proof. This is a version of Proposition 3.23 for families of vector spaces with
symplectic pairings. The proof of Proposition 3.23 extends word for word to this
more general case. ut

Suppose .M;!/ is a symplectic manifold. Since ! is nondegenerate, we have a
bundle isomorphism I! W TM ! T �M defined by

hI!X; Y i D !.X; Y /”h˛; Y i D !.I�1
! ˛; Y i;

8˛ 2 ˝1.M/; 8X; Y 2 Vect.M/: (3.12)

One can give an alternative description of the symplectic duality.
For every vector field X onM we denote byX or iX the contraction byX , i.e.,

the operationX W ˝�.M/! ˝��1.M/ defined by

.X �/ .X1; : : : ; Xk/ D �.X;X1; : : : ; Xk/;
8X1; : : : ; Xk 2 Vect.M/; � 2 ˝kC1.M/:

Then,

I! D 	 !” I!X D X !; 8X 2 Vect.M/: (3.13)

Indeed,

hI!X; Y i D !.X; Y / D .X !/ .Y /; 8Y 2 Vect.M/:

Lemma 3.31. Suppose J is an almost complex structure tamed by !. Denote by
g the associated Riemannian metric and by Ig W TM ! T �M the metric duality
isomorphism. Then,

I! D Ig ı J” I�1
! D �J ı I�1

g : (3.14)

Proof. Denote by h	; 	i the natural pairing between T �M and TM . For anyX; Y 2
Vect.M/ we have

hI!X; Y i D !.X; Y / D g.JX; Y / D hIg.JX/; Y i
so that I! D Ig ı J . ut

For every vector field X on M , we denote by ˚X
t the (local) flow it defines.

We have the following result.

Proposition 3.32. Suppose X 2 Vect.M/. The following statements are equiva-
lent:

(a) ˚X
t is a symplectomorphism for all sufficiently small t .

(b) The 1-form I!X is closed.
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Proof. (a) is equivalent to LX! D 0, where LX denotes the Lie derivative alongX .
Using Cartan’s formula LX D diX C iXd and the fact that d! D 0, we deduce

LX! D diX! D d.I!X/:

Hence, LX! D 0” d.I!X/ D 0. ut
Definition 3.33. For every smooth function H W M ! R, we denote by r!H the
vector field

r!H WD I�1
! .dH/: (3.15)

The vector field r!H is called the Hamiltonian vector field associated with H ,
or the symplectic gradient of H . The function H is called the Hamiltonian
of r!H . The flow generated by r!H is called the Hamiltonian flow generated
by H . ut
Remark 3.34. Note that the equality (3.15) is equivalent to

.r!H/ ! D dH: (3.16)

ut
Proposition 3.32 implies the following result.

Corollary 3.35. A Hamiltonian flow on the symplectic manifold .M;!/ preserves
the symplectic forms, and thus it is an one-parameter group of symplectomorphisms.

Lemma 3.36. Suppose .M;!/ is a symplectic manifold, J is an almost complex
structure tamed by !, and g is the associated metric. Then for every smooth function
H onM , we have

r!H D �JrgH; (3.17)

where rgH denotes the gradient of H with respect to the metric g.

Proof. Using (3.14), we have

IgrgH D dH D I!r!H D IgJr!H H) Jr!H D rgH: ut

Example 3.37 (The harmonic oscillator). Consider the standard symplectic plane
C with coordinate z D q C ip and symplectic form � D dq ^ dp. Let

H.p; q/ D 1

2m
p2 C k

2
q2; k;m > 0:

The standard complex structure J given by

J@q D @p; J @p D �@q
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is tamed by �, and the associated metric is the canonical Euclidean metric g D
dp2 C dq2. Then

rgH D p

m
@p C kq@q; r�H D �JrgH D p

m
@q � kq@p:

The flow lines of r�H are obtained by solving the Hamilton equations
� Pq D p

m

Pp D �kq ; p.0/ D p0; q.0/ D q0:

Note that m Rq D �kq, which is precisely the Newton equation of a harmonic
oscillator with elasticity constant k and mass m. Furthermore, p D m Pq is the
momentum variable. The Hamiltonian H is the sum of the kinetic energy 1

2m
p2

and the potential (elastic) energy kq2

2
. If we set4 ! WD

q
k
m

, then we deduce

q.t/ D q0 cos.!t/C p0

m!
sin.!t/; p.t/ D �q0m! sin.!t/C p0 cos.!t/:

The period of the oscillation is T D 2�
!

. The total energy H D 1
2m
p2 C kq2

2
is

conserved during the motion, so that all the trajectories of this flow are periodic
and are contained in the level sets H D const, which are ellipses. The motion
along these ellipses is clockwise and has a constant angular velocity !. For more
details on the physical origins of symplectic geometry, we refer to the beautiful
monograph [Ar1]. ut
Definition 3.38. Given two smooth functions f; g on a symplectic manifold
.M;!/, we define the Poisson bracket of f and g to be the Lie derivative of g
along the symplectic gradient vector field of f . We denote it by ff; gg, so that5

ff; gg WD Lr!f g: ut

We have an immediate corollary of the definition.

Corollary 3.39. The smooth function f on the symplectic manifold .M;!/ is
conserved along the trajectories of the Hamiltonian flow generated by H 2
C1.M/ if and only if fH;f g D 0. ut
Lemma 3.40. If .M;!/ is a symplectic manifold and f; g 2 C1.M/, then

ff; gg D �!.r!f;r!g/; r!ff; gg D Œr!f;r!g�: (3.18)

In particular, ff; gg D �fg; f g and ff; f g D 0.

4The overuse of the letter ! in this example is justified only by the desire to stick with the
physicists’ traditional notation.
5Warning: The existing literature does not seem to be consistent on the right choice of sign for
ff; gg. We refer to [McS, Remark 3.3] for more discussions on this issue.
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Proof. Set Xf D r!f , Xg D r!g. We have

ff; gg D dg.Xf /
.3.12/D !.I�1

! dg;Xf / D �!.Xf ;Xg/:

For every smooth function u on M , we set Xu WD r!u. We have

Xff;ggu D fff; gg; ug D �fu; ff; ggg D �Xuff; gg D Xu!.Xf ;Xg/:

Since LXu! D 0, we deduce

Xu!.Xf ;Xg/ D !.ŒXu; Xf �; Xg/C !.Xf ; ŒXu; Xg�/

D �ŒXu; Xf �g C ŒXu; Xg�f D �XuXf gCXf Xug CXuXgf � XgXuf:

The equality ff; gg D �fg; f g is equivalent to Xgf D �Xf g, and we deduce

Xff;ggu D �XuXf g CXf Xug CXuXgf �XgXuf

D �2XuXf g � Xf XguCXgXf u D 2Xff;ggu� ŒXf ;Xg�u:

Hence,

Xff;ggu D ŒXf ;Xg�u; 8u 2 C1.M/” Xff;gg D ŒXf ;Xg�: ut

Corollary 3.41 (Conservation of energy). Suppose .M;!/ is a symplectic man-
ifold and H is a smooth function. Then, any trajectory of the Hamiltonian flow
generated by H is contained in a level set H D const . In other words, H is
conserved by the flow.

Proof. Indeed, fH;H g D 0. ut
Corollary 3.42. The Poisson bracket defines a Lie algebra structure on the vector
space of smooth functions on a symplectic manifold. Moreover, the symplectic
gradient map

r! W C1.M/! Vect.M/

is a morphism of Lie algebras.

Proof. We have

fff; gg; hg C fg; ff; hgg D Xff;gghCXgXf h D ŒXf ;Xg�hCXgXf h
D Xf Xgh D ff; fg; hgg: ut
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Example 3.43 (The standard Poisson bracket). Consider the standard model
.Cn;�/ with coordinates zj D qj C ipj and symplectic form � DPj dqj ^ dpj .
Then for every smooth function f on C

n, we have

r�f D �
X

j

.@pj f /@qj C
X

j

.@qj f /@pj ;

so that

ff; gg D
X

j

�
.@qj f /.@pj g/� .@pj f /.@qj g/

�
: ut

Suppose we are given a smooth right action of a Lie group G on a symplectic
manifold .M;!/,

M �G !M; G �M 3 .x; g/ 7! Rg.x/ WD x � g:

The action of G is called symplectic if R�
g! D !, 8g 2 G.

Denote by LG the Lie algebra of G. Then for any X 2 LG , we denote by X[ 2
Vect.M/ the infinitesimal generator of the flow ˚X

t .z/ D z � etX , z 2M , t 2 R. We
denote by h	; 	i the natural pairing L�

G � LG ! R.

Definition 3.44. A Hamiltonian action of the Lie group G on the symplectic
manifold .M;!/ is a smooth right symplectic action of G on M together with an
R-linear map

� W LG ! C1.M/; LG 3 X 7! �X 2 C1.M/;

such that

r!�X D X[; f�X ; �Y g D �ŒX;Y �; 8X; Y 2 LG:

The induced map 
 WM ! L�
G defined by

h
.x/;Xi WD �X.x/; 8x 2M; X 2 LG;

is called the moment map of the Hamiltonian action. ut
Remark 3.45. To any smooth left-action

G �M !M; .g; p/ 7! g � p;

of the Lie groupG on the smooth manifold, we can associate in a canonical fashion
a right-action

M �G !M; .p; g/ 7! p � g WD g�1 �m:
A left-action of a Lie group on a symplectic manifold will be called Hamiltonian
if the associated right-action is such. This means that there exists an R-linear map
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h W LG ! C1.M/, X 7! hX , such that the flow p 7! etX � p is the hamiltonian
flow generated by hX and

fhX; hY g D �hŒX;Y �; 8X; Y 2 Vect.M/: ut

Example 3.46 (The harmonic oscillator again). Consider the action of S1 on
C D R

2 given by

C � S1 3 .z; ei�/ 7! z � ei� WD e�i� z:

Using the computations in Example 3.37, we deduce that this action is Hamiltonian
with respect to the symplectic form � D dx^dy D i

2
dz^dNz. If we identify the Lie

algebra of S1 with the Euclidean line R via the differential of the natural covering
map t 7! eit , then we can identify the dual of the Lie algebra with R, and then the
moment map of this action is 
.z/ D 1

2
jzj2. ut

Lemma 3.47. Suppose we have a Hamiltonian action

M �G !M; .x; g/ 7! x � g;

of the compact connected Lie group G on the symplectic manifold .M;!/. Denote
by 
 WM ! L�

G the moment map of this action. Then,


.x � g/ D Ad�
g 
.x/; 8g 2 G; x 2M:

Proof. Set �X D h
;Xi. Since G is compact and connected, it suffices to prove the
identity for g of the form g D etX . Now observe that

.X[
/.x/ D d

dt

ˇ
ˇ
ˇ
ˇ
tD0

.x � etX/ and X].
.x// D d

dt

ˇ
ˇ
ˇ
ˇ
tD0

Ad�
etX 
.x/;

and we have to show that

.X[
/.x/ D X]
�

.x/

�
; 8X 2 LG; x 2M:

For every Y 2 LG , we have

d

dt

ˇ
ˇ
ˇ
ˇ
tD0
h
.x � etX /; Y i D X[ � h
.x/; Y i D f�X ; �Y g D �ŒX;Y �

D h
.x/; ŒX; Y �i .3.10/D hX].
.x//; Y i: ut

Example 3.48 (Coadjoint orbits again). Suppose G is a compact connected Lie
group. Fix ˛ 2 L�

G n f0g and denote by O˛ the coadjoint orbit of ˛. Denote by
! the natural symplectic structure on O˛ described by (3.11). We want to show that
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the natural right-action of G on .O˛; !/ is Hamiltonian and that the moment map of
this action 
 W O˛ ! L�

G is given by

O˛ 3 ˇ 7! �ˇ 2 L�
G:

Let X 2 LG . Set h D hX W L�
G ! R, h.ˇ/ D �hˇ;Xi, where as usual h	; 	i

denotes the natural pairing L�
G � LG ! R. In this case X] D X[. We want to

prove that

X] D r!hX; (3.19)

that is, for all ˇ 2 O˛ and all P̌ 2 TˇO˛, we have

!.X]; P̌/ D dhX. P̌/:

We can find Y 2 LG such that P̌ D Y ].ˇ/. Then, using (3.11) we deduce

!.X]; P̌/ D hˇ; ŒX; Y �i:
On the other hand,

dhX.Y /

ˇ
ˇ̌
ˇ
ˇ

D d

dt
jtD0hAd�

etY ˇ; Xi D
d

dt

ˇ
ˇ̌
ˇ
tD0
hˇ;AdetY Xi D �hˇ; ŒX; Y �i:

This proves that X] is the Hamiltonian vector field determined by hX . Moreover,

fhX; hY gjˇ D �!.X]; Y ]/jˇ D �hˇ; ŒX]; Y ]�i D hŒX;Y �.ˇ/:

This proves that the natural right-action of G on G˛ is Hamiltonian with moment
map 
.ˇ/ D �ˇ. ut
Proposition 3.49. Suppose we are given a Hamiltonian action of the compact
Lie group G on the symplectic manifold. Then, there exists a G-invariant almost
complex structure tamed by !. We will say that J and its associated metric

h.X; Y / D !.X; J Y /; 8X; Y 2 Vect.M/

are G-tamed by !.

Proof. Fix an invariant metric onG, denote by dVg the associated volume form, and
denote by jGj the volume of G with respect to this volume form.

Note first that there exist G-invariant Riemannian metrics on M . To find such a
metric, pick an arbitrary metric g on M and then form its G-average Og,

Og.X; Y / WD 1

jGj
Z

G

u�g.X; Y /dVu; 8X; Y 2 Vect.M/:
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By construction, Og is G-invariant. As in the proof of Proposition 3.23, define B D
B Og 2 End.TM/ by

Og.BX; Y / D !.X; Y /; 8X; Y 2 Vect.M/:

Clearly, B is G-invariant because ! is G-invariant. Now define a new G-invariant
metric h onM by

h.X; Y / WD Og..B�B/1=2X; Y /; 8X; Y 2 Vect.M/:

Then, h defines a skew-symmetric almost complex structure J on TM by

!.X; Y / D h.JX; Y /; 8X; Y 2 Vect.M/:

By construction J is a G-invariant almost complex structure tamed by !. ut
Example 3.50 (A special coadjoint orbit). Suppose .M;!/ is a compact oriented
manifold with a Hamiltonian action of the compact Lie group G. Denote by 
 W
M ! L�

G the moment map of this action. If T is a subtorus of G, then there is
an induced Hamiltonian action of T on M with moment map 
T obtained as the
composition

M

�! L�

G � t�;

where L�
G � t� denotes the natural projection obtained by restricting to the

subspace t a linear function on LG .
Consider the projective space CPn. As we have seen, for every 	 2 R

� we obtain
a U.n C 1/-equivariant identification of CPn with a coadjoint orbit of U.n C 1/
given by

�	 WD CP
n 3 L 7! i	PL 2 u.nC 1/;

where PL denotes the unitary projection onto the complex line L, and we have
identified u.nC 1/ with its dual via the Ad-invariant metric

.X; Y / D Re tr.XY �/; X; Y 2 u.nC 1/:

We want to choose 	 such that the natural complex structure on CP
n is adapted to

the symplectic structure ˝	 D ��
	 !	, where !	 is the natural symplectic structure

on the coadjoint orbit O	 WD �	.CPn/. Due to the U.nC1/ equivariance, it suffices
to check this at L0 D Œ1; 0; : : : ; 0�.

Note that if L D Œz0; : : : ; zn�, then PL is described by the Hermitian matrix
.pjk/0�j;k�n, where

pjk D 1

jzj2 zj Nzk; 80 � j; k � n:

In particular, PL0 D Diag.1; 0; : : : ; 0/.
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If Lt WD Œ1; tz1; : : : ; tzn� 2 CP
n, then

PP D d

dt

ˇ
ˇ
ˇ̌
tD0
�	.PLt / D i	

2

6
66
4

0 Nz1 � � � Nzn
z1 0 � � � 0
:::
:::
:::
:::

zn 0 � � � 0

3

7
77
5
:

On the other hand, let X D .xij /0�i;j�n 2 u.nC 1/. Then xj i D �Nxij , 8i; j and X
defines a tangent vector X] 2 TL0O	

X] WD i	
d

dt

ˇ
ˇ
ˇ
ˇ
tD0

e�tXPL0etX D �i	ŒPL0 ; X� D i	

2

6
6
6
4

0 Nx10 � � � Nxn0
x10 0 � � � 0
:::

:::
:::

:::

xn0 0 � � � 0

3

7
7
7
5
:

These two computations show that if we identify X] with the column vector
.x10; : : : ; xn0/

t , then the complex J structure on TL0CP
n acts on X] via the usual

multiplication by i.
Given X; Y 2 u.nC 1/ we deduce from (3.11) that at L0 2 O	 we have

!	.X
]; Y ]/ D Re tr.i	PL0 � ŒX; Y ��/ D 	 ImŒX; Y ��0;0;

where ŒX; Y ��0;0 denotes the .0; 0/ entry of the matrix ŒX; Y �� D ŒY �; X�� D
ŒY;X� D �ŒX; Y �. We have

ŒX; Y �0;0 D
nX

kD0
.x0kyk0 � y0;kxk0/ D �

nX

kD1
. Nxk0yk0 � xk0 Nyk0/:

Then,

!.X]; JX]/ D 2	
X

k

jx0kj2

Thus, if 	 is positive, then ˝	 is tamed by the canonical almost complex structure
on CP

n. In the sequel we will choose 	 D 1.
We thus have a Hamiltonian action of U.nC 1/ on .CPn;˝1/. The moment map


 of this action is the opposite of the inclusion

�1 W CPn ,! u.nC 1/; L 7! iPL;

so that


.L/ D ��1.L/ D �iPL:

The right-action of U.nC 1/ on CP
n is described by

CP
n � U.nC 1/ 3 .L; T / 7�! T �1L

because PT�1L D T �1PLT .



146 3 Applications

Consider now the torus T
n � U.n C 1/ consisting of diagonal matrices of

determinant equal to 1, i.e.,6 matrices of the form

A.t/ D Diag
�
e�i.t1C���Ctn/; eit1 ; : : : ; eitn

�
; t D .t1; : : : ; tn/ 2 R

n:

Its action on CP
n is described in homogeneous coordinates by

Œz0; : : : ; zn�A.t/ D
h
ei.t1C���Ctn/z0; e�it1z1; : : : ; e

�itnzn
i
:

This action is not effective since the elements Diag.��n; �; : : : ; �/, �nC1 D 1

act trivially. We will explain in the next section how to get rid of this minor
inconvenience.

The Lie algebra tn � u.n C 1/ of this torus can be identified with the vector
space of skew-Hermitian diagonal matrices with trace zero.

We can identify the Lie algebra of Tn with its dual using the Ad-invariant metric
on u.n C 1/. Under this identification the moment map of the action of Tn is the
map O
 defined as the composition of the moment map


 W CPn ! u.nC 1/
with the orthogonal projection u.n C 1/ ! tn. Since trPL D dimCL D 1 we
deduce

O
.L/ D �Diag.iPL/C i
nC 11CnC1 ;

where Diag.PL/ denotes the diagonal part of the matrix representingPL. We deduce

O
.Œz0; : : : ; zn�/ D � i
jzj2 Diag.jz0j2; : : : ; jznj2/C i

nC 11CnC1 :

Thus, the opposite action of Tn given by

Œz0; : : : ; zn�A.t/ D
h
e�i.t1C���Ctn/z0; eit1z1; : : : ; eitnzn

i

is also Hamiltonian, and the moment map is


.L/ D i
jzj2 Diag.jz0j2; : : : ; jznj2/� i

nC 11CnC1 :

We now identify the Lie algebra tn with the vector space7

W WD
�

w D .w0; : : : ;wn/ 2 R
nC1I

X

i

wi D 0
�
:

6
T
n is a maximal torus for the subgroup SU.nC 1/ � U.nC 1/.

7In down-to-earth terms, we get rid of the useless factor i in the above formulæ.
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A vector w 2 W defines the Hamiltonian flow on CP
n,

eit �w Œz0; : : : ; zn� D
h
eiw0t z0; eiw1t z1; : : : ; eiwnt zn

i
; (3.20)

with the Hamiltonian function

�w.Œz0; : : : ; zn�/ D 1

jzj2
nX

jD0
wj jzj j2: (3.21)

The flow does not change if we add to �w a constant

c D c

jzj2
nX

jD1
jzj j2:

Thus, the Hamiltonian flow generated by �w is identical to the Hamiltonian flow
generated by

f D 1

jzj2
nX

jD0
w0
j jzj j2; w0

j D wj C c:

Note that if we choose w0
j D j (so that c D n

2
), we obtain the perfect Morse

function we discussed in Example 2.21. In the next two sections we will show that
this “accident” is a manifestation of a more general phenomenon. ut
Example 3.51 (Linear hamiltonian action). Suppose that .V; !/ is a symplectic
vector space and

V � T! V; .v; eX / D v � eX; 8v 2 V; X 2 t;

is a linear hamiltonian action of a k-dimensional torus on .V; !/ with moment map

 W V ! t�.

Fix a T-invariant almost complex structure on V and denote by h the associated
invariant inner product

h.v1; v2/ D !.v1; J v2/; v1; v2 2 V:

Denote by soJ .V / the space of skew-symmetric endomorphisms of V that commute
with J . We can then find a linear map

A W t! soJ .V /; X 7! AX

such that for any v 2 V , X 2 t we have

v � etX D eAX v:
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We set BX WD JAX . Note that BX is a symmetric endomorphism that commutes
with J . A simple computation shows that the moment map of this action is given by

h
.v/; Xi D 1

2
h.BXv; v/; 8v 2 V; X 2 t: ut

3.5 Morse Theory of Moment Maps

In this section we would like to investigate in greater detail the Hamiltonian actions
of a torus

T
� WD S1 � � � � � S1„ ƒ‚ …

�

on a compact symplectic manifold .M;!/. As was observed by Atiyah in [A], the
moment map of such an action generates many Morse–Bott functions. Following
[A] we will then show that this fact alone imposes surprising constraints on the
structure of the moment map. In the next section we will prove that these Morse–
Bott functions are in fact perfect.

Theorem 3.52. Suppose .M;!/ is a symplectic manifold equipped with a
Hamiltonian action of the torus T D T

� . Let 
 W M ! t� be the moment
map of this action, where t denotes the Lie algebra of T. Then, for every X 2 t the
function

�X WM ! R; �X .x/ D h
.x/;Xi

is a Morse–Bott function. The critical submanifolds are T-invariant symplectic
submanifolds of M , and all the Morse indices and coindices are even.

Proof. Fix an almost complex structure J and metric h on TM that are equivariantly
tamed by !.

For every subset A � T we denote by FixA.M/ the set of points in M fixed by
all the elements in A, i.e.,

FixA.M/ D ˚x 2M I x � a D x; 8a 2 A�:

Lemma 3.53. Suppose G is a subgroup of T. Denote by NG its closure. Then

FixG.M/ D Fix NG.M/

is a union of T-invariant symplectic submanifolds of M .

Proof. Clearly FixG.M/ D Fix NG.M/. Since T is commutative, the set FixG.M/ is
T-invariant. Let x 2 FixG.M/ and g 2 G n f1g. Denote by Ag the differential at x
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of the smooth map

M 3 y 7! y � g 2M:
The map Ag is a unitary automorphism of the Hermitian space .TxM; h; J /. Define

Fixg.TxM/ WD ker.1� Ag/ and FixG.TxM/ D
\

g2G
Fixg.TxM/:

Consider the exponential map defined by the equivariantly tamed metric h,

expx W TxM !M:

Fix r > 0 such that expx is a diffeomorphism from
˚
v 2 TxM I jvjh < r

�
onto an

open neighborhood of x 2 M .
Since g is an isometry, it maps geodesics to geodesics and we deduce that 8v 2

TxM such that jvjh < r we have

.expx.v// � g D exp.Agv/:

Thus, exp.v/ is a fixed point of g if and only if v is a fixed point of Ag , i.e., v 2
Fixg.TxM/. We deduce that the exponential map induces a homeomorphism from a
neighborhood of the origin in the vector space FixG.TxM/ to an open neighborhood
of x 2 FixG.M/. This proves that FixG.M/ is a submanifold of M and for every
x 2 FixG.M/, we have

Tx FixG.M/ D FixG.TxM/:

The subspace FixG.TxM/ � TxM is J -invariant, which implies that FixG.M/ is a
symplectic submanifold. ut

Let X 2 t n f0g and denote by GX the one-parameter subgroup

GX D
˚
etX 2 TI t 2 Rg:

Its closure is a connected subgroup of T, and thus it is a torus TX of positive
dimension. Denote by tX its Lie algebra. Consider the function

�X.x/ D h
.x/;Xi; x 2M:

Lemma 3.54. Cr�X D FixTX .M/.

Proof. Let X[ D r!�X . From (3.17), we deduce

X[ D r!�X D �Jrh�X :
This proves that x 2 Cr�X ” x 2 FixGX .M/. ut
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We can now conclude the proof of Theorem 3.52. We have to show that the
components of FixTX .M/ are nondegenerate critical manifolds.

LetC be a connected component of FixTX .M/ and pick x 2 C . As in the proof of
Lemma 3.53, for every t 2 R we denote by At.X/ W TxM ! TxM the differential
at x of the smooth map

M 3 y 7! y � etX DW ˚X
t .y/ 2M:

Then At.X/ is a unitary operator and

ker
�
1� At.X/

� D TxC; 8t 2 R:

We let

PAX WD d

dt

ˇ
ˇ̌
tD0At : (3.22)

Then, PAX is a skew-Hermitian endomorphism of .TxM; J /, and we have

At.X/ WD et PAX and TxF D ker PA:

Observe that

PAXu D ŒU;X[�x; 8u 2 TxM; 8U 2 Vect.M/; U.x/ D u: (3.23)

Indeed,

PAXu D d

dt

ˇ
ˇ
ˇ
tD0At .X/u D

d

dt

ˇ
ˇ
ˇ
tD0

�
.˚X

t /�U
�

x
D �.LX[U /x D ŒU;X[; U �x:

Consider the Hessian Hx of �X at x. For U1; U2 2 Vect.M/, we set

ui WD Ui.x/ 2 TxM;

and we have

Hx.u1; u2/ D
�
U1.U2�X/

�jx:
On the other hand,

U1.U2�X/ D U1d�X.U2/ D U1!.X[; U2/

D .LU1!/.X[; U2/C !.ŒU1;X[�; U2/C !.X[; ŒU1; U2�/:

At x we have

ŒU1; X
[�x D PAu1; X

[.x/ D 0;
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and we deduce

Hx.u1; u2/ D !. PAXu1; u2/ D h.J PAXu1; u2/: (3.24)

Now, observe thatB D J PA is a symmetric endomorphism of TxM which commutes
with J . Moreover,

kerB D ker PA D TxC:
Thus, B induces a symmetric linear isomorphism B W .TxC /? ! .TxC /

?. Since
it commutes with J , all its eigenspaces are J -invariant and in particular even-
dimensional. This proves that C is a nondegenerate critical submanifold of �X , and
its Morse index is even, thus completing the proof of Theorem 3.52. ut

Note the following corollary of the proof of Lemma 3.54.

Corollary 3.55. Let X 2 t. Then for every critical submanifold C of �X and every
x 2 C , we have

TxC D
˚
u 2 TxM I 9U 2 Vect.M/; ŒX[; U �x D 0; U.x/ D u

�
;

where X[ D r!�X . ut
We want to present a remarkable consequence of the result we have just proved

known as the moment map convexity theorem. For an alternative proof, we refer
to [GS].

Recall that a (right) action X � G ! X , .g; x/ 7! Rg.x/ D x � g of a group G
on a set X is called effective if Rg ¤ 1X , 8g 2 G n f1g.

We have the following remarkable result of Atiyah [A] and Guillemin and
Sternberg [GS] that generalizes an earlier result of Frankel [Fra].

Theorem 3.56 (Atiyah–Guillemin–Sternberg). Suppose we are given a Hamil-
tonian action of the torus T D T

� on the compact connected symplectic manifold
.M;!/. Denote by
 WM ! t� the moment map of this action and by fC˛I ˛ 2 Ag
the components of the fixed point set FixT.M/. Then the following hold.

(a) 
 is constant on each component C˛.
(b) If 
˛ 2 t� denotes the constant value of 
 on C˛ , then 
.M/ � t� is the

convex hull of the finite set f
˛I ˛ 2 Ag � t�.
(c) If the action of the torus is effective, then 
.M/ has nonempty interior.

Proof. For every x 2M , we denote by Stx the stabilizer of x,

Stx WD
˚
g 2 TI x � g D x�:

Then Stx is a closed subgroup of T. The connected component of 1 2 Stx is a
subtorus Tx � T. We denote by tx its Lie algebra.

The differential of 
 defines for every point x 2 M a linear map

P
x W TxM ! t�:
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We denote its transpose by P
�
x . It is a linear map

P
�
x W t! T �

x M:

Observe that for every X 2 t we have

P
�
x .X/ D .d�X/x; where �X D h
;Xi WM ! R: (3.25)

Lemma 3.57. For every x 2M we have ker P
�
x D tx .

Proof. From the equality (3.25) we deduce that X 2 ker P
�
x if and only if d h
;Xi

vanishes at x. Since X[ is the Hamiltonian vector field determined by h
;Xi, we
deduce that

X 2 ker P
�
x ” X[.x/ D 0” X 2 T1Stx D tx: ut

Lemma 3.57 shows that 
 is constant on the connected components C˛ of
FixT.M/ because (the transpose of) its differential is identically zero along the fixed
point set.

There are finitely many components since these components are the critical
submanifolds of a Morse–Bott function �X , where X 2 T is such that TX D T.

To prove the convexity statement it suffices to prove that if all the points 
˛ lie
on the same side of an affine hyperplane in t�, then any other point � 2 
.M/ lies
on the same side of that hyperplane.

Any hyperplane in t� is determined by a vector X 2 t n 0, unique up to a
multiplicative constant. Let X 2 t n 0 and set

cX D min
˚h
˛;XiI ˛ 2 A

�
; mX D min

x2X �X .x/ D min
x2Mh
.x/;Xi:

We have to prove that mX D cX .
Clearly, mX � cX . To prove the opposite inequality observe that mX is a critical

value of �X . Since �X is a Morse–Bott function, we deduce that its lowest level set

fx 2 M I �X.x/ D mX g

is a union of critical submanifolds. Pick one such critical submanifold C .
If we could prove that C \ FixT.M/ ¤ ;, then we could conclude that C˛ � C

for some ˛ and thus cX � mX .
The submanifold C is a connected component of FixTX .M/. It is a symplectic

submanifold of M , and the torus T? WD T=TX acts on C . Moreover,

FixT?
.C / D C \ FixT.M/;

so it suffices to show that
FixT?

.C / ¤ ;:
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Denote by t? the Lie algebra of T? and by tX the Lie algebra of TX . Observe that
t�? is naturally a subspace of t�, namely, the annihilator t0X of tX

t�? D t0X WD
˚
� 2 t�I h�; Y i D 0; 8Y 2 tX

�
:

Lemma 3.57 shows that for every Y 2 tX the restriction of h
; Y i to C is a constant
'.Y / depending linearly on Y . In other words, it is an element ' 2 t�

X . Choose a
linear extension Q' W t! R of ' and set


? WD 
jC � Q':
Observe that for every Y 2 tX , we have h
?; Y i D 0, and thus 
? is valued in
t0X D t�?. For every Z 2 t, we have (along C )

r!h
;Zi D r!h
?; Zi;
and we deduce that the action of T? on C is Hamiltonian with 
? as moment map.

Choose now a vector Z 2 t? such that the one-parameter group etZ is dense in
T?. Lemma 3.54 shows that the union of the critical submanifolds of the Morse–
Bott function �?

Z D h
?; Zi on C is fixed point set of T?. In particular, a critical
submanifold corresponding to the minimum value of �?

Z is a connected component
of FixT?

.C /. This proves the convexity statement.
Note one consequence of the above argument.

Corollary 3.58. For every X 2 T, the critical values of �X are

˚h
˛;XiI ˛ 2 A
� D

D


�
FixT.M/

�
; X

E
:

Proof. IfMX is a critical submanifold ofX , then the above proof shows that it must
contain at least one of the C˛’s. Conversely, every C˛ lies in the critical set of �X .

ut
To prove that 
.M/ has nonempty interior if the action of T is effective, we use

the following result.

Lemma 3.59. If T acts effectively on M , then the set of points x 2 M such that
P
x W TxM ! t� is surjective, open, and dense in M .

Proof. Recall that an integral weight of T is a vector w 2 t such that

ew D 1 2 T:

The integral weights define a lattice LT � t. This means that LT is a discrete
Abelian subgroup of t of rank equal to dimR t. Observe that we have a natural
isomorphism of Abelian groups

LT ! Hom.S1;T/; LT 3 w 7! 'w 2 Hom.S1;T/; 'w.eit / D etw:
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Any primitive8 sublatticeL0 ofLT determines a closed subtorus T�WDfetwI w2�g,
and any closed subtorus is determined in this fashion. This shows that there are at
most countably many closed subtori of T.

If T0 � T is a nontrivial closed subtorus, then it acts effectively on M , and thus
its fixed point set is a closed proper subset of M with dense complement. Baire’s
theorem then implies that

Z WD M
/ [

f1g¤T0�T

FixT0.M/ D ˚z 2M I tz D 0
�

is a dense subset of M . Lemma 3.57 shows that for any z 2 Z the map P
�
z W t !

T �
z M is one-to-one, or equivalently that P
z is onto. The lemma now follows from

the fact that the submersiveness is an open condition. ut
The action of the torus near its fixed points is rather special. More precisely we

have the following result.

Theorem 3.60. Let .M;!/ and T be as in Theorem 3.56 and suppose that z is a
fixed point of theT-action. The symplectic form ! onM defines a symplectic pairing
!z on TzM . Then, there exist a T-invariant open neighborhood U0 of 0 2 TzM , a
T-invariant open neighborhood Uz of z 2 M and a T-equivariant diffeomorphism
� W U0 ! Uz such that the following hold:

• �.0/ D z
• ��! D !z 2 �2T �

z M .
• For any X 2 t and any u 2 U0, we have

�X
�
�.u/

� D �X.z/C 1

2
!z. PAXu; u/ D �X.z/C 1

2
hz.J PAXu; u/;

where PAX is defined as in (3.22). ut

Loosely speaking, the above theorem states that near a fixed point of a
Hamiltonian torus action, we can find local coordinates, so that in these coordinates
the action becomes a linear action of the type described in Example 3.51. For a
proof of this theorem, we refer to [Au, IV.4.d] or [GS, Thm. 4.1]. The deep fact
behind this theorem is an equivariant version of the Darboux theorem, [Au, II.1.c].

The image of the moment map contains a lot of information about the action.

Theorem 3.61. Let .M;!/, 
, and T be as above. Assume that T acts effectively.
Then the following hold:

(a) For any face F of the polyhedron 
.M/, we set

F? WD ˚X 2 tI 9c 2 R W h�;Xi D c; 8� 2 F �:

8The sublattice L0 � L is called primitive if L=L0 is a free Abelian group.
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Observe that F? is a vector subspace of t whose dimension equals the
codimension of F . It is called the conormal space of the face F . Then, for any
face F of the convex polyhedron
.M/ of positive codimension k the closed set

MF WD 
�1.F /

is a connected symplectic submanifold of M such that

codimMF � 2 codimF:

Moreover, if we set

StF WD
˚
g 2 TI x � g D x; 8x 2MF

�
;

then
T1StF D F?:

(b) dimM � 2 dimT .
(c) If dimM D 2 dimT, then codimMF D 2 codimF for any face of 
.M/.

Proof. A key ingredient in the proof is the following topological result.

Lemma 3.62 (Connectivity lemma). Suppose f W M ! R is a Morse–Bott
function on the compact connected manifold M such that Morse index and coindex
of any critical submanifold are not equal to 1. Then for every c 2 R, the level set
ff D cg is connected or empty.

To keep the flow of arguments uninterrupted we will present the proof of this
result after we have completed the proof of the theorem.

Suppose F is a proper face of 
.M/ of codimension k > 0. Then, there exists
X 2 T, which defines a proper supporting hyperplane for the face F , i.e.,

h�;Xi � h�0; Xi; 8� 2 F; �0 2 
.M/;

with equality if and only if �0 2 F . Consider then the Morse–Bott function �X D
h
;Xi and denote by mX its minimum value on M . Then,

MF D 
�1.F / D f�X D mXg:

Lemma 3.62 shows that MF is connected. It is clearly included in the critical set of
�X , so that MF is a critical submanifold of �X . It is thus a component of the fixed
point set of TX .

Form the torus T?
F WD T=StF and denote by t? its Lie algebra. Note that

t?
F D t=tF :
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The dual of the Lie algebra t?
F can be identified with a subspace of t�, namely, the

annihilator t0F of tF ,

t0F WD f� 2 t�I h�; tF i D 0g � t�:

As in the proof of Theorem 3.56, we deduce that for every X 2 tF , the function
h
;Xi is constant along MF . The action of T

?
F on MF is Hamiltonian, and as

moment map we can take


? D 
jMF � ';
where ' is an arbitrary element in t� satisfying

h';Xi D h
.z/; Xi; 8z 2 MF ; X 2 tF :

Then,


?.MF / D F � ' � t0F D
�
t?
F

��
:

Since the action of T
?
F on MF is effective, we deduce 
?.MF / has nonempty

interior in t0F . Thus, the relative interior ofF�' as a subset of t0F � t� is nonempty,
and by duality we deduce that

F? D �t0F
�0 D tF :

This proves that TF is a torus of the same dimension as F ?, which is the
codimension of F .

Let us prove that

codimMF � 2 codimF D 2 dimF?:

Since the action of T is effective, we deduce that the action of T=StF on MF is
effective. Using Lemmas 3.59 and 3.57, we deduce that there exists a point z 2MF

such that its stabilizer with respect to the T=StF -action is finite. This means that
the stabilizer of z with respect to the T-action is a closed subgroup whose identity
component is TF , i.e., tz D tF .

We set Vz WD TzMF and we denote by Ez the orthogonal complement of Vz

in TzM with respect to a metric h on M equivariantly adapted to the Hamiltonian
action as in the proof of Theorem 3.52. Then, Ez is a complex Hermitian vector
space. Let m WD dimCEz, so that 2m D codimRMF . We will prove that

m � dimF? D dimTF :

The torus TF acts unitarily on Ez, and thus we have a morphism

TF 3 g ! Ag 2 U.m/ D Aut.Ez; h/:
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We claim that its differential

tF 3 X ! PAX D d

dt

ˇ
ˇ
ˇ
tD0AetX 2 u.m/ D T1U.m/

is injective.
Indeed, letX 2 tF n0. Then, z is a critical point of �X . Denote byHz the Hessian

of �Z at z. Arguing exactly as in the proof of (3.24), we deduce

Hz.u1; u2/ D !. PAXu1; u2/ D h.J PAXu1; u2/; 8u1; u2 2 Ez:

Since �X is a nonconstant Morse–Bott function, we deduce thatHzjEz ¤ 0, and thus
PAX ¤ 0. This proves the claim.

Thus the image OTF of TF in U.m/ is a torus of the same dimension as TF , and
since the maximal tori of U.m/ have dimensionm, we deduce

codimF D dimTF � m D 1

2
codimR .MF /:

If we apply (a) in the special case when F is a vertex of 
.M/ we deduce

dimM � dimMF D codimMF � 2 codimF D 2 dimT:

This proves (b). To prove (c) assume that dimM D 2 dimT. We deduce from the
inequality

dimM � dimMF � 2.dimT� dimF /;

we deduce

dimMF � 2 dimF:

On the other hand, we have an effective Hamiltonian action of the torus T
?
F D

T=STF on MF , and thus

dimMF � 2 dimT
?
F D 2 dimF:

To complete the proof of Theorem 3.61, we need to prove the connectivity
Lemma 3.62.

Proof of Lemma 3.62. For c1 < c2, we set

Mc2
c1
D fc1 � f � c2g; M c2 D ff � c2g; Mc1 D ff � c1g; Lc1 D ff D c1g:

For any critical submanifold S of f , we denote byEC
S (respectively,E�

S ) the stable
(respectively, unstable) part of the normal bundle of S spanned by eigenvectors of
the Hessian corresponding to positive/negative eigenvalues. Denote by DṠ the unit
disk bundle of EṠ with respect to some metric on EṠ .
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Since the Morse index and coindex of S are not equal to 1, we deduce that @DṠ

is connected. Thus, if we attachDṠ to a compact CW -complexX along @DṠ , then
the resulting space will have the same number of path components as X .

Let fmin WD minx2M f .x/ and fmax D maxx2M f .x/. Observe now that if " > 0,
then f f � fminC" g has the same number of connected components as ff D fming.

Indeed, if C1; : : : ; Ck are the connected components of f f D fmin g, then since
f is a Morse–Bott function, we deduce that for " > 0 sufficiently small the sublevel
set f f � fmin C " g is a disjoint union of tubular neighborhoods of the Ci ’s.

The manifold M is homotopic to a space obtained from the sublevel set f f �
fminC" g via a finite number of attachments of the above type. ThusM must have the
same number of components as f f Dfmin g, so that f f D fmin g is path connected.
We deduce similarly that for every regular value c of f the sublevel set Mc is
connected. The same argument applied to �f shows that the level set ff D fmaxg
is connected and the supralevel sets Mc are connected.

To proceed further, we need the following simple consequence of the above
observations:

Mc2
c1

is path connected if Lc1 is path connected: (3.26)

Indeed, if p0; p1 2Mc2
c1

, then we can find a path connecting them insideMc2 . If this
path is not in Mc2

c1
, then there is a first moment t0 when it intersects Lc1 and a last

moment t1 when it intersects this level set. Now choose a path ˇ in Lc1 connecting
�.t0/ to �.t1/. The path

p0
��! �.t0/

ˇ�! �.t1/
��! p1

is a path in Mc2
c1

connecting p0 to p1.
Consider the set

C WD ˚c 2 Œfmin; fmax�I Lc0 is path connected 8c0 � c� � R:

We want to prove that C D Œfmin; fmax�.
Note first that C ¤ ;, since fmin 2 C . Set c0 D supC . We will prove that

c0 2 C and c0 D fmax.
If c0 is a regular value of f , then Lc0 Š Lc0�" for all " > 0 sufficiently small, so

that Lc0 is path connected and thus c0 2 C .
Suppose c0 is a critical value of f . Since Lc0C" is path connected, we deduce

from (3.26) that Mc0C"
c0�" is path connected for all " > 0.

On the other hand, the level set Lc0 is a Euclidean neighborhood retract (see,
for example, [Do, IV.8] or [Ha, Theorem A.7]), and we deduce (see [Do, VIII.6] or
[Spa, Sect. 6.9]) that

lim�!"H
�.M c0C"

c0�" ;Q/ D H �.Lc0 ;Q/;
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whereH � denotes the singular cohomology.9 Hence,

H0.Lc0 ;Q/ D H0.M c0C"
c0�" ;Q/ D Q; 80 < "� 1:

Hence, Lc0 is path connected. This proves c0 2 C .
Let us prove that if c0 < fmax, then c0 C " 2 C , contradicting the maximality of

c0. Clearly this happens if c0 is a regular value, since in this case Lc0C" Š Lc0 Š
Lc0�", 80 < "� 1. Thus we can assume that c0 is a critical value.

Observe that sinceLc0 is connected, then no critical submanifold of f in the level
setLc0 is a local maximum of f . Indeed, if S were such a critical submanifold, then
because f is Bott nondegenerate, S would be an isolated path component of Lc0
and thusLc0 D S . On the other hand,Mc0 is path connected and thus one could find
a path inside this region connecting a point on S to a point on f f D fmax g. Since
c0 < fmax, this would contradict the fact S is a local maximum of f .

We deduce that for any critical submanifold S in Lc0 the rank of EC
S is at least

two, because it cannot be either zero or one. In particular, the Thom isomorphism
theorem implies that

H1.DC
S ; @D

C
S IZ=2/ D 0;

and this implies that

H1
�
Mc0C"
c0�" ; Lc0C"IZ=2

� Š H1.Mc0�";Mc0C"IZ=2/
Š
M

S

H1.DC
S ; @D

C
S IZ=2/ D 0;

where the summation is taken over all the critical submanifolds contained in the
level set Lc0 , the first isomorphism is given by excision, and the second from the
structural theorem, Theorem 2.44. The long cohomological sequence of the pair
.M c0C"

c0�" ; Lc0C"/ then implies that the morphism

H0.Mc0C"
c0�" ;Z=2/! H0.Lc0C";Z=2/

is onto. Using (3.26), we deduce thatH0.Mc0C"
c0�" ;Z=2/ D Z=2, so thatLc0C" is path

connected. ut
Theorem 3.63. Suppose .M;!/ is equipped with an effective Hamiltonian action
of the torus T with moment map 
 WM ! t�. Assume that

dimM D 2 dimT D 2m:
Then, any point � in the interior of 
.M/ is a regular value of 
, the fiber 
�1.�/
is connected and T-invariant, and the stabilizer of every point z 2 
�1.�/ is finite.

9The point of this emphasis is that only the singular cohomology H0 counts the number of path
components. Other incarnations of cohomology count only components.
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Proof. Fix an invariant almost complex structure J tamed by ! and denote by h
the associated metric. Let � 2 int
.M/ and z 2 
�1.�/. Denote by Tz the identity
component of Stz. To prove that z is a regular point of 
, it suffices to show that Stz

is finite, i.e., Tz D 1. We follow the approach in [Del, Lemme 2.4]. We argue by
contradiction and we assume that ` WD dimTz > 0.

Choose a vector Xz 2 tz, the Lie algebra of Tz, such that the one-parameter
subgroup fetXz/t2R is dense in Tz. The point z is a critical point of the Morse–Bott
function �Xz.x/ D h
.x/;Xzi. We denote by Vz the critical submanifold of �Xz that
contains z.

We have an effective Hamiltonian action of the torus T=Tz on Vz so that

dimVz � 2 dimT=Tz D 2.m� `/:

In particular, the orthogonal complement TzV
?

z of TzVz in TzMz has dimension
2d � 2`.

The Lie algebra tz ofTz is a subalgebra of t, and thus we have a natural surjection
� W t� ! t�

z . The action of Tz on M is Hamiltonian with moment map


z WM 
! t� �! t�
z :

We have an action of Tz on TzM

v � eX D e PAX v; 8v 2 TzM; X 2 tz;

where X 7! PAX is a linear map tz ! soJ .TzM/, where we recall that soJ .TzM/

denotes the space of skew-symmetric endomorphisms of TzM that commute
with J . This action is trivial on the subspace TzVz � TzM .

For X 2 tz, we set BX WD J PAX . Clearly BX commutes with BY for any X;
Y 2 tz. Thus the operators .BX/X2tz can be simultaneously diagonalized. Hence,
we can find an orthonormal basis

e1; e2; : : : ; e2m�1; e2m

of TzM and linear maps
w1; : : : ;wd W tz ! R

such that
J e2k�1 D e2k; 8k D 1; : : : ; m;

e1; : : : ; e2d is an orthonormal basis of TzV
?

z ,

BXe2k�1 D wk.X/e2k�1; BXe2k D wk.X/e2k; 8k D 1; : : : ; d;
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and
BXej D 0; 8j D 2d C 1; : : : ; 2m:

Using Theorem 3.60, we can find a Tz-invariant neighborhood U0 of 0 2 TzM ,
a Tz-invariant neighborhood Uz of z in M and a Tz-equivariant diffeomorphism
� W U0 ! Uz such that

�X
�
�.u/

� D 
z.z/C 1

2
h.BXu; u/; 8X 2 tz; u 2 U0:

Fix a basis X1; : : : ; X` of tz, and denote by X�
1 ; : : : ; X

�̀ the dual basis of t�
z .

Note that

wk D
X̀

iD1
wk.Xi/X

�
i ; 8k D 1; : : : ; d:

For any u 2 TzM and k D 1; : : : ; m, denote by uk the component of u along the
subspace spanned by e2k�1; e2kg. We deduce that for any u 2 U0, we have


z
�
�.u/

� D
X̀

iD1

1

2

 
dX

kD1
wk.Xi /jukj2

!

X�
i :

D 1

2

dX

kD1
juk j2

 
X̀

iD1
wk.Xi/X

�
i

!

D 1

2

dX

kD1
jukj2wk:

Hence, the image of Uz via the moment map 
z W M ! t�
z is a neighborhood of


z.z/ in the affine cone

Cz D 
z.z/C C.w1; : : : ;wk/; C.w1; : : : ;wk/ WD
(

dX

kD1
skwk I sk � 0

)

� t�
z :

Since d � `, we deduce that the cone C.w1; : : : ;wd / is strictly contained in t�
z

and thus 
z.z/ cannot be a point in the relative interior of 
z.M/. We reached a
contradiction because


z.M/ D ��
.M/
�
;

and 
z.z/ D �.�/, where � is in the relative interior of 
.M/.
Hence 
�1.�/ is a smooth submanifold of M of codimension equal to

mD dimT. Choose a basis X1; : : : ; Xn of t such that for every i D 1; : : : ; m
the hyperplane

Hi WD
˚
� 2 t�I h�;Xi i D �i WD h�;Xii

�
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does not contain10 any of the vertices of 
.M/. Corollary 3.58 shows that this
condition is equivalent to the requirement that �i be a regular value of �i WD �Xi ,
8i D 1; : : : ; n. The fiber 
�1.�/ is, therefore, the intersection of regular level sets
of the functions �i ,


�1.�/ D ˚z 2 M I �i .z/ D �i ; 8i D 1; : : : ; n
� D

n\

iD1
f�i D �ig:

Since f�i ; �j g D 0, 8i; j , we deduce from Corollary 3.39 that �i is constant along
the trajectories of X[

j D r!�j . This proves that any intersection of level sets of �i ’s

is a union of flow lines of all of the X[
j ’s. Hence 
�1.�/ is T-invariant.

For k D 1; : : : ; m set

Mk WD
˚
z 2M I �i D �i ; 8i D 1; : : : ; k

�
:

Denote by Tk � T the k-dimensional closed subtorus generated by

˚
eti Xi I i � k; ti 2 Rg:

We will prove by induction on k that Mk is connected.
For k D 1, this follows from the connectivity lemma as M1 is the level set of the

Morse–Bott function �1 whose Morse indices and coindices are all even.
Assume now thatMk is connected. We will prove thatMkC1 is connected as well.
Since MkC1 is a level set of �kC1jMk

, it suffices to show that the restriction of
�kC1jMk

is a Morse–Bott function whose Morse indices and coindices are all even.
For notational simplicity, we set � WD �kC1jMk

Observe first that since �i is T-invariant, its critical set is also T-invariant.
Suppose z 2 Mk is a critical point of �. This means that there exist scalars
	1; : : : ; 	k 2 R such that

d�kC1.z/ D
kX

iD1
	id�i .z/” X[

kC1.z/ �
kX

iD1
	iX

[
i .z/ D 0:

Thus if we set

X WD XkC1 �
kX

iD1
	iXi ;

we deduce that z is a fixed point of TX . Denote by Cz the component of FixTX .M/

containing z. Then, Cz is a nondegenerate critical submanifold of �X .

10The space of hyperplanes containing � and a vertex v of 
.M/ is rather “thin.” The normals of
such hyperplanes must be orthogonal to the segment Œ�; v�, so that a generic hyperplane will not
contain these vertices.
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Lemma 3.64. Cz intersects Mk transversally.

Let us take the lemma for granted. Set Cz;k WD Cz \Mk . We then have11

TCz;kMk Š TCzM;

so that Cz;k is a nondegenerate critical submanifold of �X jMk
with the same index

and coindex as the critical submanifold Cz of �X WM ! R. Since

�X D �kC1 �
kX

iD1
	i �i ;

we deduce that �X jMk
� �kC1jMk

D const so that Cz;k is a nondegenerate critical
submanifold of �kC1jMk

with even index and coindex. Thus, to complete the proof
of Theorem 3.63, it suffices to prove Lemma 3.64.

Proof of Lemma 3.64. It suffices to show that Cz andMk intersect transversally at z.
Thus we need to prove that

.TzMk/
? \ .TzCz/

? D 0;

where the orthogonal complements are defined in terms of a metric h equivariantly
tamed by !. Denote by J the associated almost complex structure. Observe that

.TzMk/
? D span

R
frh�i .z/I i D 1; : : : ; kg D J span

R
fX[

i .z/I i D 1; : : : ; kg:

Since J is T-invariant, we deduce that LX[J D 0, and since ŒX[; X[
i � D ŒX;Xi �

[

D 0, we deduce that
LX[.JX

[
i / D J.LX[X[

i / D 0:
Corollary 3.55 implies that JXi 2 TzCz, so that .TzMk/

? � TzCz, and therefore

.TzMk/
? \ .TzCz/

? D 0: ut

Definition 3.65. A toric symplectic manifold is a symplectic manifold .M;!/

equipped with an effective Hamiltonian action of a torus of dimension 1
2

dimM . ut

11We are using the following sequence of canonical isomorphisms of vector bundles over Cz;k :

TCz;kMk WD TMk=TCz;k D TMk=.TMk \ TCz/ Š .TM C TCz/=TCz;

TCzM WD TM=TCz D .TM C TCz/=TCz:
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Theorem 3.66. Suppose .M;!/ is a toric symplectic manifold of dimension on 2m.
We denote by T them-dimensional torus acting onM and by 
 the moment map of
this action. Then, the following hold:

(a) For every face F of 
.M/, the submanifoldMF D 
�1.F / is a toric manifold
of dimension 2 dimF .

(b) For every � in the interior of 
.M/, the fiber M� D 
�1.�/ is diffeomorphic
to T.

Proof. As in Theorem 3.61, we set

StF WD fg 2 TI gx D x; 8x 2MF g:

Theorem 3.61 shows that StF is a closed subgroup of T and

dim StF D codimF D m � dimF:

Thus, T? D T=StF is a torus of dimensionMF acting effectively on the symplectic
manifoldMF of dimension 2.m� k/.

For part (b) observe that M� is a connected T-invariant submanifold of M of
dimensionm. Let O denote an orbit of T onM�. Then, O is a compact subset ofM�.
Denote by G the stabilizer of a point in O, so that

O D T=G:

On the other hand, by Theorem 3.63, G is a finite group, and since dimT D m D
dimM�, we deduce that the orbit O is an open subset ofM�. HenceO D M� because
O is also a closed subset of M� and M� is connected. The isomorphism O D T=G

shows that M� is a finite (free) quotient of T so that M� Š T. ut
Remark 3.67. Much more is true. A result of Delzant [Del] shows that the image of
the moment map of a toric symplectic manifold completely determines the manifold,
uniquely up to an equivariant symplectic diffeomorphism. ut
Example 3.68 (A toric structure on CP

2). Consider the action of the 2-torus T D
S1 � S1 on CP

2 described in Example 3.50. More precisely, we have

Œz0; z1; z2� � .eit1 ; eit2 / D 
e�i.t1Ct2/z0; eit1z1; eit2z2
�

D 
z0; e.2t1Ct2/iz1; e.t1C2t2/iz2
�
; (3.27)

with Hamiltonian function


.Œz0; z1; z2�/ D 1

jzj2 .jz0j
2; jz1j2; jz2j2/� 1

3
.1; 1; 1/ 2 t:

Set b WD 1
3
.1; 1; 1/.
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This action is not effective because the subgroup

G D f.�; �/ 2 TI �3 D 1g Š Z=3

acts trivially. To obtain an effective action we need to factor out this subgroup and
look at the action of T2=G. We will do this a bit later.

The Lie algebra of T is identified with the subspace

t D ˚w 2 R
3I w0 C w1 C w2 D 0

�
:

The vector w 2 t generates the Hamiltonian flow

˚�
t .Œz0; z1; z2�/ D Œeiw0t z0; eiw1tz1; eiw2t z2�

with Hamiltonian function

�w D w0jz0j2 C w1jz1j2 C w2jz2j2
jzj2 :

We can now explain how to concretely factor out the action of G. This is done in
two steps as follows.

Step 1. Construct a smooth surjective morphism of two-dimensional tori ' W T !
T0 such that ker' D G.

Step 2. Define a new action of T0 on CP
2 by setting

Œz0; z1; z2� � g D Œz0; z1; z2� � '�1.g/; g 2 T0;

where '�1.g/ denotes an element h 2 T such that '.h/ D g. The choice of h is
irrelevant since two different choices differ by an element in G which acts trivially
on CP

2.

Step 1 does not have a unique solution, but formula (3.27) already suggests one.
Define

' W T! T0 D S1 � S1; T 3 .eit1 ; eit2 / 7�! �
ei.2t1Ct2/; ei.t1C2t2/� 2 T0:

To find its “inverse”, it suffices to find the inverse of A D D'j1 W t! t0. Using the
canonical bases of T given by the identifications T D S1 � S1 D T0, we deduce

A D
�
2 1

1 2

�
; A�1 D 1

3

�
2 �1
�1 2

�
;

and

T0 3 .eis1 ; eis2 /
'�1

7�!
�

ei.2s1�s2/=3 ; ei.�s1C2s2/=3
�
2 T:
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The action of T0 on CP
2 is then given by

Œz0; z1; z2� � .eis1 ; eis2 / D
h
e�.s1Cs2/i=3z0 ; e.2s1�s2/i=3z1 ; e.�s1C2s2/i=3z2

i

D 
z0 ; es1iz1 ; es2iz2
�
: (3.28)

Note that

t0 3 @s1
A�1

7�! w1 D 1

3

0

B
@�1; 2; �1„ƒ‚…

1st column of A�1

1

C
A 2 t;

and

t0 3 @s2
A�1

7�! w2 D 1

3

0

B
@�1; �1; 2„ƒ‚…

2nd column of A�1

1

C
A 2 t:

The vector @si generates the Hamiltonian flow �i
t D ˚wi

t with Hamiltonian function
�i WD �wi . More explicitly,

�1 D �jz0j
2 C 2jz1j2 � jz2j2

3jzj2 ; �2 D �jz0j
2 � jz1j2 C 2jz2j2

3jzj2 :

Using the equality jzj2 D jz0j2 C jz1j2 C jz2j2, we deduce12

�i D jzi j
2

jzj2 �
1

3
; i D 1; 2:

We can thus take as moment map of the action of T0 on CP
2 the function

�.Œz0; z1; z2�/ D .�1; �2/; �i D �i C 1

3

because the addition of a constant to a function changes neither the Hamiltonian
flow it determines nor the Poisson brackets with other functions.

For the equality (3.28), we deduce that the fixed points of this action are

P0 D Œ1; 0; 0�; P1 D Œ0; 1; 0�; P2 D Œ0; 0; 1�:

Set �i D �.Pi /, so that

�0 D .0; 0/; �1 D .1; 0/; �2 D .0; 1/:

12Compare this result with the harmonic oscillator computations in Example 3.46.
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The image of the moment map 
 is the triangle 
 in t0 with vertices �0�1�2.
Denote by Ei the edge of 
 opposite the vertex �i . We deduce that ��1.Ei / is
the hyperplane in CP

2 described by z0 D 0.
As explained in Theorem 3.61, the line `i through the origin of t and perpendic-

ular to Ei generates a one-dimensional torus TEi and Ei D FixTEi
.CP2/. We have

TE0 D f.esi; esi/I s 2 Rg; TE1 D f.1; esi/I s 2 Rg; TE2 D
˚
.esi; 1/I s 2 R

�
:

Observe that the complex manifold

X WD ��1�int
/ D CP
2
/�


�1.E0/ [ 
�1.E1/[ 
�1.E2/
�

is biholomorphic to the complexified torus T
c
0 D C

� � C
� via the T0-equivariant

map

X 3 Œz0; z1; z2� ˚7�! .�1; �2/ D .z1=z0; z2=z1/ 2 C
� � C

�:

For � D .�1; �2/ 2 int .
/, we have

��1.�/ D ˚Œ1; z1; z2� 2 CP
2I jzi j2 D �i .1C jz1j2 C jz2j2

�

D ˚Œ1; z2; z2�I jzi j2 D ri
�
; ri D �i .�1 C �2/

1 � .�1 C �2/ :

This shows what happens to the fiber ��1.�/ as � approaches one of the edges Ei .
For example, as � approaches the edge E1 given by �1 D 0, the torus ��1.�/ is
shrinking in one direction since the codimension one cycle jz1j2 D r1 on ��1.�/
degenerates to a point as �! 0. ut

3.6 S 1-Equivariant Localization

The goal of this section is to prove that the Morse–Bott functions determined by
the moment map of a Hamiltonian torus action are perfect. We will use the strategy
in [Fra] based on a result of Conner (Corollary 3.85) relating the Betti numbers of
a smooth manifold equipped with a smooth S1-action to the Betti numbers of the
fixed point set.

To prove Conner’s result we use the equivariant localization theorem of Atiyah
and Bott [AB2] which will require a brief digression into S1-equivariant cohomol-
ogy. For simplicity we write H �.X/ WD H �.X;C/ for any topological space X .

Denote by S1 the unit sphere in an infinite dimensional, separable, complex
Hilbert space. It is well-known (see e.g., [Ha, Example 1.B.3]) that S1 is
contractible. Using the identification

S1 D ˚z 2 CI jzj D 1�
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we see that there is a tautological right free action of S1 on S1. The quotient
BS1 WD S1=S1 is the infinite dimensional complex projective space CP1.

Its cohomology ring with complex coefficients is isomorphic to the ring of
polynomials with complex coefficients in one variable of degree 2,

H �.BS1/ Š CŒ� �; deg � D 2:
We obtain a principal S1-bundle S1 ! BS1. To any principal S1-bundle S1 ,!
P � B and any linear representation � W S1 ! Aut.C/ D C

�, we can associate a
complex line bundle L� ! B whose total space is given by the quotient

P �� C D .P � C/=S1;

where the right action of S1 on P � C is given by

.p; �/ � ei' WD .p � ei'; �.e�i'/�/; 8.p; �/ 2 P � C; ei' 2 S1:
L� is called the complex line bundle associated with the principal S1-bundle P �
B and the representation �. When � is the tautological representation given by the
inclusion S1 ! C

�, we will say simply thatL is the complex line bundle associated
with the principal S1-bundle.

Example 3.69. Consider the usual action of S1 on S2nC1 � C
nC1. The quotient

space is CPn and the S1-bundle S2nC1 ! CP
n is called the Hopf bundle. Consider

the identity morphism

�1 W S1 ! S1 � Aut.C/; eit 7! eit :

The associated line bundle

S2nC1 ��1 C! CP
n

can be identified with the tautological line bundle Un ! CP
n.

To see this, note that we have an S1-invariant smooth map

S2nC1 � C! CP
n � C

nC1;

given by

S2nC1 � C 3 .z0; : : : ; zn; z/ 7! .Œz0; : : : ; zn�; .zz0; : : : ; zzn/ /

which produces the desired isomorphism between S2nC1 ��1 C and the tautological
line bundle Un.

More generally, for every integer m we denote by O.m/! CP
n the line bundle

associated with the Hopf bundle and the representation

��m W S1 ! S1; eit 7! e�mit :

Thus, O.�1/ Š Un.
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Observe that the sections of O.m/ are given by smooth maps

� W S2nC1 ! C

satisfying

�.eitv/ D emit �.v/:

Thus, if m � 0, and P 2 CŒz0; : : : ; zn� is a homogeneous polynomial of degree m,
then the smooth map

S2nC1 3 .z0; : : : ; zn/ 7! P.z0; : : : ; zm/

defines a section of O.m/. ut
We denote by U1 ! BS1 the complex line bundle associated with the

S1-bundle S1 ! BS1. The space BS1 is usually referred to as the classifying
space of the group S1, while U1 is called the universal line bundle. To explain the
reason behind this terminology, we need to recall a few classical facts.

To any complex line bundle L over a CW -complex X , we can associate a
cohomology class e.L/ 2 H2.X/ called the Euler class of L. It is defined by

e.L/ WD i��L;

where i W X ! L denotes the zero section inclusion, DL denotes the unit disk
bundle of L, and �L D H2.DL; @DLIC/ denotes the Thom class of L determined
by the canonical orientation defined by the complex structure on L.

The Euler class is natural in the following sense. Given a continuous map f W
X ! Y between CW -complexes and a complex line bundle L! Y , then

e.f �L/ D f �e.L/;

where f �L! X denotes the pullback of L! Y via f .
Often the following result is very useful in determining the Euler class.

Theorem 3.70 (Gauss–Bonnet–Chern). SupposeX is a compact oriented smooth
manifold, L ! X is a complex line bundle over X , and � W X ! L is a smooth
section of L vanishing transversally. This means that near a point x0 2 ��1.0/, the
section � can be represented as a smooth map � W X ! C that is a submersion at
x0. Then S WD ��1.0/ is a smooth submanifold of X . It has a natural orientation
induced from the orientation of TX and the canonical orientation of L via the
isomorphism

LjS Š .TX/jS=TS:
Then, ŒS� determines a homology class that is Poincaré dual to e.L/. ut

For a proof, we refer to [BT, Proposition 6.24].



170 3 Applications

Example 3.71. The Euler class of the line bundle O.1/ ! CP
n is the Poincaré

dual of the homology class determined by the zero set of the section described in
Example 3.69. This zero set is the hyperplane

H D ˚Œz0; z1; : : : ; zn�I z0 D 0
�
:

Its Poincaré dual is the canonical generator of H �.CPn/. ut
The importance of BS1 stems from the following fundamental result [MS,

Sect. 14].

Theorem 3.72. Suppose X is a CW -complex. Then for every complex line bundle
L ! X , there exist a continuous map f WX!BS1 and a line bundle isomorphism
f �

U1 Š L. Moreover,

e.L/ D f �e.U1/ D �f �.�/ 2 H2.X/;

where � is the canonical generator13 of H2.CP1/. ut
The cohomology of the total space of a circle bundle enters into a long exact

sequence known as the Gysin sequence. For the reader’s convenience we include
here the statement and the proof of this result.

Theorem 3.73 (Gysin). Suppose S1 ,! P
�! B is a principal S1-bundle over

a CW -complex. Denote by L ! B the associated complex line bundle and by
e D e.L/ 2 H2.B;C/ its Euler class. Then, we have the following long exact
sequence:

� � � ! H �.P / �Š�! H ��1.B/ e[��! H �C1.B/ ��

�! H �C1.P /! � � � : (3.29)

The morphism �Š W H �.P /! H ��1.B/ is called the Gysin map.

Proof. Denote by DL the unit disk bundle of L determined by a Hermitian metric
on L. Then , @DL is isomorphic as an S1-bundle to P . Denote by i W B ! L the
zero section inclusion. We have a Thom isomorphism

iŠ W H �.B/! H �C2.DL; @DL/;

H �.B/ 3 ˇ 7! �L [ ��ˇ 2 H �C2.DL; @DL/:

Consider now the following diagram, in which the top row is the long exact coho-
mological sequence of the pair .DL; @DL/, all the vertical arrows are isomorphisms,
and r; q are restriction maps (i.e., pullbacks by inclusions)

13The minus sign in the above formula comes from the fact that the Euler class of the tautological
line bundle over CP

1 Š S2 is the opposite of the generator of H2.CP1/ determined by the
orientation of CP1 as a complex manifold.
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q! H �.@DL/ H �C1.DL; @DL/ H �C1.DL/
q!

H �.P / H ��1.B/ H �C1.B/

�ı �r

�
i�

�
j

�
iŠ

The bottom row can thus be completed to a long exact sequence, where the
morphismH ��1.B/! H �C1.B/ is given by

i�riŠ.˛/ D i�.�L [ ��˛/ D i�.�L/[ i���.˛/ D e [ ˛; 8˛ 2 H ��1.B/: ut

Definition 3.74. (a) We define a left (respectively, right) S1-space to be a topo-
logical space X together with a continuous left (respectively, right) S1-action.
The set of orbits of a left (respectively, right) action is denoted by S1nX
(respectively,X=S1).

(b) An S1-map between left S1-spaces X; Y is a continuous S1-equivariant map
X ! Y .

(c) If X is a left S1-space, we define

XS1 WD .S1 �X/=S1;

where the right-action of S1 on PX WD .S1 �X/ is given by

.v; x/ � eit WD .v � eit ; e�it x/; 8.v; x/ 2 S1 �X; t 2 R:

(d) We define the S1-equivariant cohomology of X to be

H �
S1
.X/ WD H �.XS1/: ut

Remark 3.75 (Warning!). Note that to any left-action of a group G on a set S ,

G �X ! S; .g; s/ 7�! g � s;

there is an associated right-action

S �G ! S; .s; g/ 7! s ı g WD g�1 � s:

We will refer to it as the right-action dual to the left-action. Note that these two
actions have the same sets of orbits, i.e.,

GnS D S=G:

If S is a topological space and the left-action of G is continuous, then the spaces
S=G and GnS with the quotient topologies are tautologically homeomorphic.
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The differences between right- and left-actions tend to be blurred even more
when the groupG happens to be Abelian, because in this case there is another right-
action

S �G ! S; .s; g/ 7! s � g D g � s:
The ı and � actions are sometimes confused leading to sign errors in computations
of characteristic classes. ut

In the sequel we will work exclusively with left S1-spaces, and therefore we will
refer to them simply as S1-spaces.

The natural S1-equivariant projection S1�X ! S1 induces a continuous map

� W XS1 ! BS1:

We denote by LX the complex line bundle ��
U1 ! XS1 .

Proposition 3.76. LX is isomorphic to the complex line bundle associated with the
principal S1-bundle

S1 ,! PX ! XS1

Proof. Argue exactly as in Example 3.69. ut
We set z WD e.LX/ 2 H2.XS1/. The [-product with z defines a structure of a

CŒz�-module on H �
S1
.X/. In fact, when we think of the equivariant cohomology of

an S1-space, we think of a CŒz�-module because it is through this additional structure
that we gain information about the action of S1.

The module H �
S1
.X/ has a Z=2-grading given by the parity of the degree of a

cohomology class, and the multiplication by z preserves this parity. We denote by
H˙
S1
.X/ its even/odd part. Let us point out that H �

S1
.X/ is not Z-graded as a CŒz�-

module.
Any S1- map between S1-spaces f W X ! Y induces a morphism of CŒz�-

modules

f � W H �
S1
.Y /! H �

S1
.X/;

and given any S1-invariant subset Y of an S1-space X , we obtain a long exact
sequence of CŒz�-modules

� � � ! H �
S1
.X; Y /! H �

S1
.X/! H �

S1
.Y /

ı! H �C1
S1

.X; Y /! � � � ;

where

H �
S1
.X; Y / WD H �.XS1; YS1/:

Moreover, any S1-maps that are equivariantly homotopic induce identical maps in
equivariant cohomology.

Example 3.77. (a) Observe that if X is a point �, then

H �
S1
.�/ Š H �.BS1/ D CŒ� �:
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Any S1-space X is equipped with a collapse map cX W X ! f�g that induces a
morphism

c�
X W CŒ� �! H �

S1
.X/:

We see that c�
X induces the canonical CŒz�-module structure on H �

S1
.X/, where

z D c�
X.��/.

(b) Suppose that S1 acts trivially on X . Then,

XS1 D BS1 �X; H �
S1
.X/ Š H �.BS1/˝H �.X/ Š CŒ� �˝H �.X/

and z D �� . Hence H �
S1
.X/ is a free CŒz�-module.

(c) Suppose X is a left S1-space such that S1 acts freely on X . The natural map
.S1 �X/! X is equivariant (with respect to the right-action on S1 �X and
the dual right-action on X ) and induces a map

XS1 D .S1 �X/=S1 ! X=S1:

If X and X=S1 are reasonable spaces (e.g., are locally contractible), then the
map � W XS1 ! X=S1 is a fibration with fiber S1. The long exact homotopy
sequence of this fibration shows that � is a weak homotopy equivalence and thus
induces an isomorphism in homology (see [Ha, Proposition 4.21]). In particular,
H �
S1
.X/ Š H �.X=S1/.

If e.X=S1/ denotes the Euler class of the S1-bundle X ! X=S1, then the
multiplication by z is given by the cup product with e.X=S1/. In particular, z is
nilpotent. For example, if

X D S2nC1 D
(

.z0; z1; : : : ; zn/ 2 C
nC1I

X

k

jzk j2 D 1
)

;

and the action of S1 is given by

eit � .z0; : : : ; zn/ D
�
eit z0; : : : ; e

itzn
�
;

then X=S1 D CP
n and

H �
S1
.X/ D H �.CPn/ Š CŒz�=.znC1/; deg z D 2:

(d) For every nonzero integer k, denote by ŒS1; k� the circle S1 equipped with the
action of S1 given by

S1 � ŒS1; k� 3 .z; u/ 7! zk � u:

Equivalently, we can regard ŒS1; k� as the quotient S1=Z=k equipped with the
natural action of S1. We want to prove that

H �
S1
.ŒS1; k�/ D H0.�/ D C;



174 3 Applications

where � denotes a space consisting of a single point. We have a fibration

Z=k ,! .S1 � S1/=S1
„ ƒ‚ …

WDL1

�� .S1 � ŒS1; k�/=S1
„ ƒ‚ …

WDLk
:

In other words, L1 is a cyclic covering space of Lk .
Note that L1 Š S1 is contractible and

H �.Lk/ D H �
S1
.ŒS1; k�/:

We claim that

Hm.Lk;C/ D 0; 8m > 0; (3.30)

so that H �
S1
.ŒS1; k�/ D H0.�/ D C.

To prove the claim, observe first that the action of Z=k induces a free action
on the set of singular simplices inL1 and thus a linear action on the vector space
C�.L1;C/ of singular chains in L1 with complex coefficients. We denote this
action by

Z=k � c 3 .�; c/ 7! � ı c:
We denote by NC�.L1;C/ the subcomplex of C�.L1;X/ consisting of Z=k-
invariant chains.

We obtain by averaging a natural projection,

a WD C�.L1;C/! NC�.L1;C/; c 7�! a.c/ WD 1

k

X

�2Z=k
� ı c:

This defines a morphism of chain complexes

a W C�.L1;C/! C�.L1;C/;

with image NC�.L1;C/.
Each singularm-simplex � in Lk admits precisely k-lifts to L1,

Q�1; : : : ; Q�k W 
m ! L1:

These lifts form an orbit of the Z=k action on the set of singular simplices in
L1. We define a map

Cm.Lk;C/! Cm.L1;C/; c D
X

˛

z˛�˛ 7! Oc D
X

˛

z˛ O�˛;

where

O� WD 1

k

kX

iD1
Q�i ; 8� W 
m! Lk:
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Clearly Oc is Z=k-invariant and

b@c D @ Oc:

We have thus produced a morphism of chain complexes

�Š W C�.Lk;C/! NC�.L1;C/; c 7! Oc:
Denote by �� the morphism of chain complexes C�.L1;C/ ! C�.Lk;C/
induced by the projection � W L1 ! Lk . Observe that

�Š ı �� D a:

This shows that the restriction of the morphism�� to the subcomplex NC�.L1;C/
of invariant chains is injective.

Suppose now that c is a singular chain in Cm.Lk;Z/ such that @c D 0. Then

�� Oc D c; ��.@ Oc/ D @�� Oc D @c D 0:
Since @ Oc is an invariant chain and �� is injective on the space of invariant chains
we deduce @ Nc D 0.

On the other hand, L1 is contractible, so there exists Ou 2 Cm�1.L1;C/ such
that @Ou D Oc. Thus,

c D �� Oc D ��@Ou D @�� Ou:
This shows that everym-cycle in Lk is a boundary.

(e) Suppose X D C and S1 acts on X via

S1 �C 3 .eit ; z/ 7! e�mit z:

Then, XS1 is the total space of the complex line bundle O.m/! CP
1. ut

Remark 3.78. The spaces Lk in Example 3.77(c) are the Eilenberg–Mac Lane
spaces K.Z=k; 1/, while BS1 is the Eilenberg–Mac Lane space K.Z; 2/. We have
(see [Ha, Example 2.43])

Hm.Lk;Z/ D
8
<

:

Z if m D 0;
0 if m is even and positive,

Z=k if m is odd.
ut

We will say that a topological space X has finite type if its singular homology
with complex coefficients is a finite dimensional vector space, i.e.,

X

k

bk.X/ <1:

An S1-space is said to be of finite type, if its equivariant cohomology is a finitely
generated CŒz�-module.
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Proposition 3.79. If X is a reasonable space (e.g., a Euclidean neighborhood
retract, ENR14) and X has finite type, then for any S1-action on X the resulting
S1-space has finite type.

Proof. XS1 is the total space of a locally trivial fibration

X ,! XS1 � BS1

and the cohomology of XS1 is determined by the Leray–Serre spectral sequence of
this fibration whose E2-term is

E
p;q
2 D Hp.BS1/˝Hq.X/:

The complex E2 has a natural structure of a finitely generated CŒz�-module.
The class z lives in E2;0

2 , so that d2z D 0. Since the differential d2 is an odd
derivation with respect to the [-product structure onE2 (see [BT, Theorem 15.11]),
we deduce that d2 commutes with multiplication by z, so that d2 is a morphism
of CŒz�-modules. Hence the later terms Er of the spectral sequence will be finitely
generated CŒz�-modules since they are quotients of submodules of finitely generated
CŒz�-modules. If we let r > 0 denote the largest integer such that br .X/ ¤ 0, we
deduce that

ErC1 D ErC2 D � � � D E1:

Hence E1 is a finitely generated CŒz�-module. This proves that H �
S1
.X/ is an

iterated extension of a finitely generated CŒz�-module by modules of the same type.
ut

The finitely generated CŒz�-modules have a simple structure. Any such module
M fits in a short (split) exact sequence of CŒz�-modules

0!Mtors !M !Mfree ! 0:

IfM is Z=2-graded, and z is even, then there are induced Z=2-gradings inMfree and
Mtors, so that the even/odd parts of the above sequence are also exact sequences.

The free part Mfree has the form˚riD1CŒz�, where the positive integer r is called
the rank of M and is denoted by rankCŒz�M . The classification of finitely generated
torsion CŒz�-modules is equivalent to the classification of endomorphisms of finite
dimensional complex vector spaces according to their normal Jordan form.

If T is a finitely generated torsion CŒz�-module, then as a C-vector space T is
finite dimensional. The multiplication by z defines a C-linear map

Az W T ! T; T 3 t 7! z � t:

14For example, any compact CW -complex is an ENR or the zero set of an analytic map F W Rn !
R
m is an ENR. For more details we refer to the appendix of [Ha].
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Denote by Pz.	/ the characteristic polynomial of Az, Pz.	/ D det.	1T � Az/. The
support of T is defined by

suppT WD ˚a 2 CI Pz.a/ D 0g:
For a free CŒz�-module M , we define suppM WD C. For an arbitrary CŒz�-module
M , we now set

suppM D suppMtors [ suppMfree:

Thus a finitely generatedCŒz�-moduleM is torsion if and only if its support is finite.
Note that for such a module, we have the equivalence

suppM D f0g” 9n 2 Z>0 W zn �m D 0; 8m 2 M:
We say that a CŒz�-module M is negligible if it is finitely generated
and suppM D f0g. Similarly, an S1-space X is called negligible if it has finite
type andH �

S1
.X/ is a negligible CŒz�-module

suppM D f0g:
The negligible modules are pure torsion modules. Example 3.77 shows that if the
action of S1 on X is free and of finite type, then X is negligible, while if S1 acts
trivially on X , thenH �

S1
.X/tors D 0.

For an S1-action on a compact smooth manifoldM the equivariant localization
theorem of A. Borel [Bo] and Atiyah–Bott [AB2] essentially says that the free part
of H �

S1
.M/ is due entirely to the fixed point set of the action.

Theorem 3.80. Suppose S1 acts smoothly and effectively on the compact smooth
manifoldM . Denote by F D FixS1.M/ the fixed point set of this action,

F D ˚x 2M I eit � x D x; 8t 2 R
�
:

Then, the kernel and cokernel of the morphism i� W H �
S1
.M/ ! H �

S1
.F / are

negligible CŒz�-modules. In particular,

rankCŒz�H
˙
S1
.M/ D dimCH

˙.F /; (3.31)

where for any topological space X we set

H˙.X/ WD
M

kDeven=odd

Hk.X/:

Proof. We follow [AB2], which is in essence a geometrical translation of the
spectral sequence argument employed in [Bo,Hs]. We equipM with an S1-invariant
metric, so that S1 acts by isometries. Arguing as in the proof of Lemma 3.54,
we deduce that F is a (possibly disconnected) smooth submanifold of M . To
proceed further, we need to use the following elementary facts.
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Lemma 3.81. (a) If A
f! B

g! C is an exact sequence of finitely generated CŒz�-
modules, then

suppB � suppA [ suppC: (3.32)

In particular, if the sequence 0 ! A ! B ! C ! 0 is exact and two of the
three modules in it are negligible, then so is the third.

(b) Suppose f W X ! Y is an equivariant map between S1-spaces of finite type
such that Y is negligible. Then, X is negligible as well. In particular, if X is a
finite type S1-space that admits an S1-map f W X ! ŒS1; k�, k > 0, then X is
negligible.

(c) Any finite type invariant subspace of a negligible S1-space is negligible.
(d) If U and V are negligible invariant open subsets of an S1 space, then their

union is also negligible.

Proof. Part (a) is a special case of a classical fact of commutative algebra, [S, I.5].
For the reader’s convenience, we present the simple proof of this special case.
Clearly the inclusion (3.32) is trivially satisfied when either Afree or Cfree is
nontrivial. Thus, assume A D Ators and C D Ctors. Observe that we have a
short exact sequence

0! kerf ! B ! Img ! 0: (3.33)

Note that supp kerf � suppA and supp Img � suppC . We then have an
isomorphism of vector spaces

B Š kerf ˚ Img:

Denote by ˛z the linear map induced by multiplication by z on kerf , by ˇz the
linear map induced on B , and by �z the linear map induced on Img. Using the
exactness (3.33), we deduce that ˇz, regarded as a C-linear endomorphism of
kerf ˚ Img, has the upper triangular block decomposition

ˇz D
�
˛z �
0 �z

�
;

where � denotes a linear map Img! kerf . Then,

det.	1 � ˇz/ D det.	1� ˛z/ det.	1 � �z/;

which shows that

suppB D supp kerf [ supp Img � suppA[ suppC:

(b) Consider an S1-map f W X ! Y . Note that cX D cY ı f , and we have a
sequence
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CŒ� � D H �
S1
.�/ c�

Y�! H �
S1
.Y /

f �

�! H �
S1
.X/:

On the other hand, since suppH �
S1
.Y / D f0g, we deduce that c�

Y .�/
n D 0 for

some positive integer n. We deduce that c�
X.�/ D 0, so that suppH �

S1
.X/ D f0g.

If Y D ŒS1; k�, then we know from Example 3.77(c) that suppH �
S1
.Y / D f0g.

(c) If U is an invariant subset of the negligible S1-space X , then applying (b) to
the inclusion U ,! X we deduce that U is negligible.

(d) Finally, if U; V are negligible invariant open subsets of the S1-space X , then
the Mayer–Vietoris sequence yields the exact sequence

H ��1
S1

.U \ V /! H �
S1
.U [ V /! H �

S1
.U /˚H �

S1
.V /:

Part (c) shows that U \ V is negligible. The claim now follows from (a). ut
Our next result will use Lemma 3.81 to produce a large supply of negligible

invariant subsets of M .

Lemma 3.82. Suppose that the stabilizer of x 2 M is the finite cyclic group Z=k.
Then for any open neighborhood U of the orbit Ox of x, there exists an open S1-
invariant neighborhoodUx ofOx contained inU that is of finite type and is equipped
with an S1-map f W Ux ! ŒS1; k�. In particular, Ux is negligible.

Proof. Fix an S1-invariant metric g on M . The orbit Ox of x is equivariantly
diffeomorphic to ŒS1; k�. For r > 0, we set

Ux.r/ D fy 2M I dist .y;Ox/ < rg:

Since S1 acts by isometries, Ux.r/ is an open S1-invariant set.
For every y 2 Ox , we denote by TyO?

x the orthogonal complement of TyOx in
TyM . We thus obtain a vector bundle TO?

x ! Ox . Denote by D?
r the associated

bundle of open disks of radius r . If r > 0 is sufficiently small, then the exponential
map determined by the metric g defines a diffeomorphism

exp W D?
r ! Ux.r/:

In this case, arguing exactly as in the proof of the classical Gauss lemma in
Riemannian geometry (see [Ni1, Lemma 4.1.22]), we deduce that for every y 2
Ux.r/, there exists a unique �.y/ 2 Ox such that

dist
�
y; �.y/

� D dist .y;Ox/:

The resulting map � W Ux.r/ ! Ox D ŒS1; k� is continuous and equivariant.
Clearly, Ux.r/ is of finite type for r > 0 sufficiently small, and for every
neighborhoodU of Ox , we can find r > 0 such that Ux.r/ � U . ut
Remark 3.83. Observe that the assumption that the stabilizer of a point x is finite is
equivalent to the fact that x is not a fixed point of the S1-action. ut
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For every " > 0 sufficiently small, we define the S1-invariant subset of M

NM" WD fy 2M I dist .y; F / � "g; U" D M n NM":

Observe that NM" is the complement of an open thin tube U" around the fixed point
set F .

Lemma 3.84. For all " > 0 sufficiently small, the set NM" is negligible.

Proof. Cover NM" by finitely many negligible open sets of the type Ux described
in Lemma 3.82. Denote them by U1; : : : ; U� . Proposition 3.79 implies that Vi D
Ui \ NM" is of finite type and we deduce from Lemma 3.81 and Lemma 3.82 that

suppH �
S1
.Vi / D suppH �

S1
.U1/ D f0g:

Now define recursively

W1 D U1; WiC1 D Wi [ ViC1; 1 � i < �:
Using Lemma 3.81(d), we deduce inductively that NM" is negligible. ut

Observe that the natural morphism H �
S1
.U"/ ! H �

S1
.F / is an isomorphism for

all " > 0 sufficiently small, so we need to understand the kernel and cokernel of
the map

H �
S1
.M/! H �

S1
.U"/:

The long exact sequence of the pair .M;U"/ shows that these are submodules of
H �
S1
.M;U"/. Thus, it suffices to show thatH �

S1
.M;U"/ is a negligible CŒz�-module.

By excision, we have

H �
S1
.M;U"/ D H �

S1
. NM"; @ NM"/:

Lemma 3.81(c) implies that @ NM" is negligible.
Using the long exact sequence of the pair . NM"; @ NM"/, we obtain an exact

sequence

H	
S1
.@ NM"/�!H˙

S1
. NM"; @ NM"/�!H˙

S1
. NM"/:

Since the two extremes of this sequence are negligible, we deduce from Lemma
3.81(a) that the middle module is negligible as well. This proves that both the kernel
and the cokernel of the morphismH �

S1
.M/! H �

S1
.F / are negligibleCŒz�-modules.

On the other hand, according to Example 3.77(d), the CŒz�-module H �
S1
.F / is

free, and thus

ker
�
H �
S1
.M/! H �

S1
.F /

�
D H �

S1
.M/tors:

We thus have an injective map H �
S1
.M/free ! H �

S1
.F / whose cokernel is a torsion

module. We deduce that

rankCŒz�H˙
S1
.M/ D rankCŒz�H˙

S1
.F / D dimCH

˙.F /: ut
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From the localization theorem we deduce the following result of Conner [Co]. For a
different approach we refer to [Bo, IV.5.4].

Corollary 3.85. Suppose the torus T acts on the compact smooth manifold M .
Let M and F be as in Theorem 3.80. Then,

dimCH
˙.M// � dimCH

˙�FixT.M/
�
: (3.34)

Proof. We will argue by induction on dimT. To start the induction, assume first that
T D S1. Consider the S1-bundlePM D S1�M !MS1 . Since S1 is contractible
the Gysin sequence of this S1-bundle can be rewritten as

� � � ! H �.M/! H ��1
S1

.M/
z[�! H �C1

S1
.M/! H �C1.M/! � � � :

In particular, we deduce that we have an injection

H˙
S1
.M/=zH˙

S1
.M/ ,! H˙.M/:

Using a (noncanonical) direct sum decomposition

H˙
S1
.M/ D H˙

S1
.M/tors ˚H˙

S1
.M/free;

we obtain an injection

H˙
S1
.M/free=zH˙

S1
.M/free ,! H˙.M/:

The above quotient is a finite dimensional complex vector space of dimension equal
to the rank of H˙

S1
.M/, and from the localization theorem we deduce

dimCH
˙.F / D dimCH

˙
S1
.M/free=zH˙

S1
.M/free

� dimCH
˙.M/ D dimCH

˙.M/: ut

Suppose now that T is an n-dimensional torus such that T0 D T�S1 acts onM . Let
F 0 denote the fixed point set of T0 and let F denote the fixed point set of T. They
are both submanifolds of M and F 0 � F . The component S1 acts on F , and we
have

F 0 D FixS1.F /:

The induction hypothesis implies

dimCH
˙.M/ � dimCH

˙.F /;
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while the initial step of the induction shows that

dimCH
˙.F / � dimCH

˙. FixS1.F / / D dimCH
˙.F 0/: ut

Theorem 3.86. Suppose .M;!/ is a compact symplectic manifold equipped with a
Hamiltonian action of a torus T with moment map 
 W M ! t�. Then for every
X 2 t, the function �X WM ! R given by �X.x/ D h
.x/;Xi, x 2M , is a perfect
Morse–Bott function.

Proof. We use the strategy in [Fra]. We already know from Theorem 3.52 that �X
is a Morse–Bott function. Moreover, its critical set is the fixed point set F of the
closed torus TX � T generated by etX . Denote by fF˛g the connected components
of this fixed point set and by 	˛ the Morse index of the critical submanifold F˛ . We
then have the Morse–Bott inequalities

X

˛

t	˛PC˛ .t/ � PM.t/: (3.35)

If we set t D 1, we deduce

X

k

bk.F / D
X

˛

X

k

bk.F˛/ �
X

k

bk.M/: (3.36)

The inequality (3.34) shows that we actually have equality in (3.36), and this in turn
implies that we have equality in (3.35), i.e., f is a perfect Morse–Bott function. ut
Remark 3.87. (a) The perfect Morse–Bott functions on complex Grassmannians

used in the proof of Proposition 3.11 are of the type discussed in the above
theorem. For a very nice discussion of Morse theory, Grassmannians, and
equivariant cohomology we refer to the survey paper [Gu]. For more re-
fined applications of equivariant cohomology to Morse theory we refer to
[AB1, B2].

(b) In the proof of Theorem 3.86, we have shown that for every Hamiltonian action
of a torus T on a compact symplectic manifold we have

X

k

dimHk
�
FixT.M/

� D
X

k

Hk.M/:

Such actions of T are called equivariantly formal and enjoy many interesting
properties. We refer to [Bo, XII] and [GKM] for more information on these
types of actions. ut
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3.7 The Duistermaat–Heckman Formula

We have now at our disposal all the information we need to prove the celebrated
Duistermaat–Heckman localization formula, [DH]. This is a multifaceted result but,
due to space constraints, we limit ourselves to discussing only one of its facets,
analytical in nature. To understand its significance we need to present a classical
result.

Proposition 3.88 (Stationary Phase Principle). Suppose that .M; g/ is a smooth,
connected oriented Riemannian manifold of dimensionm,

a; ' WM ! R

are smooth functions such that a has compact support, and all the critical points of
' contained in suppa are nondegenerate. (The function a is called amplitude, while
the function ' is called phase.)

For any point p 2 Cr' \ suppa, we denote by �.p; '/ the signature of the
Hessian H';p of ' at p. Using the metric g, we can identify the Hessian with
a symmetric linear operator TpM ! TpM and we denote by detg H';p its
determinant. Then, as t !1 we have

Z

M

eit'adVg D
X

p2Cr' \ suppa

�
2�

t

�m
2 e

i��.p;'/
4

j detg H';pj 12
eit'.p/a.p/CO.t� m

2 �1/:

(3.37)

Proof. We will complete the proof in several steps.

Step 1 (Riemann–Lebesgue Lemma). Assume that .M; g/ is the Euclidean space
R
m and Cr' \ suppa D ;. Then for any N > 0, we have

It .'; a/ D
Z

Rm

eit'.x/a.x/dx D O�t�N � as N !1:

Fix compact neighborhoods O0 � O1 of supp a such that d' ¤ 0 on O1, and then
define

Y WD 1

jr'jr' 2 Vect.O1/:

Next, choose a smooth function � W Rm ! R which is identically 1 on O0 and
identically zero outside O1. The vector field �Y extends to a smooth vector field X
on R

m that satisfies

X � ' D d'.X/ D 1 on O0:
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Note that

X � eit' D itei':

Using the divergence theorem [Ni1, Lemma 10.3.1] and the fact that a has support
contained in O0 we deduce that

It .'; a/ D 1

it

Z

Rm

�
X � eit'�adx D 1

it

Z

Rm

eit'��X � a � div.X/a
�
dx;

where div.X/ denotes the divergence of X . If we write

La WD �X � a � div.X/a;

then we can rewrite the above equality as

It .'; a/ D 1

it
.'; La/:

Iterating this procedure, we deduce that for any N > 0 we have

It .'; a/ D 1

.it/N
.';LNa/:

Step 2. Suppose that Q W Rm ! R
m is a symmetric invertible operator and ' is

quadratic,

'.x/ D c C .Qx; x/; c 2 R:

Then,

It .'; a/ D
��
t

�m
2 e

i� signQ
4

j detQj 12
eitca.0/CO.t�m

2 �1/ as t !1: (3.38)

After an orthogonal change of coordinates, we can assume thatQ is diagonal, i.e.,

'.x/ D c C .Qx; x/ D c C
mX

kD1
	kx

2
k; 	k 2 R n 0:

For r > 0, we set

It .'; a; r/ WD eitc
Z

Rm

e�r jxj2Cit'.x/a.x/dx:

Observe that

It .'; a/ D lim
r&0

It .'; a; r/:
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Denote by A.�/ the Fourier transform of the amplitude a.x/

A.�/ D 1

.2�/
m
2

Z

Rm

e�i.x;�/a.x/dx:

Arguing as in Step 1 we deduce that

A.�/ D O.j�j�N / as � !1; 8N > 0: (3.39)

The Fourier inversion formula [RS, IX] implies

a.x/ D 1

.2�/
m
2

Z

Rm

ei.x;�/A.�/d�;

so that

It .'; a; r/ D eitc

.2�/
m
2

Z

Rm

�Z

Rm

e�r jxj2Cit'.x/Ci.x;�/A.�/d�

�
dx

D eitc

.2�/
m
2

Z

Rm

�Z

Rm

e�r jxj2Cit'.x/Ci.x;�/dx

�
A.�/d�

D eitc

.2�/
m
2

Z

Rm

 
mY

kD1

Z

R

e.�rCit	k /x2kCi�kxkdxk

!

A.�/d�

D eitc

.2�/
m
2

Z

Rm

 
mY

kD1
J.t	k; �k; r/

!

A.�/d�;

where

J.
; �; r/ D
Z

R

e.�rCi
/x2Ci�xdx:

We now invoke the following classical result whose proof is left to the reader as an
exercise (Exercise 6.51).

Lemma 3.89. For every complex number z D �ei� , j� j < � , we set z
1
2 WD �

1
2 e

i�
2 .

Then, for any r > 0 we have

J.
; �; r/ D �
1
2

.r � i
/
1
2

e
�2

4.i
�r/ : ut

We deduce that

It .'; a; r/ D eitc

2
m
2

mY

kD1

1

.r � it	k/
1
2

Z

Rm

 
mY

kD1
e

�2
k

4.it	k�r/

!

A.�/d�:
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Letting r & 0, we deduce

It .'; a/ D eitc

.2t/
m
2

mY

kD1

1

.�i	k/
1
2

Z

Rm

 
mY

kD1
e

�i�2
k

4t	k

!

A.�/d�: (3.40)

Now observe that
mY

kD1

1

.�i	k/
1
2

D e
i� signQ

4

j detQj 12
;

and there exists a constant C > 0, independent of t such that

ˇ̌
ˇ
ˇ
ˇ

mY

kD1
e

�i�2
k

4t	k � 1
ˇ̌
ˇ
ˇ
ˇ
� C j�j

2

t
; 8t > 1; � 2 R

m:

Hence, using (3.39) we deduce

Z

Rm

 
mY

kD1
e

�i�2
k

4t	k

!

A.�/d� D
Z

Rn

A.�/d� CO�t�1�:

On the other hand, the Fourier inversion formula implies

Z

Rn

A.�/d� D .2�/m2 a.0/:

Using these equalities in (3.40), we obtain (3.38).

Step 3. Suppose that M D R
m, '.x/ D c C .Qx; x/ as in Step 2, but the metric g

is not necessarily the Euclidean metric. Then,

Z

Rm

eit'.x/a.x/dVg.x/ D
��
t

�m
2 e

i� signQ
4

j detg Qj 12
eitca.0/CO.t�m

2 �1/; as t !1:

With respect to the Euclidean coordinates .x1; : : : ; xm/, we have

g D .gij /1�i;j�m; gij D g.@xi ; @xj /;

and

dVg.x/ D
p

detgdx; detg D det
�
gij
�
1�i;j�m:

Hence from Step 2 we deduce

Z

Rm

eit'.x/a.x/dVg.x/ D
Z

Rm

eit'.x/ag.x/dx; ag D a
p

detg:
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From Step 2 we deduce

Z

Rm

eit'.x/ag.x/dx D
��
t

�m
2 e

i� signQ
4

j detQj 12
eitcag.0/CO.t�m

2 �1/; as t !1:

We conclude by observing that

detgQ D detQ

detg
:

Step 4. The general case can now be reduced to the situations covered by Steps 1–3
using the Morse lemma (Theorem 1.12) and partition of unity. ut

The Duistermann–Heckmann theorem describes one instance when the station-
ary phase asymptotic expansion (3.37) is exact!

Theorem 3.90 (Duistermaat–Heckman). Suppose that .M;!/ is a smooth,
compact, connected symplectic manifold of dimension 2n equipped with a
Hamiltonian S1-action

M � S1 !M; .p; ei� / 7! p � ei�

with moment map 
 W M ! u.1/. As usual, we identify u.1/ with iR, and thus we
can write 
.x/ D i'.x/. Assume that ' is a Morse function. Fix a S1-invariant
almost complex structure on M tamed by ! and denote by g the associated metric

g.X; Y / D !.X; J Y /; 8X; Y 2 Vect.M/:

Then, dVg D 1
nŠ
!n, and for any t 2 C

� we have

Z

M

eit'.x/dVg.x/ D
X

p2Cr'

�
2�

t

�n e
i��.p;'/

4

j detg H';p j 12
eit'.p/: (3.41)

Proof. Our proof is a slight variation of the strategy employed in [BGV, Sect. 7.2].
Denote by X' the Hamiltonian vector field generated by ',

X' D �Jrg':

For any 0 � k � 2n, we denote by˝k
z .M/ � ˝k.C��M/ the space of differential

forms of degree k on M depending smoothly on the parameter z 2 C
�. More

precisely, ˝k
z .M/ consists of (complex) differential k-forms ˛ on C

� � M such
that, for any vector field Z 2 Vect.C� � M/ that is tangent to the fibers of the
natural projection,

�M W C� �M !M;



188 3 Applications

we have Z ˛ D 0. Equivalently,˝k
z .M/ consists of smooth sections of the pulled

back bundle ��
M�

kT �M ˝ C! C
� �M . We set

˝�
z .M/ D

M

k

˝k
z .M/;

and we define an operator

dz W ˝�
z .M/! ˝�

z .M/; dz˛.z/ D dM˛.z/ � zX' ˛.z/;

where dM denotes the exterior derivative on M .
We have the following elementary facts whose proofs are left to the reader.

Lemma 3.91. (a) If ˛.z/ 2 ˝k
z .M/ and ˇ.z/ 2 ˝`

z .M/, then

dz
�
˛.z/ ^ ˇ.z/� D dz˛.t/ ^ ˇ.t/C .�1/k˛.t/ ^ dzˇ.t/:

(b) d2z D �zLX' , where LX' denotes the Lie derivative along X' . ut
For any ˛.z/ 2 ˝�

z .M/ we denote by Œ˛.z/�k its degree k component. Note that

Œdz˛.z/�kC1 D dM Œ˛.z/�k � zX' Œ˛.z/�kC2:

The integration defines a linear map

Z

M

W ˝2n
z .M/! C1.C�/:

Consider the form
˛.z/ D ! C z' 2 ˝�

z .M/:

SinceX' is the Hamiltonian vector field associated to ', we deduce from (3.16) that

dz˛.z/ D z.dM' � X' !/ D 0:

Using Lemma 3.91(a), we deduce

dz˛.z/
k D 0; 8k;

so that dze˛.z/ D 0. Note that

e˛.z/ D ez'e! D ez'
X

k�0

1

kŠ
!k;



e˛.z/

�
2n
D ez' !

n

nŠ
:

Denote by �' 2 ˝1.M/ the 1-form g-dual to X' , i.e.,

�'.Y / D g.X'; Y /; 8Y 2 Vect.M/:
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We regard � in a canonical way as an element in ˝1
z .M/. Note that

dz�' D d�' � zjX' j2g„ ƒ‚ …
DWˇ.z/

:

Since the metric g is invariant with respect to the flow generated by X' , we deduce
LX'�' D 0. Using Lemma 3.91(b), we deduce dzˇ.z/ D 0. Set

M � WD M n Cr';

The vector field X' does not vanish on M � so that ˇ.z/ is invertible in ˝�
z .M

�/,
i.e., there exists �.z/ 2 ˝�

z .M
�/ such that

�.z/ ^ ˇ.z/ D 1 2 ˝�
z .M

�/:

More precisely, we can take

�.z/ D ˇ.z/�1 D �.zjX' j2g/�1
�
1 � .zjX' j2g

��1
d�'

��1

D �
nX

kD0

�
z�1jX'j�2g

�kC1�
d�'

�k
:

Observe that on M � we have the equality.

dz
�
�' ^ e˛.z/ ^ �.z/� D .dz�'/ ^ e˛.z/ ^ �.z/ D e˛.z/:

Hence,


e˛.z/

�
2n
D dM



�' ^ �.z/ ^ e˛.z/

�
2n�1:

Let p 2 Cr' and r >0 sufficiently small. Denote by Br.p/ the (open) ball in .M; g/
of radius r and centered at p. Since p is a fixed point of the S1-action, we have an
induced S1-action on TpM

TpM � S1 ! TpM; .v; eiT/ 7! et PApv;

where, according to (3.24) the endomorphism PAp of TpM is skew-symmetric,
commutes with J , and

H';p.u; v/ D gp.J PApu; v/; 8u; v 2 TpM:
The endomorphism Bp DJ PAp of TpM is symmetric and commutes with J .
We can find an orthonormal basis e1; e2; : : : ; e2n of TpM and numbers
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	1 D 	1.p/; : : : ; 	n D 	n.p/ 2 Z such that15 8k D 1; : : : ; n we have

PApe2k�1 D 	ke2k; PApe2k D �	ke2k�1;

J e2k�1 D e2k; J e2k D �e2k�1:

Moreover, since p is a nondegenerate critical point of p we have 	k ¤ 0, 8k.
We use the orthonormal basis fekg to introduce coordinates x D .x1; : : : ; x2n/ on
TpM , and via the exponential map, normal coordinates x on B".p/. We denote by
O.`/ any smooth function on M whose derivatives at p up to order ` are zero.

The metric g is S1-invariant and thus the S1-action preserves distances and maps
geodesics to geodesics. Thus, on B".p/ the S1-action is given by

x � eit D et PApx:

In the x-coordinates we have gij D ıij CO.2/ so that

X'.x/ D PApx D
nX

kD1
	k
��x2k@x2k�1

C x2k�1@x2k
�
:

jX'.x/j2 D
nX

kD1
	2k
�
x22k�1 C x22k

�CO.2/: (3.42)

Note that the Hessian of ' at p is given by the quadratic form

H';p.x/ D gp.J PApx; x/ D �
nX

kD1
	k
�
x22k�1 C x22k

�
: (3.43)

The equality (3.42) implies that

�' D
nX

kD1
	k
��x2kdx2k�1 C x2k�1dx2k

�CO.2/;

d�' D
nX

kD1
2	kdx2k�1 ^ dx2k CO.1/ (3.44)

For " > 0 sufficiently small, we denote by E".p/ the ellipsoid

E".p/ D
(

x 2 Br.p/I
nX

kD1
	2k
�
x22k�1 C x22k

� D "2
)

:

15The eigenvalues 	k belong to Z since e.tC2�/ PAp D et PAp , 8t 2 R.



3.7 The Duistermaat–Heckman Formula 191

We set

M" WD M
/ [

p2Cr'

E".p/:

We deduce
Z

M



e˛.z/

�
2n
D lim

"&0

Z

M"



e˛.z/

�
2n

D �
X

p2Cr'

lim
"&0

Z

@E".p/



�' ^ �.z/ ^ e˛.z/

�
2n�1: (3.45)

We have



�' ^ �.z/ ^ e˛.z/

�
2n�1 D ez'



�' ^ �.z/

�
2n�1C

n�1X

kD1



�' ^ �.z/

�
2k�1 ^

1

.n � k/Š!
n�k

D �ez'
�
z�1jX' j2/n�' ^ .d�'/n�1

�
n�1X

kD1
.z�1jX' j�2/k�' ^ .d�'/k�1 ^ 1

.n � k/Š!
n�k:

Using (3.42) and (3.44), we deduce that for any k D 1; : : : ; n � 1 we have along
@E".p/

ˇ
ˇ
ˇ̌.z�1jX' j�2/k�' ^ .d�'/k�1 ^ 1

.n � k/Š!
n�k

ˇ
ˇ
ˇ̌
g

D O."1�2k/;

uniformly with respect to z on the compacts of C
�. Since the area of @E".p/ is

O."2n�1/, we deduce that

lim
"&0

Z

@E".p/



�' ^ �.z/

�
2k�1 ^

1

.n � k/Š!
n�k D 0; 8k D 1; : : : ; n � 1:

Using (3.45), we deduce

Z

M



e˛.z/

�
2n
D z�n X

p2Cr'

lim
"&0

Z

@E".p/

jX' j�2nez'�' ^ .d�'/n�1: (3.46)

On Br.p/ we have

ez' D ez'.p/ CO.jxj/; jX'.x/j D "
�
1CO.jxj2/�
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and we deduce that on @E".p/ we have

jX' j�2nez'�' ^ .d�'/n�1 D "�2nez'.p/
�
1CR.z; x/��' ^ .d�'/n�1; (3.47)

whereR".z; x/ D O.jxj/ uniformly with respect to x 2 Br.p/ and z on the compacts
of C�.

Lemma 3.92.

lim
"&0

"�2n
Z

@E".p/

�' ^ .d�'/n�1 D .2�/n

	1 � � �	n (3.48)

Proof.

"�2n
Z

@E".p/

�' ^ .d�'/n�1 D "�2n
Z

E".p/

.d�'/n

.3.44/D 2nnŠ	1 � � �	n
"2n

Z

E".p/

�
1CO.jxj/�dx1 ^ � � � ^ dx2n

D vol
�
E".p/

�2n	1 � � �	n
nŠ"2n

C o.1/:

The volume of the ellipsoid E".p/ is

vol
�
E".p/

� D �n"2n

nŠ.	1 � � �	n/2 :

The equality (3.48) is now obvious. ut
Using (3.48) and (3.47) in (3.46), we deduce

Z

M



e˛.z/

�
2n
D

X

p2Cr'

.2�/n

zn
Qn
kD1 	k.p/

ez'.p/: (3.49)

The equality (3.43) implies that for any p 2 Cr' we have

detgH';p D .�1/n
nY

kD1
	k.p/

2:

Denote by `.p/ the cardinality of

˚
kI 	k.p/ > 0

�
:
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Thus the index of the critical point p is 
.p/ D 2`.p/ and it follows that the
signature of H';p is

�.'; p/ D 2n� 4`.p/ D 2n � 2
.p/: (3.50)

Observe that

jdetgH';p j 12 D .�1/n�`.p/Y

kD1
	k.p/:

We can now rewrite (3.49) as

1

nŠ

Z

M

ez'!n D
X

p2Cr'

.�1/`.p/ .�2�/n
znjdetgH';pj 12

ez'.p/

D
X

p2Cr'

.�1/`.p/ .2�i/n

.�iz/njdetgH';pj 12
ez'.p/

D
X

p2Cr'

�
2�

�iz

�n e
i��.';p/

4

jdetgH';pj 12
ez'.p/

By letting z D it in the above equality, we obtain the Duistermaat–Heckman
identity (3.41). ut
Remark 3.93. (a) Admittedly, the space ˝�

z .M/ and the operator dz seem a bit
strange at a first encounter. Their origin is in equivariant cohomology. Consider
the space

˝�
u.1/ D CŒz�˝˝�.M/:

An element of ˝�
u.1/.M/ has the form

˛.z/ D
X

k�0
˛kzk;

where ˛k 2 ˝�.M/ and ˛k D 0 for all but finitely many k. We can regard ˛.z/
as a form onM depending smoothly on z and thus we have a natural embedding

˝�
u.1/.M/ � ˝�

z .M/:

The variable z is assumed to have degree 2, so we can equip ˝�
u.1/.M/ with a

new grading
degz ˛kzk D deg˛k C 2k:

Note that

dz˝
�
u.1/.M/ � ˝�

u.1/.M/
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and

degz dz˛.z/ Dbdeg˛.z/C 1:
Consider now the subspace ˝�

S1
.M/ � ˝�

u.1/.M/ consisting of forms

X

k�0
˛kzk

such that the forms ˛k are invariant with respect to the S1-action, i.e.,

LX'˛k D 0; 8k:

Note that dz˝
�
S1
.M/ � ˝�

S1
.M/, while Lemma 3.91(b) shows that d2z D 0 on

˝�
S1
.M/. Thus, .˝�

S1
.M/; dz/ is a cochain complex. It is known as Cartan’s

complex and one can show that its cohomology is isomorphic as a CŒz�-
module to the equivariant cohomology of M (over C). As a matter of fact, the
Duistermaat–Heckman formula is a consequence of the Atiyah–Bott equivariant
localization theorem, Theorem 3.80. For a proof and much more information
on this topic we refer to the beautiful monograph [GS1]. In particular, this
monograph also contains a more detailed discussion on the significance of the
Duistermaat–Heckman theorem.

(b) Using (3.50), we can rewrite (3.41) as

Z

M

eit'.x/dVg.x/ D
X

p2Cr'

�
2�i
t

�n i
.p/

j detg H';pj 12
eit'.p/

D
�
2�i
t

�nX

k�0

1

kŠ

0

@
X

p2Cr'

i
.p/'.p/k

j detg H';pj 12

1

A .it/k:

Since

lim
t!0

Z

M

eit'.x/dVg.x/ D vol .M/;

we deduce that for anym D 0; : : : ; n � 1 we have

X

p2Cr'

i
.p/'.p/m

j detg H';pj 12
D 0;

and

vol .M/ D .�2�/n
nŠ

X

p2Cr'

i
.p/'.p/n

j detg H';pj 12
:
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Using (3.43), we can rewrite the above equalities as

X

p2Cr'

i
.p/'.p/m
Qn
kD1 j	k.p/j

D 0; 8m D 0; : : : ; n � 1; (3.51a)

vol .M/ D .�2�/n
nŠ

X

p2Cr'

i
.p/'.p/n
Qn
kD1 j	k.p/j

: (3.51b)

ut
Example 3.94. Let w D .w0;w1; : : : ;wn/ 2 Z

nC1, where

0 < w1 < � � � < wn; w0 D �
nX

jD1
wj :

The vector w defines a hamiltonian S1-action on CP
n given by (3.20)

eit �w Œ0; : : : ; zn� D Œeiw0t z0; : : : ; eiwnt zn�;

with Hamiltonian function given by (3.21)

�w.Œz0; : : : ; zn�/ D 1

jzj2
nX

jD0
wj jzj j2:

The critical points of �w are the critical lines

`j D Œıj 0; : : : ; ıjn� 2 CP
n; j D 0; : : : ; n

Note that
�w.`j / D wj ;

while the computations in Example 2.21 show that the Morse index of `j is

.`j / D 2j . The tangent space T`jCP

n can be identified with the subspace

Vj WD
˚
� D �0; : : : ; �n/ 2 C

nC1I �j D 0
�

and the action of S1 on this subspace is given by

eit � � D d

ds

ˇ̌
sD0eit �w Œ`j C s�� D

�
eit .w0�wj �0; : : : ; eit .wn�wj /�n

� D Vj :

Using (3.51b), we deduce

vol .CPn/ D .�2�/n
nŠ

nX

jD0

.�1/jwnjQ
k¤j jwk � wj j D

.2�/n

nŠ

nX

jD0

wnjQ
k¤j .wj � wk/

:

(3.52)
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Similarly, using (3.51a) we deduce

nX

jD0

wmjQ
k¤j .wj � wk/

D 0; 8m D 0; : : : ; n � 1: (3.53)

To find a simpler expression for the volume of CPn we introduce the polynomial

P.z/ D Pw.z/ D
nY

jD0
.z � wj /:

We can rewrite the equalities (3.53) as

0 D
nX

jD0

wmj
P 0.wj /

; 8m D 0; : : : ; n � 1:

We deduce that
X

jD0

Q.wj /

P 0.wj /
D 0; (3.54)

for any polynomialQ of degree� n � 1. Let

Q.z/ WD P 0.z/ � .nC 1/zn:

Then, degQ � n � 1, and (3.54) implies

.nC 1/ D
X

jD0

P 0.wj /
P 0.wj /

D .nC 1/
nX

jD0

wnj
P 0.wj /

:

This shows that
nX

jD0

wnjQ
k¤j .wj � wk/

D 1

and thus

vol .CPn/ D .2�/n

nŠ
:

For a different symplectic approach to the computation of vol .CPn/ we refer to
Exercise 6.47. ut



Chapter 4
Morse-Smale Flows and Whitney Stratifications

We have seen in Sect. 2.2 how to use a Morse function on a compact manifold M
to reconstruct the manifold, up to a diffeomorphism via a sequence of elementary
operations, namely, handle attachments.

In this more theoretical chapter, we want to describe a different approach to
the reconstruction problem. Namely, the manifold M is the union of the unstable
manifolds of the descending flow of a gradient like vector field. The strata are
homeomorphic to open disks so it resembles a cellular decomposition. This was
pointed out long ago by Thom, [Th]. This stratification can be quite unruly, but if
the flow satisfies the Smale transversality condition, then this stratification enjoys
remarkable regularity. The central result of this chapter shows that the descending
flow satisfies the Smale transversality condition if and only if the stratification ofM
by unstable manifolds satisfies the so-called Whitney regularity condition.

The first part of this chapter is a gentle introduction to the very technical
subject of Whitney stratifications. The proofs of the main results of this theory are
notoriously difficult and complex, and we decided that for a first encounter it is more
productive not to include them, but instead provide as much intuition as possible.
Some of the more elementary facts were left as exercises to the reader, and we have
included generous references.

The central result in this chapter is contained in Sect. 4.3. It is based on and
expands the author’s recent investigations [Ni2]. To the best of our knowledge, this
result never appeared in book form.

In the remainder of the chapter, we go deeper into the structure of a Morse flow. In
Sect. 4.4 we investigate the spacesM.p; q/ of tunnelings between two critical points
p; q, i.e., the trajectories of the Morse flow that connect p to q. This is a smooth
manifold of dimension �.p/� �.q/ � 1. Using the elegant point of view pioneered
by Kronheimer and Mrowka [KrMr, Sect. 18] we prove the classical result stating
that M.p; q/ admits a natural compactification M.p; q/ as a topological manifold
with corners. This compactification parameterizes the so-called broken tunnelings
from p to q. In particular, if �.p/ � �.q/ D 2, then M.p; q/ is a one-dimensional
manifold with possibly nonempty boundary.

L. Nicolaescu, An Invitation to Morse Theory, Universitext,
DOI 10.1007/978-1-4614-1105-5 4, © Springer Science+Business Media, LLC 2011
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In Sect. 4.5 we give a description of the Morse–Floer complex in terms of
tunnelings. The boundary operator @ is defined in terms of signed counts of
tunnelings between critical points p; q such that �.p/ � �.q/ D 1. The main
result of this section states that the boundary operator thus defined is indeed a
boundary operator, i.e., @2 D 0. Our proof seems to be new, and it is based on
the equivalence between the Smale transversality and the Whitney transversality.
During this, we reveal in quite an explicit fashion the intimate connections between
the compactifications M.p; q/ in Sect. 4.4 and the singularities of the stratification
by unstable manifolds.

4.1 The Gap Between Two Vector Subspaces

The definition of the Whitney regularity conditions uses a notion of distance
between two subspaces. The goal of this section is to introduce this notion and
discuss some of its elementary properties.

Suppose that E is a real finite dimensional Euclidean space. We denote by .�; �/
the inner product on E , and by j � j the associated Euclidean norm. We define as
usual the norm of a linear operator A W E ! E by the equality

kAk WD sup
˚jAxjI x 2 E; jxj D 1 �:

The finite dimensional vector space End.E/ of linear operatorsE ! E is equipped
with an inner product

hA;Bi WD tr.AB�/;

and we set

jAj WD
phA;Ai D ptr.AA�/ Dptr.A�A/:

Since E is finite dimensional, there exists a constant C > 1, depending only on the
dimension of E , such that

1

C
jAj � kAk � C jAj: (4.1)

If U and V are two subspaces of E , then we define the gap between U and V to be
the real number

ı.U; V / WD sup
˚

dist.u; V /I u 2 U; juj D 1 �

D sup
u

inf
v
f ju� vjI u 2 U; juj D 1; v 2 V �:
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If we denote by PV? the orthogonal projection onto V ?, then we deduce

ı.U; V / D sup
jujD1
jPV? uj D kPV?PU k

D kPU � PV PU k D kPU � PUPV k: (4.2)

Note that
ı.V ?; U?/ D ı.U; V /: (4.3)

Indeed,

ı.V ?; U?/ D kPV? � PU?PV?k D k1 � PV � .1� PU /.1� PV /k
D kPU � PUPV k D ı.U; V /:

We deduce that
0 � ı.U; V / � 1; 8U; V:

Let us point out that

ı.U; V / < 1” dimU � dimV; U \ V ? D 0:

Note that this implies that the gap is asymmetric in its variables, i.e., we cannot
expect ı.U; V / D ı.V; U /. Set

Oı.U; V / WD ı.U; V /C ı.V; U /:

Proposition 4.1. (a) For any vector subspaces U; V � E we have

kPU � PV k � Oı.U; V / � 2kPU � PV k:

(b) For any vector subspaces U; V;W such that V � W we have

ı.U; V / � ı.U;W /; ı.V; U / � ı.W;U /:

In other words, the function .U; V / 7! ı.U; V / is increasing in the first variable,
and decreasing in the second variable.

Proof. (a) We have

Oı.U; V / D kPU � PUPV k C kPV � PV PU k
D kPU .PU � PV /k C kPV .PV � PU /k � 2kPU � PV k;
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and
kPU � PV k � kPU � PUPV k C kPUPV � PV k
D kPU � PUPV k C kPV � PV PU k D Oı.U; V /:

(b) Observe that for all u 2 U , juj D 1 we have

dist.u; V / � dist.u;W / H) ı.U; V / � ı.U;W /:

Since V � W we deduce

sup
v2V n0

1

jvj dist.v; U / � sup
w2W n0

1

jwj dist.w; U /: ut

We denote by Grk.E/ the Grassmannian of k-dimensional subspaces ofE equipped
with the metric

dist.U; V / WD kPU � PV k:
The Grassmannian Grk.E/ is a compact (semialgebraic) subset of End.E/. We set

Gr.E/ WD
dimE[

kD0
Grk.E/:

Let Grk.E/ denote the Grassmannian of codimension k subspaces. For any
subspace U � E we set

Gr.E/U WD
˚
V 2 Gr.E/I V � U �; Gr.E/U WD ˚V 2 Gr.E/I V � U �:

Note that we have a metric preserving involution

Gr.E/ 3 V 7�! V ? 2 Gr.E/;

such that

Grk.E/U  ! Grk.E/U
?

; Grk.E/U  ! Grk.E/
U?

:

Using (3.6) we deduce that for any 1 � j � k, and any U 2 Grj .E/, there exits a
constant c > 1 such that, for every L 2 Grk.E/ we have

1

c
dist.L;Grk.E/U /2 � jPU � PUPLj2 � c dist.L;Grk.E/U /2:

The constant c depends on j; k; dimE , and a priori it could also depend on U .
Since the quantities entering into the above inequality are invariant with respect
to the action of the orthogonal group O.E/, and the action of O.E/ on Grj .E/
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is transitive, we deduce that the constant c is independent on the plane U . The
inequality (4.1) implies the following result.

Proposition 4.2. Let 1 � j � k � dimE . There exists a positive constant c > 1

such that, for any U 2 Grj .E/, V 2 Grk.E/ we have

1

c
dist

�
V;Grk.E/U

� � ı.U; V / � c dist
�
V;Grk.E/U

�
: ut

Corollary 4.3. For every 1 � k � dimE there exists a constant c > 1 such that,
for any U; V 2 Grk.E/ we have

1

c
dist.U; V / � ı.U; V / � c dist.U; V /:

Proof. In Proposition 4.2 we make j D k and we observe that Grk.E/U D fU g,
8U 2 Grk.E/. ut

We would like to describe a few simple geometric techniques for estimating the
gap between two vector subspaces. Suppose that U; V are two vector subspaces of
the Euclidean space E such that

dimU � dimV and ı.U; V / < 1:

As remarked earlier, the condition ı.U; V / < 1 can be rephrased as U \V ? D 0, or
equivalently,U?CV D E , i.e., the subspace V intersects U? transversally. Hence

U \ kerPV D 0:

Denote by S the orthogonal projection of U on V . We deduce that the restriction
of PV to U defines a bijection U ! S . Hence dimS D dimU , and we can find a
linear map h W S ! V ? whose graph is U , i.e.,

U D ˚s C h.s/I s 2 S �:

Next, denote by T the orthogonal complement of S in V (see Fig. 4.1), T WD S? \
V , and byW the subspaceW WD U C T .

Lemma 4.4. T D U? \ V .

Proof. Observe first that
.S C U / � T ?: (4.4)

Indeed, let t 2 T . Any element in S C U can be written as a sum

s C u D s C s0 C h.s0/; s; s0 2 S:
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Fig. 4.1 Computing the gap between two subspaces

Then .sCs0/ ? t and h.s0/ ? t , because h.s0/ 2 V ?. Hence T � U?\S? � U?.
On the other hand, T � V so that T � U?\V . Since V intersectsU? transversally
we deduce

dim.U? \ V / D dimU? C dimV � dimE D dimV � dimU D dimT: ut

Lemma 4.5. ı.W; V / D ı.U; V / D ı.U; S/.
Proof. The equality ı.U; V / D ı.U; S/ is obvious. Let w0 2 W such that jw0j D 1
and

dist.w0; V / D ı.W; V /:
To prove the lemma it suffices to show that w0 2 U . We write

w0 D u0 C t0; u0 2 U; t0 2 T; ju0j2 C jt0j2 D 1:

We have to prove that t0 D 0. We can refine some more the above decomposition of
w0 by writing

u0 D s0 C h.s0/; s0 2 S:
Then PV w0 D s0C t0. We know that for any u 2 U , t 2 T such that juj2Cjt 2j D 1
we have

ju20 � PV u0j2 D jw0 � PV w0j2 � j.uC t/ � PV .uC t/j2 D ju � PV uj2:

If in the above inequality we choose t D 0 and u D 1
ju0j we deduce

ju20 � PV u0j2 � 1

ju0j2 ju
2
0 � PV u0j2:

Hence ju0j � 1 and since ju0j2 C jt0j2 D 1 we deduce t0 D 0. ut
The next result summarizes the above observations.
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Proposition 4.6. Suppose U and V are two subspaces of the Euclidean space E
such that dimU � dimV and V intersects U? transversally. Set

T WD V \ U?; W WD U C T;
and denote by S the orthogonal projection of U on V . Then

S D T ? \ V;
dimU D dimS; dimW D dimV;

and

ı.W; V / D ı.U; V / D ı.U; S/:

Proposition 4.7. Suppose that E is a finite dimensional Euclidean vector space.
There exists a constant C > 1, depending only on the dimension ofE , such that, for
any subspaces U � E , and any linear operator S W U ! U?, we have

ı.�S; U / D kSk
�
1C kSk2 ��1=2; (4.5)

and
1

C
kSk� 1C kSk2 ��1=2 � ı.U; �S/ � CkSk

�
1C kSk2 ��1=2; (4.6)

where �S � U C U? D E is the graph of S defined by

�S WD
˚

uC Su 2 EI u 2 U �:

Proof. Observe that

ı.�S; U /
2 D sup

u2Un0
jSuj2

juj2 C jSuj2 D sup
u2Un0

.S�Su; u/

jxj2 C .S�Su; u/
:

Choose an orthonormal basis e1; : : : ; ek of U consisting of eigenvectors of S�S ,

S�Sei D �iei ; 0 � �1 � � � � � �k:

Observe that kS�Sk D �k . We deduce

ı.�S; U /
2 D sup

(
X

i

�iu
2
i I

X

i

.1C �i/u2iD1
)

D sup

(

1 �
X

i

u2i I
X

i

.1C �i/u2iD1
)
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D 1 � inf

(
X

i

u2i I
X

i

.1C �i /u2iD1
)

D 1 � 1

1C �k D
kS�Sk

1C kS�Sk D
kSk2

1C kSk2 :

This proves (4.5). The inequality (4.6) follows from (4.5) combined with Corol-
lary 4.3. ut

Set

P.E/ WD ˚ .U; V / 2 Gr.E/ 	 Gr.E/I dimU � dimV; V t U? �:

For every pair .U; V / 2 P.E/ we denote by SV .U / the shadow of U on V , i.e., the
orthogonal projection of U on V . Let us observe that

U? \ SV .U / D 0:

Indeed, we have

U? \ SV .U / � T WD U? \ V H) U? \ SV .U / � SV .U / \ T;

and Proposition 4.6 shows that SV .U / is the orthogonal complement of T in V .
Since dimU D dimSV .U /, we deduce that SV .U / can be represented as the graph
of a linear operator

MV .U / W U ! U?

which we will call the slope of the pair .U; V /. From Proposition 4.6 we deduce

ı.SV .U /; U / D kMV .U /k
�
1C kMV .U /k2

�1=2 ;

or equivalently,

kMV .U /k D ı. SV .U /; U /
�
1 � ı. SV .U /; U /2

�1=2 :

Corollary 4.8. There exists a constantC >1, which depends only on the dimension
of E such that, for every pair .U; V / 2 P.E/ we have

1

C

kMV .U /k
�
1C kMV .U /k2

�1=2 � ı.U; V / � C
kMV .U /k

�
1C kMV .U /k2

�1=2 :

Proof. Use the equality ı.U; V / D ı�U; SV .U /
�

and Proposition 4.7. ut
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For any symmetric endomorphismA of an Euclidean space we denote bymC.A/
the smallest positive eigenvalue ofA, and bym�.A/ the smallest positive eigenvalue
of �A.

Proposition 4.9. Suppose A W E ! E is an invertible symmetric operator, and
U is the subspace of E spanned by the positive eigenvectors A. Then, for every
subspace V � E , such that .U; V / 2 P.E/, we have

ı.U; etAV / � e�. mC.A/Cm�.A/ /tkMV .U /k

D e�.mC.A/Cm�.A/ /t
ı. SV .U /; U /

�
1 � ı. SV .U /; U /2

�1=2 :

Proof. Denote by L the intersection of V with U?. We have an orthogonal
decomposition

V D LC SV .U /;

and if we write M WDMV .U / W U ! U?, then we obtain

V D ˚`C uCMuI ` 2 L; u 2 U �:

Using the orthogonal decompositionE D U C U? we can describe A in the block
form

A D
�
AC 0

0 A�

�
;

where AC denotes the restriction of A to U , and A� denotes the restriction of A to
U?.

Set Vt WD etAV , Lt WD Vt \ U?. Since U? is A-invariant, we deduce that
Lt D etA�L, so that

Vt D
˚
etA�`C etACuC etA�MuI ` 2 L; u 2 U �

D ˚ etA�`C uC etA�Me�tACuI ` 2 L; u 2 U �:
We deduce that for every u 2 U the vector uC etA�Me�tAC u belongs to Vt . Hence

ı.U; Vt/ � sup
jujD1
jetA�Me�tACuj

D ketA�Me�tACk � e�. mC.A/Cm�.A/ /tkMk: ut

Corollary 4.10. Let A and U as above. Fix ` > dimU and consider a compact
subset K � Gr`.E/ such that any V 2 K intersects U? transversally. Then there
exists a positive constant, depending only on K and dimE such that

ı.U; etAV / � Ce�.mC.A/Cm�.A/ /t ; 8V 2 K:
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Later we will need the following elementary result whose proof is left to the
reader as an exercise (Exercise 6.35).

Lemma 4.11. Suppose V is a subspace in R
m and .Tn/ is a sequence in Gr`.Rm/

which converges to a subspace T 2 Gr`.Rm/ that intersects V transversally. Then
for all sufficiently large Tn intersects V transversally and

lim
n!1 ı.T \ V; Tn \ V / D 0:

4.2 The Whitney Regularity Conditions

For any subset S of a topological space X , we will denote by cl.S/ its closure. We
will describe an important category of topological spaces made up of smooth pieces
(called strata) glued together according to some rules imposing a certain uniformity.
Such rules are encoded by the so-called Whitney regularity conditions.

Definition 4.12. Suppose X and Y are two disjoint smooth submanifolds1 of the
Euclidean space E .

(a) We say that the pair .X; Y / satisfies the Whitney regularity condition (a) at
x0 2 X \ cl.Y / if, for any sequence, yn 2 Y , such that

• yn ! x0
• the sequence of tangent spaces TynY converges to the subspace T1
we have Tx0X � T1.

(b) We say that the pair .X; Y / satisfies the Whitney regularity condition .b/ at
x0 2 X \ cl.Y / if, for any sequence, .xn; yn/ 2 X 	 Y , such that

• xn; yn ! x0,
• the one-dimensional subspaces `n D R.yn � xn/ converge to the line `1,
• the sequence of tangent spaces TynY converges to the subspace T1,

we have `1 � T1, that is, ı.`1; T1/ D 0.
(c) The pair .X; Y / is said to satisfy the regularity condition (a) or (b) along X , if

it satisfies this condition at any x 2 X \ cl.Y /.

Example 4.13. (a) It is perhaps instructive to give examples when one of the
regularity conditions (a) or (b) fail. Consider first the Whitney umbrella W
depicted in Fig. 4.2.

1Typically, these submanifolds are not properly embedded. For example, the unit circle in plane
with a point removed is a submanifold of the plane.
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Fig. 4.2 Whitney umbrella x2 D zy2

Fig. 4.3 The Whitney cusp y2 C x3 � z2x2 D 0

This surface contains the origin O , and two lines, the y-axis and the z-axis.
The surface W is singular along the z-axis. Let X denote z-axis and Y the
complement ofX inW , so that X � cl.Y /. We claim that the pair .X; Y / does
not satisfy the regularity condition (a) at O . Along the y-axis, we have

rw D .2x;�2zy;�y2/ D .0; 0;�y2/:

If we choose a sequence of points pn ! 0 along the y-axis, then we see TpnY
converges to the plane

T D fz D 0g « TOX:

(b) Consider the Whitney cusp depicted in Fig. 4.3, that is, the real algebraic surface
U � R

3 described by the equation

f .x; y; z/ D y2 C x3 � z2x2 D 0:

The vertical line visible in Fig. 4.3 is the z-axis. Clearly the Whitney cusp is
singular along this line. The surface has a “saddle” at the origin. Denote by X
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the z-axis, and by Y its complement in the Whitney cusp. We claim that .X; Y /
is (a)-regular at O , but is not (b)-regular at this point.

To prove the (a)-regularity we have to show that

j@zf .p/j
jrf .p/j ! 0 if p D .x; y; z/! O along U : (4.7)

Observe that
rf D .3x2 � 2xz2; 2y; 2zx2/:

Obviously (4.7) holds for all sequences pn D .xn; yn; zn/ 2 U such that zn D 0,
8n
 1. If .x; y; z/! 0 along U \ fz ¤ 0g, then y2 D x2.z2 � x/

jrf j2 D 4jx2zj2 C 4jyj2 C j3x2 � 2xz2j2

D 4jx2zj2 C 4jxj2jz2 � xj2 C jxj2j3x � 2z2j2:
Then,

jrf j2
j@zf j2 D 1C

4jxj2jz2 � xj2
4jx2zj2 C jxj

2j3x � 2z2j2
4jx2zj2

D 1C 1

4

ˇ̌
ˇ
ˇ
z2 � x
xz

ˇ̌
ˇ
ˇ

2

C jxj
2j3x � 2z2j2
4jx2zj2

D 1C 1

4

ˇ
ˇ̌
ˇ

z

x
� 1

z

ˇ
ˇ̌
ˇ

2

C
ˇ
ˇ̌
ˇ

z

x
� 3

2z

ˇ
ˇ̌
ˇ

2
.x;z/!0�! 1:

To show that the (b)-condition is violated at O , we need to find a sequence

U 3 pn D .xn; yn; zn/! 0;

such that
TpnU ! T; lim

n!1 h.pn/ D h; and h 6� T; (4.8)

where h.pn/ denotes the line spanned by the vector (xn; yn; 0). Thus, we need to
find a sequence pn such that 1

jrf .pn/jrf .pn/ is convergent and

lim
n!1

xn@xf .pn/C yn@y.pn/
jrf .pn/j �

pjxnj2 C jynj2
¤ 0:

We will seek such sequences along paths in U which end up at O . Look at the
parabola

C D fy D 0g \ U D ˚x D z2I y D 0; y ¤ 0� D ˚.z2; 0; z/I z ¤ 0� � U:
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Along C line, h.z2; 0; 0/ is the line generated by the vector e1 D .1; 0; 0/, and we
have

rf D .z4; 0; z5/ H) jrf j D jzj4.1CO.jzj//:
We conclude that along this parabola the tangent plane TpU converges to the plane
perpendicular to e1, which shows that the (b)-condition is violated by the sequence
converging to zero along C .

Remark 4.14. The Whitney condition (a) is weaker than (b) in the sense that
(b)H)(a). The Whitney cusp example shows that (b) is not equivalent to (a).

In applications, it is convenient to use a regularity condition slightly weaker
than the condition (b). To describe it, suppose that the manifolds X and Y are as
above, X � cl.Y / n Y , and let p 2 X \ cl.Y /. We can choose coordinates in a
neighborhood U of p in E , such that U \ X can be identified with an open subset
of an affine plane L � E . We denote by PL the orthogonal projection onto L.

We say that .X; Y / satisfies the condition (b’) at p if, for any sequence, yn ! p,
such that the TynY converges to some T1, and the one-dimensional subspace `n WD
R.yn � PLyn/ converges to the one-dimensional subspace `1, we have

`1 � T1; i.e.; �.`1; T1/ D 0:
The proof of the following elementary result is left to the reader as an exercise.

Proposition 4.15. (a)C (b’)H) (b).

To delve deeper into the significance of the Whitney condition, we need to
introduce a very precise notion of a tubular neighborhood.

Definition 4.16. Suppose X is a smooth submanifold of the smooth manifoldM .2

A tubular neighborhood of X ,! M (or a tube around X in M ) is a quadruple
T D .�;E; �; �/, where E ! X is a real vector bundle equipped with a metric,
� W X ! .0;1/ is a smooth function, and if we set

B� WD
˚
.v; x/ 2 EI x 2 X; kvkx < �.x/

�
;

then � is a diffeomorphism from B� ! X onto an open subset of X , such that the
diagram below is commutative,

B�

X M

�
�
��

�

�
�

�

;

where � denotes the zero section of E . We set jT j WD �.B�/. The function � is
called the width function of the tube.

2The submanifold X need not be closed in M .
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Given a tubular neighborhood T D .�;E; �; �/, we get a natural projection

�T W jT j ! X:

Moreover, the function 	.v; x/ D kvk2x induces a smooth function 	T W jT j ! X .
We say that �T is the projection and 	T is the radial function associated to the
tubular neighborhood T . We get a submersion

.�T ; 	T / W jT j nX ! X 	 R:

For any function ˛ W X ! .0;1/ such that ˛.x/ < �.x/, 8x 2 X we set

jT j˛ D
˚
y 2 jT jI 	T .y/ � ˛

�
�T .y/

�2 �
:

Via the diffeomorphism �, we can identify jT j˛ with the bundle of (closed) disks
bundle cl.B˛/. Its boundary @jT j˛ is sphere bundle @Br" ! X . The restriction of a
tubular neighborhood of U to an open subset of X is defined in an obvious fashion.

Definition 4.17. Suppose that T is a tubular neighborhood of X ,! M and f W
M ! Y is a map. We say that f is compatible with T if the restriction of f to jT j
is constant along the fibers of �T , i.e., the diagram below is commutative.

jT j

X Y
�

�T
�
�
��

f

�f

We have the following existence result [GWPL, Mat].

Theorem 4.18 (Tubular neighborhood theorem). Suppose f W M ! N is a
smooth map between smooth manifolds and X ,! M a smooth submanifold of M
such that f jX is a submersion. Suppose

W ,! V ,! X

are open subsets such that the closure of W in X lies inside V , and T0 is a smooth
tubular neighborhood of V ,!M , which is compatible with f .

Then, there exists a tubular neighborhood T ofX ,!M satisfying the following
conditions.

(a) The tube T is compatible with f .
(b) T jW� T0 jW .

The Whitney regularity condition interacts nicely with the concept of tubes.
The proof of the following result is left to the reader as an exercise. We strongly
recommend to the reader to attempt a proof of this result since it will help him/her
understand what is hiding behind the regularity conditions.
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Lemma 4.19. SupposeX; Y � R
m are smooth submanifolds such thatX � cl.Y /

and T D .�;E; �; �/ is a tube around X in R
m. The following hold.

(a) If the pair .X; Y / satisfies Whitney’s condition (a) along X , then there exists a
function ˛ W X ! .0;1/, ˛ < ", such that the restriction �T W Y \jT j˛\Y !
X is a submersion.

(b) If the pair .X; Y / satisfies Whitney’s condition (b) along X , then there exists a
function ˛ W X ! .0;1/, ˛ < ", such that the induced map

�T 	 	T W jT j˛ \ Y ! X 	 .0;1/

is a submersion.

Remark 4.20. It is useful to rephrase the above result in more geometric terms. Let
c D m � dimX D codimX . For any r > 0 and x 2 X , we denote by Dc

r .x/ the
c-dimensional disk Dc

r .x/ of radius r , centered at x and perpendicular to TxX .
The first statement in the above lemma shows that if .X; Y / satisfies the condition

(a) alongX , then for any x 2 X and any r < ˛.x/ the normal diskDc
r .x/ intersects

Y transversally. If .X; Y / satisfies the condition (b) along X , then for any x 2 X
and any r < ˛.x/, then both the disk Dc

r .x/ and its boundary @Dc
r .x/ intersect Y

transversally.

In a certain sense the above transversality statements characterize the Whitney
regularity condition (b). More precisely, we have the following geometric charac-
terization of the Whitney condition (b).

Proposition 4.21 (Trotman). Suppose .X; Y / is a pair of C1 submanifolds of the
R
N , dimX D m. Assume X � cl.Y / n Y . Then, the pair .X; Y / satisfies the

Whitney regularity condition (b) along X if and only if, for any open set U � E ,
and any C1-diffeomorphism 
 W U ! V , where V is an open subset of RN , such
that


.U \X/ � R
m ˚ 0 � R

N ;

the map


.Y \ U /�!R
m 	 .0;1/; y 7�! �

proj .y/ ; dist.y;Rm/2
�
;

is a submersion, where proj W R
N ! R

m denotes the canonical orthogonal
projection.

For a proof, we refer to the original source, [Tr].

Definition 4.22. Suppose X is a subset of an Euclidean space E . A stratification
of X is an increasing, finite filtration

F�1 D ; � F0 � F1 � � � � � Fm D X

satisfying the following properties.
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(a) Fk is closed in X , 8k.
(b) For every k D 1; : : : ; m the set Xk D Fk n Fk�1 is a smooth manifold of

dimension k with finitely many connected components called the k-
dimensional strata of the stratification.

(c) (The frontier condition) For every k D 1; : : : ; m, we have

cl.Xk/ n Xk � Fk�1:

The stratification is said to satisfy the Whitney condition (a) (respectively (b)) if
(d) for every 0 � j < k � m the pair .Xj ;Xk/ satisfies Whitney’s regularity

condition (a) (resp. (b)) along Xj .
A Whitney stratification is a stratification satisfying the Whitney condition (b)
(hence also the condition (a)).

We will specify a stratification of a set X by indicating the collection S of strata
of the stratification. The dimension the stratification is the integer

max
S2S dimS:

If S; S 0 2 S, we write S < S 0 if S � cl.S 0/ and S ¤ S 0. We say that the stratum S 0
covers the stratum S and we write this as SÉS 0 if S < S 0 and dimS 0 D dimSC1.
We will use the notations

X>S WD
[

S 0>S

S 0; X�S WD
[

S 0�S
S 0; etc:

Example 4.23. (a) The simplex

˚
.x; y/ 2 R

2I x; y � 0; x C y � 1 �

admits a natural Whitney stratification. The strata are: its vertices, the relative
interiors of the edges, and the interior of the simplex.

(b) Suppose .Xi ; Si /, i D 0; 1 are Whitney stratified subsets of Rmi . Then,X0	X1
admits a canonical Whitney stratification with strata S0 	 S1, Si 2 Si .

A smooth manifold X with boundary @X admits a canonical Whitney
stratification. Its strata are the interior of X and the connected components of
the boundary.

(c) Suppose .X; S/ is a Whitney stratified subset of Rm contained in some open
ball B . If ˚ W B ! R

m is a diffeomorphism onto an open subset O � R
m, then

˚.X/ is a Whitney stratified set with strata defined as the images via ˚ of the
strata of X .

(d) Suppose .X0; S0/, .X1; S1/ � R
m are Whitney stratified subsets of Rm, such

that

S0 t S1; 8S0 2 S0; S1 2 S1:
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Then, the collection

˚
S0 \ S1I S0 2 S0; S1 2 S1

�

defines a Whitney stratification of X0 \ X1. For a proof, we refer to [GWPL,
I.1.3].

(e) Suppose F W M ! N is a smooth map and .X; SX/ is a Whitney stratified
subset ofN and .Y; SY / is a stratified subset ofM such that the restriction of F
to any stratum of Y is transversal to all the strata ofX . Then the set Y \F�1.X/
admits a natural Whitney stratification with strata S \ F �1.S 0/, S 2 SY and
S 0 2 SX . To see this, consider the stratified subset

Z WD Y 	X �M 	N:
Its strata are S 	 S 0, S 2 SY and S 0 2 SX . The transversality assumption on F
implies that the graph of F ,

�F D
˚
.p; F.p//I p 2M � �M 	N;

intersects transversally the strata of Z. Thus, �F \ Z is a Whitney stratified
subset of �F . The natural projection �M W M 	 N ! M induces a
diffeomorphism �F !M . Thus,

Y \ F �1.X/ D �M
�
�F \Z

�

is a Whitney stratified subset of M with strata S \ F�1.S 0/, S 2 SY and
S 0 2 SX .

(f) Suppose .X; S/ is a Whitney stratified subset of the sphere Sm�1 � R
m. Then

the cone on X

CX D
˚
z 2 R

mI 9r 2 Œ0; 1/; x 2 X such that z D rx �

carries a natural Whitney stratification. The strata consists of the origin of Rm

and the cones on the strata of X with the origin removed.
(g) This last example may give the reader an idea on the possible complexity of a

Whitney stratified space. Consider the solid torus

Z D ˚.z0; z1/ 2 C
2I jz0j � 1; jz1j D 1

�
:

We denote by A its axis, i.e., the curve

A D ˚.z0; z1/ 2 C
2I z0 D 0; jz1j D 1

�
;

and by � the natural projection

Z 3 .z0; z1/ 7! .0; z1/ 2 A:
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Fig. 4.4 A surface with a codimension one singularity

Along its boundary

@Z D ˚.z0; z1/ 2 C
2I jz0j D 1; jz1j D 1

�
;

we consider the simple closed curve

C D ˚.z0; z1/ D .eit ; e4it /I t 2 Œ0; 2�� � :

The restriction of � to C induces 4 W 1-coveringC ! A. Consider the singular
surface

X D ˚.reit ; ei4t / 2 C
2I r 2 Œ0; 1�; t 2 Œ0; 2�� � � Z:

Note that the axisA is contained inX , andX nA is a smooth submanifold ofZ.
Topologically,X is obtained from four rectangles sharing a common edgeA via
the gluing prescription indicated in Fig. 4.4. Then the filtration A � X defines
a Whitney stratification of X .

In the traditional smooth context, we know that transversality is an open condi-
tion. More precisely, if X is a smooth manifold embedded in some Euclidean space
E , and Y is a smooth compact submanifold of E that intersects X transversally,
then a small perturbation of Y will continue to intersect M transversally. If X is an
arbitrary stratified space, this stability of transversality is no longer true. However,
this desirable property holds for stratified spaces satisfying the Whitney condition
(a). We state a special case of this fact. The proof is left to the reader as an exercise.

Proposition 4.24. Suppose we are given the following data.

• A compact smooth manifoldM embedded in some Euclidean space.
• A stratified subset X �M of M satisfying Whitney’s condition (a).
• A smooth compact manifold Y and a smooth map F W Œ0; 1� 	 Y ! M ,
.t; y/ 7! Ft.y/, such that for any t 2 Œ0; 1�, the map Y 3 y 7! Ft.y/ 2 M
is an embedding.

If Y0 D F0.Y / intersects the strata of X transversally, then there exists " > 0,
such that for any t 2 .�"; "/, the manifold Yt D Ft.Y / intersects the strata of X
transversally.
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A Whitney stratified space X � R
n has a rather restricted local structure, in

the sense that along a stratum S of codimension c, the singularities of X “look the
same” in the following sense. If si and i D 0; 1, are two points in S and Dsi is a
small disk of dimension c centered at xi and perpendicular to Tsi S , then the sets
X \ @Ds0 and X \ @Ds1 are homeomorphic. In other words, an observer walking
along S and looking atX in the directions normal to S will observe the same shapes
at all points of S . We say that X is normally equisingular along the stratum S .

In Fig. 4.3 we see a violation of equisingularity precisely at the origin, exactly
where the (b)-condition is violated. Figure 4.9 also illustrates this principle. The
surface in the right-hand side of this figure is equisingular along the axis, while in the
left-hand side the equisingularity is violated at this origin. The precise formulation
of the above intuitive discussion requires some preparation.

First, we need to defined an appropriate notion of local triviality of a map.

Definition 4.25. (a) Suppose .X; S/ is a stratified subset of R
m, N is an open

neighborhood ofX in R
m,M is a connected smooth manifold and f W N!M

is a smooth map. We regard M as a Whitney stratified set with a stratification
consisting of a single stratum.

(b) We say that the restriction f jX is topologically trivial if there exist a Whitney
stratified subset .F;F/ of some Euclidean space and a homeomorphism
h W F 	M ! X that sends the strata of the product stratification of F 	M
homeomorphically onto the strata of X; S/ and such that the diagram below is
commutative

F 	M X

M

�
����

�h

	
		
 f

(c) We say that the restriction f jX is locally topologically trivial if for any x 2M
there exists an open neighborhood U such that f jX\f�1.U / is topologically
trivial.

The next highly nontrivial result describes a criterion of local triviality.

Theorem 4.26 (Thom’s first isotopy theorem). Suppose .X; S/ is a Whitney
stratified space, Y is a smooth manifold, and f W X ! Y is a continuous map
satisfying the following conditions.

• The map f is proper, i.e., f �1.compact/ D compact.
• The restriction of f to each stratum S 2 S is a smooth submersion f jS W S ! Y .

Then, the map f W X ! Y is locally topologically trivial.

The proof of this result is very delicate and we refer to [GWPL, Mat] for details.
We have the following useful consequence.

Corollary 4.27. Suppose we are given the following data.

(c1) A compact smooth manifoldM embedded in some Euclidean space.
(c2) A Whitney stratified compact subset X �M of M .
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U
V

TV

TU

πV
πU

Fig. 4.5 Non-compatible tubular neighborhoods

(c3) A smooth compact manifold Y and a smooth map F W Œ0; 1� 	 Y ! M ,
.t; y/ 7! Ft .y/, such that for any t 2 Œ0; 1� the map Y 3 y 7! Ft .y/ 2 M
is an embedding, and the submanifold Yt D Ft.Y / intersects transversally the
strata of X .

Then the stratified spaces Yt \ X , t 2 Œ0; 1� have the same topological type, and

cl
�
F. .0; 1� 	 Y � D F. Œ0; 1� 	 Y � /:

Proof. We regard Œ0; 1�	Y as a stratified space obtained as the product of the spaces
Œ0; 1� and Y equipped with the natural stratifications. Consider the space

Z WD F �1.X/ � Œ0; 1� 	 Y:
From Example 4.23(e), we deduce that Z carries a natural Whitney stratification.
The condition (c3) implies that the natural projection

Z � Œ0; 1� 	 Y ! Œ0; 1�

is transversal to all the strata ofZ. The desired conclusions now follow from Thom’s
first isotopy theorem. ut

Suppose now that X � R
m is a Whitney stratified subset. Denote by S the

collection of strata. Assume that for every stratum U 2 S, we are given a tubular
neighborhood TU of U ,! R

m. We denote by �U (respectively 	U ) the projection
(respectively the tubular function) associated to TU . For any stratum V < U , we
distinguish two commutativity relations:

�V ı �U .x/ D �V .x/; 8x 2 jTU j \ jTV j \ ��1
U .jTV j \ U /: (C�)

	V ı �U .x/ D 	V .x/; 8x 2 jTU j \ jTV j \ ��1
U .jTV j \ U /: (C	)

A controlled tube system for the Whitney stratified set .X; S/ is a collection of
tubes fTU gU2S satisfying the above commutativity identities.

Example 4.28. In Fig. 4.5, the condition (C� ) is satisfied but the condition (C	) is
violated. The tubular neighborhoods in Fig. 4.6 are compatible, i.e., both commuta-
tivity relations are satisfied.

We have the following fundamental and highly nontrivial result whose proof can
be found in [GWPL, II.�5] or [Mat].
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Fig. 4.6 Compatible tubular neighborhoods

Theorem 4.29 (Normal equisingularity). Suppose .X; S/ is a Whitney stratified
subset Rm. Then, there exists a controlled tube system .TS/S2S such that for any
stratum S , the induced map

�S 	 	S W X>S \ TS ! bS� WD
˚
.x; t/ 2 S 	 .0;1/I t < �S .x/2

�

is locally topologically trivial in the sense of Definition 4.25(b).

The above result has a very rich geometric content that we want to dissect. The
typical fiber of the fibration �S 	 	S W X>S \ TS ! bS� is an important topological
invariant of the stratum S called the normal link of S in X , and it is denoted by
LS or LS .X/. It can be described as a Whitney stratified set as follows. Choose
x 2 S and let c denote the codimension of S . Next choose a local transversal to S
at x, i.e., a Riemann submanifold Zx of dimension c of the ambient space R

m that
intersects S only at x and such that

TxS C TxZx D TxRm:

Next, choose a Riemann metric g on Zx . Then, LS can be identified with the
intersection

X>S \
˚

z 2 Zx I distg.z; x/ D "
�

for " sufficiently small. Thom’s first isotopy lemma shows that the topological type
of LS is independent of the choice of the local transversal, the metric g, and " > 0

small. The induced map
�S W TS \ X ! S

is also locally topologically trivial. Its typical fiber is the cone on the link LS as
defined in Example 4.23(d).

Example 4.30. (a) Consider the Whitney stratified setX in Example 4.23(g). Then
the link of the stratum A is the topological space consisting of four points. The
equisingularity along A is apparent in Fig. 4.4.

(b) In Fig. 4.7 we have depicted a Whitney stratification of the 2-torus consisting of
a single zero-dimensional stratum v, two one-dimensional strata a and b, and
a single two-dimensional stratum R. The link of v is the circle depicted in the
right-hand side of the figure. It is carries a natural stratification consisting of
four zero-dimensional strata and four one-dimensional strata.

Let us record for later use the following useful technical result, [Mat, Cor. 10.4]
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Fig. 4.7 A Whitney stratification of the 2-torus

Proposition 4.31. Suppose .X; S/ is a compact Whitney stratified subset of Rm,
S0 < S1 are two strata of the stratification, and W is a submanifold of Rm that
intersects S0. Then,

S0 \W � cl.S1 \W /: ut

4.3 Smale Transversality ” Whitney Regularity

SupposeM is a compact, connected smooth manifold of dimensionm, f is a Morse
function on M , and 
 is a gradient like vector field on M . Denote by ˚
 the flow
generated by �
, byW �

p .
/ (respectivelyW C
p .
/) the unstable (respectively stable)

manifold of the critical point p, and set

Mk.
/ WD
[

p2Crf ; �.p/�k
W �
p .
/; S�

k .
/ DMk.
/ nMk�1.
/:

We say that the flow ˚
 satisfies the Morse–Whitney condition (a) (respectively (b))
if the increasing filtration

M0.
/ �M1.
/ � � � � �Mm.
/

is a stratification satisfying the Whitney condition (a) (respectively (b)). In the
sequel, when no confusion is possible, we will write Wṗ instead of Wṗ .
/.

Theorem 4.32. If the Morse flow ˚
 satisfies the Morse–Whitney condition (a),
then it also satisfies the Morse–Smale condition.

Proof. Let p; q 2 Crf such that p ¤ q and W �
p \ W C

q ¤ ;. Let k denote the
Morse index of q, and ` the Morse index of q so that ` > k. We want to prove that
this intersection is transverse. Let x 2 W �

p \ W C
q and set xt WD ˚



t .x/. Observe

that

TxW
C
q t TxW

�
p ”9t � 0 W TxtW C

q t TxtW
�
p :
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We will prove that TxtW
C
q t TxtW

�
p if t is sufficiently large.

We can find coordinates .ui / in a neighborhoodU of q, such that

uj .q/ D 0; 8j; 
 D
kX

iD1
2ui @ui �

X

˛>k

2u˛@u˛ :

Denote by A the diagonal matrix

A D Diag.�2; : : : ;�2„ ƒ‚ …
k

; 2; : : : ; 2„ ƒ‚ …
m�k

/:

Without any loss of generality, we can assume that the point x lies in the coordinate
neighborhoodU . Denote byE the Euclidean space with Euclidean coordinates .ui /.
Then the path t 7! TxtW

�
p 2 Gr`.E/ is given by

TxtW
�
p D etATxW �

p :

We deduce that it has a limit

lim
t!1TxtW

�
p D T1 2 Gr`.E/:

Since the pair
�
W �
q ;W

�
p

�
satisfies the Whitney regularity condition (a) alongW �

q ,
and xt ! q, as t !1, we deduce

T1 � TqW �
q H) T1 t TqW

C
q :

Thus, for t sufficiently large, TxtW
�
p t TxtW

C
q . ut

Theorem 4.33. Suppose M , f , and 
 are as in Theorem 4.32, and the flow
˚
 satisfies the Morse–Smale condition. Then the flow ˚
 satisfies the Morse–
Whitney condition, i.e., the stratification by unstable manifolds satisfies the Whitney
regularity (b).

Proof. We will achieve this in three steps.

(a) First, we prove that the stratification by unstable manifolds satisfies the frontier
condition.

(b) Next, we show that it satisfies Whitney’s condition (a).
(c) We conclude by proving that it also satisfies the condition (b’).

To prove the frontier condition it suffices to show that

W �
q \ cl

�
W �
p

� ¤ ; H) dimW �
q < dimW �

p : ut
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Observe that the set W �
q \ cl

�
W �
p

�
is flow invariant, and its intersection with any

compact subset of W �
p is closed. We deduce that p 2 W �

q \ cl
�
W �
p

�
.

Fix a small neighborhoodU of p in W �
p . Then, there exist a sequence xn 2 @U ,

and a sequence tn 2 Œ0;1/, such that

lim
n!1 tn D1; lim

n!1˚


tn
xn D q:

In particular, we deduce that f .p/ > f .q/. For every n, define

Cn WD cl
� ˚
˚


t xnI t 2 .�1; tn�

� �
:

Denote by Crpq the set of critical points p0 such that f .q/ < f .p0/ < f .p/. For
every p0 2 Crpq , we denote by dn.p0/ the distance from p0 to Cn. We can find a set
S � Crpq and a subsequence of the sequence .Cn/, which we continue to denote by
.Cn/, such that

lim
n!1dn.p

0/ D 0; 8p0 2 S and inf
n
dn.p

0/ > 0; 8p0 2 Crpq nS:

Label the points in S by s1; : : : ; sk , so that

f .s1/ > � � � > f .sk/:
Set s0 D p, skC1 D q. The critical points in S are hyperbolic, and we conclude that
there exist trajectories �0; : : : ; �k of ˚ , such that

lim
t!�1 �i .t/ D si ; lim

t!1�i.t/ D siC1; 8i D 0; : : : ; k;

and
lim inf
n!1 dist.Cn; �0 [ � � � [ �k/ D 0;

where �i D cl
�
�i.R/

�
, and dist denotes the Hausdorff distance. We deduce

W �
si
\W C

siC1
¤ ;; 8i D 0; : : : ; k:

Since the flow ˚
 satisfies the Morse–Smale condition, we deduce from the above
that

dimW �
si
> dimW �

siC1
; 8i D 0; : : : ; k:

In particular, dimW �
p > dimW �

q .
To prove that the stratification satisfies the regularity condition (a), we will show

that for every pair of critical points p; q, and every z 2 W �
q \ cl.W �

p /, there exist
an open neighborhoodU of z 2M , and a positive constant C such that

ı
�
TxW

�
q ; TyW

�
p

� � C dist.x; y/2; 8x 2 U \W �
q ; 8y 2 U \W �

p : (4.9)
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Since the map x 7! ˚t .x/ is smooth for every t , the set of points z 2 W �
p \

cl.W �
q / satisfying (4.9) is open in W �

q and flow invariant. Since q 2 cl.W �
p / \

cl.W �
q /, it suffices to prove (b) in the special case z D q. We will achieve this using

an inductive argument.
For every 0 � k � m D dimM , we denote by Crkf the set of index k critical

points of f . We will prove by decreasing induction over k the following statement.

S.k/: For every q 2 Crkf , and every p 2 Crf such that q 2 cl
�
W �
p

�
, there exist

a neighborhoodU of q 2 M , and a constant C > 0 such that (4.9) holds.

The statement is vacuously true when k D m. We fix k, we assume that S.k0/
is true for any k0 > k, and we will prove that the statement is true for k as well.
If k D 0, the statement is trivially true because the distance between the trivial
subspace and any other subspace of a vector space is always zero. Therefore, we
can assume k > 0.

Fix q 2 Crkf , and p 2 Cr`f , ` > k. Fix a real number R > 0 and coordinates
.ui / defined in a neighborhood of N of q, such that


 D �
X

i�k
2ui @ui C

X

˛>k

2u˛@u˛ ;

and ˚
. u1.x/; : : : ; um.x/ / 2 R

mI x 2 N
� � Œ�R;R�m:

For every r � R, we set

Nr WD
˚
x 2 NI juj .x/j � r; 8j D 1; : : : ; m �:

For every x 2 NR, we define its horizontal and vertical components,

h.x/ D .u1.x/; : : : ; uk.x// 2 R
k; v.x/ D .ukC1.x/; : : : ; um.x// 2 R

m�k:

Define (see Fig. 4.8)

S C
q .r/ WD

˚
x 2 W C

q \Nr I jv.x/j D r
�
; ZC

q .r/ D
˚
x 2 Nr I jv.x/j D r

�
:

The set ZC
q .r/ is the boundary of a “tube” of radius r around the unstable manifold

W �
q .
We denote by U the horizontal subspace of Rm given by fv.u/ D 0g, and by

U? its orthogonal complement. Observe that for every x 2 W �
q \ NR, we have

TxW
�
p D U . Finally, for k0 > k we denote by Tk0.U?/ � Grk0.Rm/ the set of

k0-dimensional subspaces of Rm which intersect U? transversally.
From part (a), we deduce that there exists r � R

Nr \ cl
�
W �
q0

� D ;; 8j � k; 8q0 2 Crjf ; q
0 ¤ q: (4.10)
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Fig. 4.8 The dynamics in a neighborhood of a hyperbolic point

For every critical point p0, we set

C.p0; q/ WD W �
p0 \W C

q ; C.p
0; q/r WD C.p0; q/ \ S C

q .r/:

Now, consider the set

Xr.q/ WD C.p; q/r [
[

k<�.p0/<`

C.p0; q/r :

For any positive number „, we set

Gr;„ WD cl
� ˚
TxW

�
p I x 2 ZC

q .r/I jh.x/j � „
� �� Gr`.Rm/: (4.11)

Lemma 4.34. There exists a positive „ � r such that Gr;„ � T`.U
?/.

Proof. We argue by contradiction. Assume that there exist sequences „n ! 0 and
xn 2 Nr , such that

jv.xn/j D r; jh.xn/j � „n; ı.U; TxnW �
p / � 1 �

1

n
:

By extracting subsequences, we can assume that xn ! x 2 S C
q .r/ and TxnW

�
p !

T1, so that

ı.U; T1/ D 1” T1 does not intersect U? transversally. (4.12)
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From the frontier condition and (4.10), we deduce x 2 Xr.q/. If x 2 C.p; q/r , then
x 2 W �

p \ S C
q .r/, and we deduce T1 D TxW

�
p . On the other hand, the Morse–

Smale condition shows that TxW �
p intersects transversally TxW C

q D U? which
contradicts (4.12).

Thus, x 2 C.p0; q/ with �.p0/ D k0, k < k0 < `. Since we assumed that the
statement S.k0/ is true, we deduce ı.TxW �

p0 ; T1/ D 0, i.e.,

T1 � TxW �
p0 :

From the Morse–Smale condition, we deduce that TxW �
p0 intersects TxW C

q D
U? transversally, and a fortiori, T1, will intersect U? transversally. This again
contradicts (4.12). ut

Fix „ 2 .0; r� such that the compact set

Gr;„ D
˚
TxW

�
p I x 2 W �

p \ZC
q .r/; jh.x/j � „

� � Gr`.Rm/

is a subset of T`.U?/. Consider the block

Br;„ WD
˚
x 2 Nr I jv.x/j � r; jh.x/j � „

�
:

The set Br;„ is a compact neighborhood of q. Define

Au W Rk ! R
k; Au D Diag.2; : : : ; 2/;

As W Rm�k ! R
m�k; As D Diag.2; : : : ; 2/;

A W Rm ! R
m; A D Diag.Au;�As/:

For every x 2 Br;„ nW �
q we denote by Ix the connected component of

ft � 0I ˚

t x 2 Br;„g

which contains zero. The set Ix is a closed interval

Ix WD Œ�T .x/; 0�; T .x/ 2 Œ0;1�:
If x 2 Br;„ nW �

q , then T .x/ <1. We set

z.x/ WD ˚


�T .x/x; y.x/ WD v.z.x//:

Then,
y.x/ D eT .x/Asv.x/; jy.x/j D r:

We deduce

jv.x/j D je�T .x/Asy.x/j D e�2T .x/jy.x/j D e�2T .x/r:
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Hence,

e�2T .x/ � 1

r
jv.x/j: (4.13)

Let x 2 Br;„ \W �
p . Then,

TxW
�
p D eT .x/ATz.x/W

�
p ; Tz.x/W

�
p 2 Gr;„;

and we deduce

ı.U; TxW
�
p / D ı.U; eT .x/ATz.x/W

�
p /; U D TqW �

q :

Using Corollary 4.10, we deduce that there exists a constant C > 0 such that for
every V 2 Gr;„, and every t � 0 we have

ı.U; etAV / � Ce�4t :

Hence,
8x 2 Br;„ \W �

p W ı.U; TxW �
p / � Ce�4T .x/;

Observing that

e�4T .x/ .4.13/� 1

r2
jv.x/j2;

we conclude that

8x 2 Br;„ \W �
p W ı.U; TxW �

p / � C
1

r2
jv.x/j2 D C

r2
dist.x;W �

q /
2:

Since for every w 2 Br;„ \ W �
q we have U D TwW

�
q , the last inequality proves

S.k/.
Finally, let us prove the regularity condition (b’). Fix a critical point q of index

k and an critical point p of index ` > k. Fix r;„ small as before. Due to the flow
invariance of W �

q and W �
p , it suffices to prove that the condition (b’) is satisfied

in a neighborhood Nr of q. We identify q with the origin of Rm and Nr with an
open neighborhood of 0 2 R

m. The stable manifold of q can be identified with the
subspace V D U? of Rn spanned by the vertical vectors. We will show that if xn is
a sequence of points on W �

p , such that

• xn ! x1 2 W �
p \Nr ,

• TxnW
�
p ! T1 2 Gr`.Rm/,

• the line Ln spanned by v.xn/ converges to a line L1,

then L1 � T1.
Denote by tn the unique positive real number such that e2tn jv.xn/j D r , and

denote by yn the point
yn WD ˚�tnxn D e�tnAxn:
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Observe that the lineLn spanned by v.xn/ coincides with the line spanned by v.yn/.
More generally, for any subspace S � V we have etAS D S . Hence

.V \ TynW �
p / D etnA.V \ TynW �

p / D V \ TxnW �
p :

We will prove that
lim
n!1 ı.Ln; V \ TynW �

p / D 0: (4.14)

This implies the desired conclusion because

ı.Ln; V \ TynW �
p / D ı.Ln; V \ TxnW �

p /:

Invoking Proposition 4.1(b), we conclude

ı.Ln; TxnW
�
p / � ı.Ln; V \ TxnW �

p /! 0 as n!1:

We will prove (4.14) by contradiction. Suppose that

lim sup
n!1

ı.Ln; V \ TynW �
p / > 0:

We can find a subsequence nj such that the following hold.

(c1) limnj!1 ı.Lnj ; V \ Tynj W �
p / > 0.

(c2) The points ynj converge to a point y0 2 V , jy0j D r .
(c3) The tangent spaces Tynj W

�
p converge to a space T 0 2 Gr`.Rm/.

Since the line Ln spanned by v.yn/ converges to L1 and h.yn/! 0 we deduce
that L1 coincides with the line spanned by y0.

The point y0 belongs to the closure of W �
p and thus there exists a critical point

p0 such that y 2 W �
p0 � cl

�
W �
p

�
. Since the pair .W �

p0 ;W
�
p / satisfies the Whitney

condition (a), we deduce that the limit space T 0 contains the tangent space Ty0W �
p0 .

Since y 0 2 V , we deduce that the flow line through y0, t 7! e�2t y0, t � 0, contains
the line segment .0; y0�. This proves that the line determined by y0 is contained in
Ty0W �

p0 and, a fortiori, in T 0. Thus L1 � T 0 and thus

L1 � T 0 \ V: (4.15)

From Lemma 4.34, we deduce that T 0 t V and TynW
�
p t V , for all n sufficiently

large so that jh.yn/j � „. These transversality conditions are needed to use Lemma
4.11. From this lemma, (4.15), and Proposition 4.1(b), we deduce

lim
nj!1 ı.L1; Tynj W

�
p \ V / D lim

nj!1 ı.L1; Tynj W
�
p / D 0:
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Since limn!1.Lnj ; L1/ D 0, we conclude that

lim
n!1Ln D L1 and lim

nj!1 ı.Lnj ; V \ Tynj W �
p / D 0:

This contradicts (c1) and concludes the proof of Theorem 4.33.

Remark 4.35. (a) The main result of [Lau] on the local structure of the closure
of an unstable manifold of a Morse–Smale flow is an immediate consequence
of Theorem 4.33 coupled with the normal equisingularity theorem (Theorem
4.29).

(b) Theorem 4.33 has a hidden essential assumption that we want discuss. More
precisely, we assumed that in the neighborhood of a critical point the flow
˚


t has the form ˚t D etA, where A is a symmetric matrix such that all the

positive eigenvalues are clustered at � D 2, while all the negative eigenvalues
are clustered at � D �2. We want to present a simple example which suggests
that some clustering assumption on the eigenvalues of the Hessian at a critical
point is needed to conclude the Whitney regularity. For a more detailed analysis
of this problem, we refer to [Ni2, Sect. 7].

Suppose we are in a three-dimensional situation, and near a critical point q of
index 1, we can find coordinates .x; y; z/ such that x.q/ D y.q/ D z.q/ D 0,
f D 1

2
.�ax2 C by2 C cz2/, and the (descending) Morse flow has the description

˚t .x; y; z/ D .eatx; e�bt y; e�ct z/; a > 0; c > b > 0:

The infinitesimal generator of this flow is described by the (linear) vector field


 D ax@x � by@y � cz@z:

The stable variety is the plane x D 0, while the unstable variety is the x-axis. In this
case, A is the diagonal matrix3

A D Diag.a;�b;�c/
and we say that its spectrum is clustered if it satisfies the clustering condition

.c � b/ � a:
We set g WD c � b. The clustering terminology is meant to suggest that the positive
eigenvalues of the Hessian of f at 0 are contained in an interval of short length g,
more precisely, shorter than the distance from the origin to the negative part of the
spectrum of the Hessian.

Consider the arc
.�1; 1/ 3 s 7! �.s/ WD .s; s; 1/:

3The matrix �A describes the Hessian of the function f .
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Fig. 4.9 Different behaviors of two-dimensional unstable manifolds

Observe that the arc � is a straight line segment that intersects transversally the
stable variety of q at the point �.0/ D .0; 0; 1/. Suppose that � is contained in
the unstable variety W �

p of a critical point p of index 2. We deduce that an open
neighborhood of �.0/ inW �

p can be obtained by flowing the arc � along the flow˚ .
More precisely, we look at the open subset ofW �

p given by the parametrization

.�1; 1/	 R 3 .s; t/ 7! ˚t.�.s// D
�
seat ; se�bt ; e�ct �:

The left half of Fig. 4.9 depicts a portion of this parameterized surface corresponding
to jsj � 0:2, t 2 Œ0; 2�, a D b D 1 and c D 8, so that the spectral clustering
condition is violated. It approaches the x-axis in a rather dramatic way, and we
notice a special behavior at the origin. This is where the condition (b’) is violated.
The right half of Fig. 4.9 describes the same parameterized situation when a D 1,
b D 1, and c D 1:5, so that we have a clustering of eigenvalues in the sense that
c < aC b. The asymptotic twisting near the origin is less pronounced in this case.

Suppose that the clustering condition is violated, i.e., g > a > 0. Fix a nonzero
real numberm, define st WD me�gt , and consider the point

pt WD ˚t
�
�.st /

� D .eat st ; e�bt st ; e�ct � D .me.a�g/t ; me�ct ; e�ct / 2 W �
p :

Observe that since b < c, we have limt!1 st D 0, and a � g < 0 so that

lim
t!1pt D q D .0; 0; 0/:
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The tangent space of W �
p at the point �.st / is spanned by

� 0.st / D .1; 1; 0/ and 
.�.st / / D .ast ;�bst ;�c/:
Denote by Lt the tangent plane of W �

p at pt . It is spanned by

�t WD 
.pt / D
�
aeat st ;�be�bt st ;�ce�ct � D �mae.a�g/t ;�mbe�ct ;�ce�ct �;

and by
ut WD D˚t� 0.st / D

�
eat ; e�bt ; 0

�
:

Observe that Lt is also spanned by

mae�atut D .ma;mae�.aCb/t ; 0/

and
e.g�a/t�t D

�
ma;�mbe.g�a�c/t ;�ce.g�a�c/t �:

Noting that g� a� c D �.bC a/, we deduce that Lt is also spanned by the pair of
vectors e�atut and

Xt WD mae�atut � e.g�a/t�t D
�
0; e�.bCa/tm.aC b/; ce�.aCb/t �:

Now observe that
e.aCb/tXt D .0;m.aC b/; c/;

which shows that Lt converges to the two-plane L1 spanned by

.1; 0; 0/ D 1

ma
lim
t!1 e�atut D .1; 0; 0/ and .0;m.aC b/; c/:

On the other hand, if we denote by � the projection onto the x-axis, the unstable
variety of q, then

pt � �.pt / D .0;me�ct ; e�ct /

and the line `t spanned by the vector pt � �.pt / converges to the line `1 spanned
by the vector .m; 1/. The vectors .m.aC b/; c / and .m; 1/ are collinear if and only
if c D .aC b/. We know that this is not the case.

Hence, `1 6� L1, and this shows that the pair .W �
q ;W

�
p / does not satisfy

Whitney’s regularity condition (b’) at the point q D limt pt .

Example 4.36. Consider the torus

T 2 WD ˚.x1; y1; x2; y2/ 2 R
4I x21 C y21 D x22 C y22 D 2

�
:

The function the linear function f D y1Cy2 induces a Morse function on this torus.
If we equip the torus with the metric induced from R

4, then the flow generated
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Fig. 4.10 A Morse–Smale flow on the 2-torus

by the negative gradient of this function is depicted in Fig. 4.10. The stationary
point corresponds to the global maximum of f , while v corresponds to the local
minimum. The stationary points a and b are saddle points. The stratification by
unstable manifolds coincides with the stratification depicted in Fig. 4.7.

4.4 Spaces of Tunnelings of Morse–Smale Flows

Suppose that M is a compact smooth manifold of dimension m, f W M ! R is a
Morse function, and 
 W M ! R is a gradient-like vector field such that the flow
˚
 generated by �
 satisfies the Smale transversality conditions. We then obtain a
Whitney stratification .M; Sf / of M , where

Sf WD fW �
p I p 2 Crf

�
:

We define

M�
p WD

[

W�
q �W�

p

W �
q :

The order relation between the strata of Sf defines an order relation � on Crf by
declaring

q � p” W �
q < W �

p ” W �
q � cl

�
W �
p

�
:

The vector field �
 is a gradient-like vector field for the function �f and the flow
˚

�

t D ˚



�t also satisfies the Smale condition. We obtain in this fashion a dual

stratification

S�f D
˚
W C
p I p 2 Crf g:

We define similarly

MC
p WD

[

W
C
q �WC

p

W C
q :
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The Smale condition implies that the strata of Sf intersect transversally the strata of
S�f . For q � p we set

C.p; q/ D W �
p \W C

q :

The connector C.p; q/ is a ˚
 -invariant smooth submanifold of M of dimension
�.p/� �.q/. Note that

x 2 C.p; q/” lim
t!1˚



t .x/ D q; lim

t!�1˚


t .x/ D p;

so that C.p; q/ is filled by trajectories of ˚
 running from p to q. We recall that we
call such trajectories tunnelings from p to q. For q � p, we set

C.p; q/ WD M�
p \MC

q :

Since the strata of Sf intersect transversally the strata of S�f , we deduce from
Example 4.23(d) that the space C.p; q/ carries a natural Whitney stratification Sp;q
with strata

C.p0; q0/; q � q0 � p0 � p:
It has a unique top-dimensional stratum, C.p; q/. Proposition 4.31 implies that
C.p; q/ coincides with the closure of C.p; q/. We have thus proved the following
result.

Corollary 4.37. Let q � p. Then, the closure of C.p; q/ is the space C.p; q/ that
carries a natural Whitney stratification with strata

C.p0; q0/; q � q0 � p0 � p: ut

We want to relate the C.p; q/ to the space M.p; q/ of [CJS]. As a set, M.p; q/
consists of continuous maps

N� W Œf .q/; f .p/�!M

satisfying the following conditions.

• The composition f ı N� W Œf .q/; f .p/� ! R is a homeomorphism onto
Œf .p/; f .q/�.

• If r 2 Œf .q/; f .p/� is a regular value of f , then N� is differentiable at r and

d N�
ds
jsDr D 1

df
�

 N�.r/

�
 N�.r/:

For any x 2 M , we denote by �x the flow line �x.t/ D ˚


t .x/. Set p˙ D

�x.˙1/ 2 Crf . We can associate to �x a path N�x 2M.p�; pC/,

N�x.s/ WD �x
�
s.t/

�
;
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where the parametrization

R 3 t 7! s.t/ 2 �f .pC/; f .p�/
�

is uniquely determined by the equalities

ds

dt
D df

dt

�
�x.�t/

�
; lim

t!�1 s.t/ D f .pC/:

We see that the image of any map N� 2 M.p; q/ is a finite union of trajectories
u1; : : : ; uk of ˚
 such that

lim
t!�1 u1.t/ D p; lim

t!1 uk.t/ D q; lim
t!1 ui .t/ D lim

t!�1 uiC1.t/; 1 � i � k � 1:

For this reason we will refer to the paths in M.p; q/ as broken tunnelings from
p to q.

We topologize M.p; q/ using the metric of uniform convergence. We have the
following result whose proof is left to the reader as an exercise.

Proposition 4.38. The metric space M.p; q/ is compact.

Observe that we have a natural continuous evaluation map

Ev WM.p; q/	 Œf .q/; f .p/�!M; Ev. N�; s/ D N�.s/:
Its image is the space C.p; q/. Note that we have a commutative diagram of
surjective maps

M.p; q/	 Œf .q/; f .p/� C.p; q/

Œf .q/; f .p/�

�Ev

��������
proj








�
f

(4.16)

The space M.p; q/ contains a large open subset M.p; q/ consisting of paths � 2
M.p; q/ such that the restriction of � to the open interval . f .q/; f .q/ / is smooth,
the image of � contains no critical points of f , and

d�.t/

dt
j D 1


.�.t//

.�.t//; 8f .q/ < t < f .p/:

The evaluation map induces a homeomorphism

Ev WM.p; q/	 . f .q/; f .p/ /! C.p; q/:

Observe that if r is a regular value of f situated in the interval Œf .q/; f .p/�, then
the commutative diagram (4.16) implies that we have a homeomorphism

M.p; q/ Š C.p; q/r WD C.p; q/ \ f �1.r/:
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Fig. 4.11 A Morse–Smale flow on the 2-torus and the spaces of broken tunnelings

More explicitly, this homeomorphism is described by

C.p; q/r 3 x 7! N�x 2M.p; q/:

Since r is a regular value of f , we deduce that C.p; q/r is a smooth manifold of
dimension �.p/� �.q/ � 1. We have thus proved the following result.

Proposition 4.39. For any critical points p; q 2 Crf such that q � p, the space
of tunnelingsM.p; q/ is homeomorphic to a smooth manifold of dimension �.p/�
�.q/ � 1.

Example 4.40. Consider the Morse-Smale flow on the 2-torus depicted in the right-
hand side of Fig. 4.11.

It has four critical points: a maximum p, a minimum v and two saddle points,
sa; sb . The unstable manifold W �

p is the interior of the square. The connector
C.p; v/ consists of the interiors of the four smaller squares, and its closure is the
entire torus. The space M.p; v/ consists of four disjoint line segments.

The behavior displayed in the above example is typical of the general situation.
We want to spend the remainder of this section explaining this in greater detail.

For any string of critical points p0 � p1 � � � � � p��1 � p� , and any " > 0,
we set

M.p�; : : : ; p1; p0/ WD
˚ N� 2M.p�; p0/I N�.f .pk// D pk; k D 1; : : : ; � � 1

�
:

Observe that we have an obvious concatenation homeomorphism

M.p�; p��1/ 	 � � � 	M.p1; p0/ 3 . N��; � � � N�1/ 7! N�� 
 � � � 
 N�1 2M.p�; : : : ; p0/;

where

N�� 
 � � � 
 N�1.s/ D N�k.t/; 81 � k � �; s 2 Œf .pk�1/; f .pk/�:

In particular, we have an inclusion

M.p�; p��1/ 	 � � � 	M.p1; p0/ ��!M.p�; p0/:
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We denote byM.p�; : : : ; p1; p0/ its image. It is a topological manifold of dimension

dimM.p�; : : : ; p0/ D �.p/ � �.q/ � �:

This leads to a stratification of M.p; q/

M.p; q/ D
a

�

a

qDp0�����p�Dp
M.p�; : : : ; p0/;

where the strata are topological manifolds. This stratification enjoys several regu-
larity properties reminiscent of a Whitney stratification. More precisely we want to
prove the following key structural result.

Theorem 4.41. (F1) If q � p, then M.p; q/ is dense in M.p; q/.
(F2) If q � p, then M.p; q/ is homeomorphic to a topological manifold with

corners. The “corners” of codimension � � 1 are the strata

M.p�; : : : ; p0/; p D p� � � � � � p0 D q:

Definition 4.42. A topological spaceX is said to be an N -dimensional topological
manifold with corners if for any point x0 2 X there exist an open neighborhood N

of x0 in X and a homeomorphism

� W Œ0;1/k 	 R
N�k ! N

that maps the origin to x0. The corresponding set �
� f0gk 	 R

N�k � is said to be a
corner of codimension k.

A topological N -dimensional manifold with corners X is said to be a smooth
manifold with corners if there exists a smooth manifold QX such that the following
hold.

• The manifold X is a closed subset of QX .
• For any x0 2 X , there exist an integer 0 � k � N , a neighborhood QN of x0 in
QX , and a diffeomorphism Q� W RN ! QN that maps Œ0;1/k 	R

N�k onto QN\X .

Remark 4.43. The facts (F1) and (F2) show that we can regard the map Ev in (4.16)
as a resolution of C.p; q/.

To prove (F1) and (F2) we follow an approach inspired from [KrMr, Sect. 18]
based on a clever geometric description of the flow ˚
 near a critical point of f .
A similar strategy is employed in [BFK].

Suppose that p is a critical point of f . Set E D Ep WD TpM , so that E is an
m-dimensional Euclidean space. Fix coordinates .xi / adapted to p and 
 defined in
a neighborhood Up of p. Via these coordinates we can identify Up with an open
neighborhood of the origin in E . For simplicity we assume that Up is an open ball
of radius 2rp > 0 centered at the origin. Similarly, we can isometrically identify
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TpM with E . We have an orthogonal decomposition

E D TpW �
p ˚ TpW C

p :

For simplicity, we set
E˙ D E ṗ WD TpWṗ :

We denote by �˙ D � ṗ the orthogonal projection onto E˙, and we write x˙ WD
�˙.x/. Note that

Wṗ \ Up D E ṗ \ Up:
Denote by S ˙ D S ṗ the unit sphere in E˙ centered at the origin. For any real
number " 2 .0; rp/, we set

Bp."/ WD
˚
x 2 E I jx˙j < " � � Up:

The block Bp."/ has the property that it intersects any flow line of ˚
 along a
connected subset. Indeed, we have

xt D ˚

t .x

C; x�/ D .e2txC; e�2tx�/;

so that xt 2 Bp."/ if and only if

jx�j
"

< e2t <
"

jxCj :

We write
Bp."/

� WD Bp."/ n
�
E� [EC/;

@CBp."�; "C/ WD
˚
x 2 E I jxCj D "; jx�j < " �;

@CBp."�; "C/ WD
˚
x 2 E I jxCj < "; jx�j D " �;

@˙Bp."/
� WD @˙B˙."/ n

�
E� [EC/:

A trajectory that intersects Bp."/ can have one and only one of the following three
behaviors.

• It is contained in the stable manifold of p.
• It is contained in the unstable manifold of p.
• It enters Bp."/ through @CBp."/

� and exits through @�Bp."/
�.

If x 2 @CBp."/
�, then the trajectory of ˚
 through x will intersect

@�Bp."�; "C/ in a point Tp.x/, so we get a local tunneling map

Tp W @CBp."/
� ! @�Bp."/

�:

If x D .xC; x�/ 2 @CBp."/
�, then

jxCj D "; 0 < jx�j < "; Tp.x/ D .e�2txC; e2t x�/; t > 0 e�2t jx�j D ":
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We deduce e2t D jx�j
"

and

Tp.x/ D
� jx�j

"
xC;

"

jx�jx
�
�
: (4.17)

More precisely if p0; p1 are two critical points of f such that p0 � p � p1, then
the set of tunnelings from p1 to p0 that intersect the block Bp."/ can be identified
with the set of solutions of the equation

x 2 @CBp."/
� \W �

p1„ ƒ‚ …
DWW�

p1
.p;"/�

; Tp.x/ 2 @�Bp."/
� \W C

p0„ ƒ‚ …
DWWC

p0 .p;"/
�

:

Denote byM.p1; p; p0/" the set of tunnelings from p0 to p1 that intersect the block
Bp."/. If we denote by �p , or � "

p the graph of Tp,

�p � @CBp."/
� 	 @�Bp."/

�;

then we see that we have a homeomorphism

�p \
�
W �
p1
.p; "/� 	W C

p0
.p; "/�

� 3 .x;Tp.x/ / 7! N�x 2M.p1; p; p0/":

To understand the intersection �p \
�
W �
p1
.p; "/� 	 W C

p0
.p; "/�

�
, we need a

better understanding of the graph �p. Using the equality (4.17), we obtain a
diffeomorphism

� " W .0; "/ 	 S � 	 S C ! �p; � ".	; !
�; !C/ D .	!�; "!CI "!�; 	!C/:

We denote by � p the closure of �p in @CBp."/ 	 @�Bp."/. We notice that � "
extends to a diffeomorphism

N� " W Œ0; "/ 	 S � 	 S C ! � p:

The closure � p is a smooth submanifold with boundary in @CBp."/ 	 @�Bp."/.
We denote by @0�p its boundary. Note that we have an equality

@0�p D f0g 	 S C 	 S � 	 f0g Š S C 	 S �:

We like to think of � p as the graph of a multi-valued map4

@CBp."/ Ü @�Bp."/:

4Algebraic geometers would call this a birational map.
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E
_

x

p
ϕ(x)

Fig. 4.12 The block Bp."/ and the tunneling map Tp

We define

W �
p1
.p; "/ WD @CBp."/\W �

p1
; W C

p0
.p; "/ WD @�Bp."/\W C

p0
:

Note that we have a canonical homeomorphism

�
W �
p1
.p; "/	W C

p0
.p; "/

�\ @0�p ŠM.p1; p/ 	M.p; p0/: (4.18)

It is useful to have yet another interpretation of the compactification � p. Denote
by �p."/ the “diagonal”

�p."/ WD
˚
.x�; xC/ 2 Bp."/I jx�j D jxCj

�
:

Equivalently, �p."/ is the intersection of the block Bp."/ with the level set ff D
f .p/g. Geometrically,�p."/ is obtained by coneing the subset

f .x�; xC/I jx�j D jxCj D " g;

which is diffeomorphic to the product of the spheres S � 	 S C.
We set �p."/

� WD �p."/ n f0g. Observe that we have a natural diffeomorphism
' W �p ! �p."/

� that associates to a point .x;Tp.x// on �p the intersection of the
flow line �x with �p."/; see Fig. 4.12. Consider the map

Œ0; "/ 	 S C 	 S � ˇ"! �p."/;

ˇ".	; !
C; !�/ D � .	"/ 12 !C; .	"/

1
2 !� �: (4.19)
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The map ˇ" is called the radial blowup of �p."/ at the origin. It induces a
diffeomorphism .0; "/ 	 S C 	 	S � ! �p."/

�, and we have a commutative
diagram,

.0; "/ 	 S C 	 S � �p

�p."/
�

�� "

�����ˇ"






� '

The map ' extends to a map

N' D ˇ" ı N� �1
" W � p ! �p."/

topologically equivalent to the radial blowup of �p."/ at the origin, i.e., we have a
commutative diagram

Œ0; "/ 	 S C 	 S � � p

�p."/

�N� "

�����ˇ"

�

�

�

�

�

�

�

�

�

�

�� N'

Now observe that

Xp1;p0 .p; "/
� WD � �1

"

	
�p \

�
W �
p1
.p; "/� 	W C

p0
.p; "/�

� 


D '�1�C.p1; p0/\�p."/
�

D ˚.	; !�; !C/I .	!�; "!C/ 2 W �
p1
; ."!�; 	!C/ 2 W C

p0
; 	 > 0

�
:

Since C.p1; p0/ intersects �p."/ transversally and ı is a diffeomorphism, we
deduce that Xp1;p0 .p; "/

� is a smooth submanifold in .0; "/	 S � 	 S C.
Let us observe that the map

N� " W Œ0; "/ 	 S � 	 S C ! @CBp."/ 	 @�Bp."/

is proper, so its image, � p, is a proper submanifold with a boundary of @CBp."/ 	
@�Bp."/.

Lemma 4.44. There exists "0 D "0.
; p/ > 0 such that for any " 2 .0; "0/ the
following hold.

(a) The manifoldWp1;p0 WD W �
p1
	W C

p0
intersects @CBp."/	@�Bp."/ transversally

in M 	M .
(b) The map

N� " W Œ0; "/ 	 S � 	 S C ! @CBp."/ 	 @�Bp."/

is transversal to the submanifold

Wp1;p0 .p; "/ WDWp1;p0 .p/ \
�
@CBp."/	 @�Bp."/

�
:
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In particular, this shows that

Xp1;p0 .p; "/ D � �1
"

�
� p \Wp1;p0 .p; "/

�

is a smooth submanifold with boundary. The boundary is the hypersurface
described by the equation 	 D 0.

Proof. The condition (a) is immediate since for " > 0 sufficiently small the vector
field 
 is transversal to @˙Bp."/. To prove the transversality conditions (b), we first
observe that the map

� " W .0; "/	 S � 	 S C ! @CBp."/ 	 @�Bp."/

is transversal to the submanifold Wp1;p0.p; "/. To reach desired conclusions, it
then suffices to show that the restriction of N� " to the boundary f0g 	 S � 	 S C
is transversal to Wp1;p0 .p; "/. The key observation is that the restriction of N� " to
f0g 	 S � 	 S C coincides with the inclusion

S C 	 S � ,! @CBp."/ 	 @�Bp."/:

The Smale transversality condition implies that this product of spheres is transversal
to Wp1;p0.p; "/.

The stability of transversality implies that for any " < "0.
; p/, there exists ı D
ı."/ 2 .0; "�, such that the coordinate 	 on Œ0; "/ 	 S � 	 S C defines a submersion

	 W Xp1;p0 .p; "/\ f	 < ıg ! Œ0; ı /:

The fiber over 	 D 0 is the subset

Fp0;p1 .p/
� WD �S C \W �

p1

� 	 �S � \W C
p0

�
:

Note that Fp0;p1.p/
� is homeomorphic with the productM.p1; p/	M.p; p0/, and

Xp0;p1.p/
� is an open subset in Xp0;p1 .p/. A point in Xp0;p1 .p; "/

� \ f	 D rg
corresponds to a tunneling N� from p1 to p0 that intersects the diagonal �p."/ at a
distance .2r"/1=2 from the origin. If we set c D f .p/, then we can write

	 D 	. N�/ D 1

2"
dist

�
p; N�.c/ �2 (4.20)

We deduce that for any !0 2 Fp0;p1 .p/
� there exist an open neighborhood N of

!0 in Fp0;p1.p/
�, a positive number ı1 < ı, and a homeomorphism

�" D �";p W N 	 Œ0; ı1/! Xp1;p0 .p; "; ı1/; (4.21)
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onto an open neighborhoodbN of !0 in Xp1;p0 .p; "; ı1/ such that the diagram below
is commutative

N 	 Œ0; ı1/ bN

Œ0; ı1/

�
�
��proj

��"

	
	

		
 	

This homeomorphism associates to a point ! 2 N and a real number r 2 .0; ı1/
a point �".!; r/ in Xp0;p1.p; "/

� \ f	 D rg. The point ! can be identified with a
broken trajectory

. N�1; N�0/ 2 M.p1; p/ 	M.p; p0/;
and the point�".!; r/ can be identified with a tunneling N� 2M.p1; p0/. We like to
think of N� as an approximate concatenation of N�0 and N�1 that intersects �p."/ at a
distance .2r"/1=2 from the origin. For this reason, we set

N�1#r;";!0 N�0 WD �". N�1; N�0; r/:

Putting together all of the above we obtain the following result.

Theorem 4.45. Fix " < "0.
/, and a broken trajectory

!0 D N�01# N�00 2M.p1; p/ 	M.p; p0/:

Then, there exist an open neighborhood N of !0 in M.p1; p/	M.p; p0/ and ı1 D
ı1."/ 2 .0; "/ such that the following hold.

1. If N�1# N�0 2 N, then as r & 0, r < ı1, the trajectory

N�1#r;";!0 N�0 2M.p1; p0/

converges in M.p1; p0/ to the concatenation N�1# N�0 2 M.p1; p; p//. In particu-
lar, M.p1; p; p0/ is contained in the closure ofM.p1; p0/ in M.p1; p0/.

2. The map
N 	 Œ0; ı1/!M.p1; p0/; . N�1; N�0; r/ 7! N�1#r;";!0 N�0

is a homeomorphism onto an open neighborhood bN of !0 in M.p1; p0/.

Applying the above theorem inductively we deduce the claim (F1) in
Theorem 4.41.

Corollary 4.46. For any critical points p � q of f , the set M.p; q/ is dense in
M.p; q/.

Theorem 4.45 implies immediately the following result.



240 4 Morse-Smale Flows and Whitney Stratifications

Corollary 4.47. Suppose p � p0 are critical points of f such that �.p/��.p0/ D
2. Then, M.p; p0/ is homeomorphic to a one-dimensional manifold with boundary.
Moreover,

@M.p; p0/ D
[

q2Crf ;�.p/��.q/D1
M.p; q; p0/: ut

Remark 4.48. In Corollary 4.50 of the next section, we will give a more direct
proof of this result based on the theory of Whitney stratifications. This will provide
additional geometric intuition behind the structure of M.p; p0/.

To proceed further, we need to introduce additional terminology. For any critical
points p; q 2 Crf , we set

Crf .p; q/ WD
˚
p0 2 Crf I q � p0 � p �

Note that Crf .p; q/ is nonempty if and only if q � p. A chain in Crf .p; q/ is a
sequence of critical points p0; : : : ; p� 2 Crf such that

p0 � p1 � � � � � p�:

The integer � is called the length of the chain. A maximal chain Crf .p; q/ is a
chain Crf .p; q/ of maximal length. Note that if p0; : : : ; p� is a maximal chain in
Crf .p; q/, then q D p0 and p D p� .

Fix a chain p0; : : : ; p� in Crf .p; q/ such that p� D p and p0 D q. Fix " > 0

sufficiently small. Define

M.p�; : : : ; p1; p0/" WD
˚ N� 2M.p�; p0/I N�.f .pk// 2 Bpk ."/; 1 � k � � � 1

�
:

Note that M.p�; : : : ; p1; p0/" is a neighborhood of M.p�; : : : ; p0/ in M.p�; p0/.
To ease the notational burden, we set

@i˙."/ WD @˙Bpi ."/;

and we define

�pi ;pi�1 D � "
pi ;pi�1

WD ˚ .x; y/ 2 @i�."/ 	 @i�1C ."/I 9t > 0 W y D ˚

t x
�
:

The set �pi ;pi�1 is the graph of a diffeomorphismT"pi�1;pi from an open subset O�
i �

@i�."/ onto an open subset OC
i�1 � @i�1C ."/. Note that if " < "0, then � "

pi ;pi�1
�

� "0

pi ;pi�1
. We denote by Di̇;" the diagonal in @i˙."/ 	 @i˙."/ and we set

G"p� ;:::;p0 WD � "
p��1
	 � "

p��1;p��2
	 � "

p��2
	 � � � 	 � "

p2;p1
	 � "

p1
;
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where � "
pi

denote the graphs of the local tunneling maps Tpi W @iC."/! @i�."/. The
set G"p� ;:::;p0 is a submanifold of

Y" WD @��1C ."/ 	 � @��1� ."/	 @��1� ."/
�

	
0

@
��2Y

jD2

�
@j�."/ 	 @j�."/

� 	 � @jC."/ 	 @jC."/
�
1

A 	 � @1C."/ 	 @1C."/
� 	 @1�."/:

Consider the submanifold Z" � Y" given by

Z" WD �
W �
p�
\ @��1C ."/

� 	D�
��1;"

	
0

@
��2Y

jD2
D�
j;" 	DC

j;"

1

A 	DC
1;" 	

�
@1�."/\W C

p0

�
:

Note that G"p� ;:::;p0 \ Z" can be identified with the collection of strings of points in
M of the form

xC
��1; x

�
��1; : : : ; xC

1 ; x
�
1

subject to the constraints

• x��1 2 W �
p�
\ @��1C ."/.

• x�
1 2 @1�."/\W C

p0
.

• xC
i�1 D Tpi�1;pi .x

�
i /, x

�
j D Tpj .x

C
i /.

Thus, G"p� ;:::;p0 \Z" can be identified withM.p�; : : : ; p0/. If " > 0 is sufficiently
small, then the above description coupled with the Smale condition imply that
G"p� ;:::;p0 intersects Z" transversally inside Y". Let us define

G
"

p� ;:::;p0
WD � "

p��1
	 � "

p��1;p��2
	 � "

p��2
	 � � � 	 � "

p2;p1
	 � "

p1
:

The intersection of Z" with G
"

p� ;:::;p0
consists of strings of points in M

x D .xC
��1; x

�
��1; : : : ; xC

1 ; x
�
1 /

subject to the constraints

(C1) xi̇ 2 Wṗi
\ @i˙."/, i D 1; : : : ; � � 1.

(C2) xC
��1 2 W �

p�
\ @��1C ."/.

(C3) x�
1 2 @1�."/ \ W C

p0
.

(C4) xC
i�1 D Tpi�1;pi .x

�
i /, .x

C
j ; x

�
j / 2 � pj

Using the Smale condition, we conclude that the above intersection is transverse.
Note that there exists a natural bijection between strings x satisfying the con-
straints (C1–C4) and the set bN.p�; : : : ; p0/" consisting of broken trajectories N� 2
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M.p�; : : : ; p0/" that contain no critical point p 2 Crf nfp0; : : : ; p�g. We denote by

x 7! N�x this correspondence. The set bN.p�; : : : ; p0/" is an open neighborhood of
M.p�; : : : ; p0/ in M.p�; p0/, and the map x 7! N�x defines a homeomorphism

G
"

p� ;:::;p0
\ Z" ! bN.p�; : : : ; p0/":

Each of the factors �
"

pi
is a smooth manifold with boundary so that G

"

p� ;:::;p0
carries

a natural structure of smooth manifold with corners. Each of the factors �
"

pi
is a

subset of Œ0; "/ 	 S �
pi
	 S C

pi
and thus we have a natural smooth map

	i W � "

pi
! Œ0; "/:

These induce a map

� D .	1; : : : ; 	��1/ W G"p� ;:::;p0 ! Œ0; "/��1 � R
��1:

Arguing exactly as in the proof of Lemma 4.44, we deduce that the point 0 2
Œ0; "/��1 is a regular value of the restriction of � to G

"

p� ;:::;p0
\ Z". The implicit

function theorem implies that G
"

p� ;:::;p0
\Z" is a smooth manifold with corners. This

proves the claim (F2) in Theorem 4.41.

4.5 The Morse-Floer Complex Revisited

In the conclusion of this chapter we want to have another look at the Morse-Floer
complex.

Suppose that M is a smooth, compact, connected m-dimensional manifold and
.f; 
/ is a self-indexing Morse–Smale pair on M . Denote by ˚t the flow generated
by �
.

For every critical point p of f , we denote by W �
p the unstable manifold of

˚ at p, by W C
p the stable manifold at p, and we fix an orientation or�

p of W �
p .

Concretely, the orientation or�
p is specified by a choice of a basis of the subspace of

TpM spanned by the eigenvectors of the Hessian Hf;p corresponding to negative
eigenvalues. The orientation !p defines a coorientation of W C

p ,! M , i.e., an
orientation of the normal bundle of W C

p ,!M .
If p; q 2 Crf are such that

�.p/� �.q/ D 1;

then the connector C.p; q/ D W �
p \W C

q consists of finitely many tunnelings.
As explained in Remark 2.40(a), the normal bundle of C.p; q/ in W �

p can be
identified with the restriction to C.p; q/ of the normal bundle of W C

q ,! M , i.e.,
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we have a short exact sequence of vector bundles

0! TC.p; q/! .T W �
p /jC.p;q/ !

�
T
W

C
q
M
�
C.p;q/

! 0:

Thus the submanifold C.p; q/ � W �
p has a coorientation induced from the

coorientation of W C
q ,! M . This determines an orientation of C.p; q/ defined

via the rule

or.T W �
p /jC.p;q/ D or

�
T
W

C
q
M
�
C.p;q/

^ orTC.p; q/: (4.22)

For each flow line � contained in C.p; q/, we define �.�/ D 1 if the orientation of
� given by the flow coincides with the orientation of � given by (4.22) and we set
�.�/ D �1 otherwise. We can view � as a map

� D �p;q WM.p; q/! f˙1g:

We set

hpjqi WD
X

N�2M.p;q/
�. N�/:

Denote by Ck.f / the free Abelian group generated by the set Crf;k of critical points
of f of index k. Each critical point p 2 Crf;k determines an element of Ck.f / that
we denote by hpj, and the collection .hpj/p2Crf;k is an integral basis of Ck.f /. Now
define

@ W Ck.f /! Ck�1.f /; @hpj D
X

q2Crf;k�1

hpjqihqj; 8p 2 Crf;k :

In Sect. 2.5 we gave an indirect proof of the equality @2 D 0. Below we will present
a purely dynamic proof of this fact.

Theorem 4.49. The operator

@ W
mM

kD0
Ck.f /!

mM

jD0
Cj .f /

is a boundary operator, i.e., @2 D 0. The resulting chain complex .C�.f /; @/ is
isomorphic to the Morse–Floer complex discussed in Sect. 2.5.

Proof. The theorem is equivalent with the identity

X

p0�q�p
�2M.p;q/; N� 02M.q;p0/

�. N� 0/�. N�/ D 0; (4.23)
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for any critical points p � p0 such that �.p/ � �.p0/ D 2. We begin by giving an
alternate description of the signs �. N�/ using the fact that the collection of unstable
manifolds is a Whitney stratification of M .

Fix a controlled tube system for this stratification satisfying the local triviality
conditions in Theorem 4.29. For any p 2 Crf , we denote by Tp the tube around
W �
p , by ��

p the projection ��
p W Tp ! W �

p , by "p W W �
p ! .0;1/ the width

function of Tp, and by 	p the radial function on Tp. With these notations, the fiber
of ��1

p over x 2 W �
p should be viewed as a disk of radius "p.x/, and the restriction

of 	p to this disk is the square of the distance to the origin.
We set Ep WD TpM , so that Ep is an m-dimensional Euclidean space equipped

with an orthogonal decomposition

Ep D EC
p ˚E�

p

determined by the eigenvectors of the Hessian of f at p corresponding to
positive/negative eigenvalues. For x 2 Ep, we denote by x˙ its components in
E ṗ .

As on page 233 we choose a coordinate neighborhood Up of p 2 M identified
with a ball of radius 2rp in Ep. Note that the restriction of ��

p to Up coincides with
the orthogonal projection onto E �

p , while for any x 2 Up \ Tp we have

	p.x/ D jxCj2: (4.24)

We denote by ıp the value of "p at p 2 W �
p . The Smale condition implies that any

stable manifold intersects transversally all the strata of the stratification by unstable
manifolds.

Let p 2 Crf;k and q 2 Crf;k�1. Note that if q 6� p, then hpjqi D 0 so we may
as well assume that q � p, i.e., W �

q � cl.W �
p /. The restriction of ��

q to W �
p \ Tq

is a locally trivial fibration with fiber described by the intersection

Tq \W �
p \W C

q :

This is a finite collection of oriented arcs, one arc for every tunneling from p to q.
For � sufficiently small, the set

W �
p;q.�/ WD W �

p n
n
x 2 TqI 	q.x/ < �2"q.��

q x /
2
o

is a smooth manifold with boundary. Intuitively, W �
p;q.�/ is obtained from W �

p by
removing a very thin tube around W �

q . The projection ��
q induces a finite-to-one

covering map

��
q W @W �

p;q .�/! W �
q :

Since W �
q is contractible, this covering is trivial.
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Fig. 4.13 The structure of M�
p near W �

p0

The fiber of this covering over q can be identified with the set of tunnelings
from p to q. For any tunneling N� 2 M.p; q/, we denote by x. N�/ D x. N�; �/ its
intersection with @W �

p;q . Note that x. N�; �/ is in the fiber of ��
q over q, and it is the

point on N� situated at a distance �ıq from q. We denote by @�W �
p;q.�/ the component

of @W �
p;q.�/ containing x. N�; �/

The orientation on W �
p induces an orientation of @W �

p;q.�/ via the outer-normal
first rule. The vector field �
 is tangent to W �

p;q and transversal to @W �
p;q.�/ at

the points x. N�; �/. The equality (4.24) shows that it points toward the exterior
of W �

p;q.�/. The orientation convention (4.22) shows that �. N�/ is the degree of
��
q W @W �

p;q.�/! W �
q at the point x. N�; �/ or, equivalently,

�. N�/ D deg
�

��
q W @ N�W �

p;q.�/! W �
q

�
:

For � sufficiently small (to be specified a bit later) we set

W �
p .�/ D W �

p n
[

x2Tq I q2Crf;k�1

n
	q.x/ < �

2"q.��
q x/ /

2
o
:

This is a manifold with boundary. The components of the boundary are

@ N�W �
p;q.�/; q 2 Crf;k�1; N� 2 M.p; q/:

Choose h 2 .0; 1/. Let Y. N�; N� 0/ be the hypersurface in @ N�W �
p;q.�/ (see Fig. 4.13)

defined as the preimage of @ N� 0Wq;p0.h/ via the diffeomorphism

��
q W @ N�W �

p;q.�/! W �
q :
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Since ��
p0 D ��

p0 ı ��
q , and the map ��

p0 W @ N� 0W �
q;p0 ! W �

p0 is a diffeomorphism we
obtain a diffeomorphism,

��
p0 W Y. N�; N� 0/! W �

p0 :

We set

�. N�; N� 0/ WD deg
�

��
p0 W Y. N�; N� 0/! W �

p0

� 2 f˙1g:
Since 	p0 D 	p0 ı ��

q , we deduce that Y. N�; N� 0/ is contained in the hypersurface of
M described by

Zp0 ;h D
n
x 2 Tp0 I 	p0 .x/ D h2"p0

�
��
p0.x/

� o
:

Now fix � small enough so that for any q 2 Crf;k�1 and any tunneling N� 2
C.p; q/, the hypersurface Zp0 ;h intersects transversally the boundary component
@ N�W �

p;q.�/. We then have a disjoint union

Zp0 ;h \ @ N�W �
p;q.�/ D

G

N� 02M.q;p0/

Y.�; � 0/:

The hypersurfaceZp0;h intersects transversally the manifold with boundaryW �
p .�/

and the intersection is a manifold with boundary. Moreover,

@
�
Zp0;h \W �

p .�/
� D

G

p0�q�p
�2M.p;q/; N� 02M.q;p0/

Y.�; � 0/:

Let us observe that

�. N�; N� 0/ D �. N� 0/�. N�/: (4.25)

Indeed,

deg
�

��
p0 W Y. N�; N� 0/! W �

p0

�

D deg.��
p0 W @ N� 0W �

q;p.h/! W �
p0 / � deg.��

q W Y. N�; N� 0/! @ N� 0W �
q;p.h//

D �. N� 0/�. N�/:

We orient Y. N�; N� 0/ as a component of the boundary of Zp0;h \ W �
p .�/. Fix a

differential form � 2 ˝k�2.W �
p0 / with support in a small neighborhood of p0 and

such that Z

W�
p0

� D 1:

Then,

�. N�; N� 0/ D
Z

Y. N�; N� 0/

.��
p0/

��:
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Fig. 4.14 The link Lp;p0 (top half) and its blowup along the 0-strata (bottom half)

Hence,

X

p0�q�p
�2M.p;q/; N� 02M.q;p0/

�. N�; N� 0/ D
X

p0�q�p
�2M.p;q/; N� 02M.q;p0/

Z

Y. N�; N� 0/

.��
p0/

��

D
Z

@
�
Zp0 ;h\W �

p .�/
�.��

p0/
�� D

Z

Zp0 ;h\W�
p .�/

d.��
p0/

��:

At the last step, we have used Stokes formula and the fact that the map ��
p0 W

Zp0 ;h ! W �
p0 is proper. The last integral is zero since d� D 0 on W �

p0 . Using
(4.25) in the above equality, we obtain (4.23).

The setup in the above proof yields a bit more information. Fix p0 � p, �.p0/ D
�.p/� 2 D k � 2. Denote byM�

p the closure ofW �
p in M . The closed set M�

p has
a canonical Whitney stratification with strata W �

q , q � p.
The link in M�

p of the .k � 2/-dimensional stratum W �
p0 is a compact one-

dimensional Whitney stratified space Lp;p0 obtained by intersecting M�
p with a

small sphere

S C
p0."/ D

˚
xC 2 EC

p0 I jxCj D " � � Up0 :

The zero-dimensional strata of Lp;p0 are in bijective correspondence with
tunneling N� 0 2 C.q; p0/, p0 � q � p. For such a tunneling N� 0, we denote by v. N� 0/
the corresponding zero-dimensional stratum of Lp0 . The link of v. N� 0/ in Lp;p0 is in
bijective correspondence with the tunnelings N� 2 C.p; q/. If from Lp0 we remove
tubes around the zero-dimensional strata we obtain a one-dimensional manifold
with boundary that is homeomorphic to the space of broken trajectories M.p; p0/.
Equivalently, M.p; p0/ is homeomorphic to the spacebLp;p0 obtained by blowing up
Lp;p0 at the vertices; see Fig. 4.14.

This provides another proof and a different explanation for Corollary 4.47.
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Corollary 4.50. Suppose p 2 Crf;k and p0 2 Crf;k�2 are critical points of f such
that p � p0. Denote by Lp;p0 the link of the stratum W �

p0 in the closure of W �
p .

Then, Lp;p0 is a compact one-dimensional Whitney stratified space and M.p; p0/
is homeomorphic to the blowup bLp;p0 of the link Lp;p0 along the zero-dimensional
strata. This blowup is homeomorphic to a one-dimensional manifold with boundary.
Moreover,

@M.p; p0/ D
[

q2Crf;k�1

M.p; q; p0/: ut

Remark 4.51. Suppose p0 � p, �.p0/ D �.p/ � � � 1. Then the link of W �
p0 is a

�-dimensional Whitney stratified space Lp;p0 . The link can be realized concretely
as before by intersectingM�

p with a small sphere S C
p0."/ � W C

p0 centered at p0. The
strata of the link are the connected components of the smooth manifolds

C.q; p0/" D C.q; p0/ \ S C
p0."/; p

0 � q � p:

If S is a component of C.q; p0/", then the normal equisingularity of the Whitney
stratification of M�

p implies the link of S in Lp;p0 is homeomorphic with the link
Lp;q of W �

q in M�
p .

Remark 4.52. Harvey and Lawson [HL] have shown that given a Morse function f
on a compact manifoldM , we can find a smooth Riemann metric g onM such that
the flow generated by�rgf satisfies the Morse–Smale condition and moreover, the
unstable manifolds have finite volume with respect to the induced metric. By fixing
orientations orp on each unstable manifold W �

p , p 2 Crf , we obtain currents of
integration ŒW �

p ; orp�. The boundary (in the sense of currents) of ŒW �
p ; orp� can be

expressed in terms of the boundary of the Morse–Floer complex. More precisely,

@ŒW �
p ; orp� D

X

�.q/D�.p/�1
hpjqiŒW �

q ; orq�: ut

Remark 4.53. The closure cl.W �
p / of an unstable manifoldW �

p of a Morse–Smale
flow is typically a very singular Whitney stratified space. However, it admits a
canonical resolution as a smooth manifold with corners. This consists of a pair
.bW �

p ; �p/ with the following properties.

• bW �
p is a smooth manifold with corners.

• �p is a smooth map �p W bW �
p !M .

• �p.bW �
p / D cl .W �

p /.

• The restriction of �p to bW �
p n @bW �

p is an injective immersion ontoW �
p .

To describe this resolution, we follow closely the very nice presentation of [BFK]
to which we refer for proofs and more details. A conceptually similar description
can be found in [Qin].
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As a set, bW �
p is a disjoint union

bW �
p D

G

q�p
M.p; q/	W �

q ; where M.p; p/ D fpg:

The map �p is defined by its restriction to the strata. Along M.p; q/	W �
q it is given

by the composition

M.p; q/	W �
q � W �

q ,!M;

where the first map is the canonical projection onto the second factor while the
second is the canonical inclusion. We set

bf p WD f ı �p W bW �
p ! R:

An element Ow WD bW �
p can be viewed as a broken trajectory that “originate” at p

and ends at x D �p. Ow/. More precisely, we can identify Ow with a continuous map
� W Œf .x/; f .p/�!M satisfying the following properties.

• The composition

Œf .x/; f .p/�
�!M

f! R

is the inclusion map Œf .x/; f .p/� ,! R.
• �

�
f .x/

� D x, �
�
f .p/

� D p.
• If s0 2

�
f .x/; f .p/

�
is a regular value of f , then � is differentiable at s0 and

d�

ds
jsDs0 D

1

df
�

�.s0/

�
�.s0/:

To describe the natural topology on bW �
p , we first label the critical values of f

c0 < c1 < � � � < c�:

We set

c�1 WD �1; ck WD f .p/; ı D 1

100
minfci � ci�1I 1 � i � �g;

and for j D 0; : : : ; k � 1, we define

Uj D bf �1
p

�
.cj�1 C ı; cjC1 � ı/

�
:

We will describe topologies on Uj that are compatible, i.e., for any j < j 0 the
overlap Uj \ Uj 0 is an open subset of both Uj and Uj 0 .
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Observe that we have an inclusion

�j W Uj ,! fcj�1 C ı < f < cjC1 � ıg 	
kY

iDjC1
ff D ci � ıg �Mk�jC1;

.�; x/ 7! �
x; �. cjC1 � ı /; : : : ; �.ck � ı/

�
:

We equip Uj with the topology as a subspace of Mk�jC1.
In [BFK, Sect. 2.3], it is shown that these topologies on Uj are indeed compatible

and bW �
p with the resulting topology is a compact Hausdorff space containing W �

p

as a dense open subset. The fact that bW �
p is a smooth manifold with corner follows

from arguments very similar to the ones we have employed in Sect. 4.4. For details,
we refer to [BFK, Sect. 4.2].

Recently, Lizhen Qin has proved in [Qin] that the pair .bW �
p ; @

bW �
p / is homeo-

morphic to the pair .D�.p/; @D�.p//, where Dk denotes the closed unit disk in R
k .

In other words, the stratification by unstable manifolds determined by his cellular
decomposition of M coincides with the Morse–Floer complex.



Chapter 5
Basics of Complex Morse Theory

In this final chapter, we would like to introduce the reader to the complex version
of Morse theory that has proved to be very useful in the study of the topology of
complex projective varieties, and more recently in the study of the topology of
symplectic manifolds.

The philosophy behind complex Morse theory is the same as that for the
real Morse theory we have investigated so far. Given a complex submanifold M
of a projective space CP

N , we consider a (complex) one-dimensional family of
(projective) hyperplanes Ht , t 2 CP

1 and we study the family of slices Ht \M .
These slices are in fact the fibers of a holomorphic map f WM ! CP

1.
In this case the “time variable” is complex, and we cannot speak of sublevel

sets. However, the whole setup is much more rigid, since all the objects involved
are holomorphic, and we can still extract nontrivial information about the family of
slices Ht \M from a finite collection of data, namely, the behavior of the family
near the singular slices, i.e., near those parameters � , such thatH� does not intersect
M transversally.

In the complex case, the parameter t can approach a singular value � in a more
sophisticated way, and the right information is no longer contained in one number
(index of a Hessian) but in a morphism of groups called monodromy, which encodes
how the homology of a slice Ht \ M changes as t moves around a small loop
surrounding a singular value � .

We can then use this local information to obtain surprising results relating the
topology of M to the topology of a generic slice Ht \M and the singularities of
the family.

To ease the notation, in this chapter we will write P
N instead of CPN . For every

complex vector space V , we will denote by P.V / its projectivization, i.e., the space
of complex one- dimensional subspaces in V . Thus, PN DP.CNC1/. The dual of
P.V / is P.V �/, and it parametrizes the (projective) hyperplanes in P.V /. We will
denote the dual of P.V / by LP.V /.

L. Nicolaescu, An Invitation to Morse Theory, Universitext,
DOI 10.1007/978-1-4614-1105-5 5, © Springer Science+Business Media, LLC 2011
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We will denote by Pd;N the vector space of homogeneous complex polynomials
of degree d in the variables z0; : : : ; zN . Note that

dimC Pd;N D
 
d CN
d

!

:

We denote by P.d;N / the projectivization of Pd;N . Observe that P.1;N / D LPN .

5.1 Some Fundamental Constructions

Loosely speaking, a linear system on a complex manifold is a holomorphic family
of divisors (i.e., complex hypersurfaces) parametrized by a projective space. Instead
of a formal definition we will analyze a special class of examples. For more
information, we refer to [GH].

Suppose X ,! P
N is a compact submanifold of dimension n. Each polynomial

P 2 Pd;N n f0g determines a (possibly singular) hypersurface

ZP WD
n
Œz0 W : : : W zN � 2 P

N IP.z0; : : : ; zN / D 0
o
:

The intersection XP WD X \ ZP is a degree d hypersurface (thus a divisor) on X .
Observe that ZP and XP depend only on the image ŒP � of P in the projectivization
P.d;N / of Pd;N .

Each projective subspace U � P.d;N / defines a family .XP /ŒP �2U of hypersur-
faces on X . This is a linear system.1 When dimU D 1, i.e., U is a projective line,
we say that the family .XP /P2U is a pencil. The intersection

B D BU WD
\

P2U
XP

is called the base locus of the linear system. The points in B are called base points.
Any point x 2 XnB determines a hyperplaneHx � U described by the equation

Hx WD
˚
P 2 U I P.x/ D 0 �:

The hyperplaneHx determines a point in the dual projective space LU . (Observe that
if U is one-dimensional, then U D LU .)

We see that a linear system determines a holomorphic map

fU W X� WD X n B ! LU ; x 7! Hx:

1To be accurate, what we call a linear system is what algebraic geometers refer to as an ample
linear system.
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We define the modification of X determined by the linear system .XP /P2U to be
the variety

OX D OXU D
n
.x;H/ 2 X � LU I P.x/ D 0; 8P 2 H � U

o
:

Equivalently, the modification of X determined by the linear system is the closure
in X � LU of the graph of fU . Very often, B and OXU are not smooth objects.

When dimU D 1, the modification has the simpler description

OX D OXU D
n
.x; P / 2 X � U I x 2 ZP

o
:

We have a pair of holomorphic maps �X and OfU induced by the natural projections:

OXU � X � LU

X LU

�
�

���
�X �

�
���

OfU

� � � � � � � � � � � � � � � � � � � � � � � � ��fU

When dimU D 1, the map Of W OX ! LU can be regarded as a map to U .
The projection �X induces a biholomorphic map OX� WD ��1

X .X�/ ! X� and
we have a commutative diagram

OX�

X� LU
�

��
	�X 



�

OfU

�fU

:

Remark 5.1. When studying linear systems defined by projective subspaces
U � P.d;N /, it suffices to consider only the case d D 1, i.e., linear systems
of hyperplanes.

To see this, define for z 2 C
NC1 n f0g and ! D .!0; : : : ; !N / 2 Z

NC1
C

j!j D
NX

iD0
!i ; z! D

NY

iD0
z!ii 2 Pj!j;N :

Any P DPj!jDd p!z! 2 Pd;N defines a hyperplane in LP.d;N /,

HP D
8
<

:
Œz! � 2 LP.d;N /I

X

j!jDd
p!z! D 0

9
=

;
:

We have the Veronese embedding

Vd;N W PN ,! LP.d;N /; Œz� 7! Œ.z!/� WD Œ.z!/j!jDd �: (5.1)

Observe that V.ZP / � HP , so that V.X \ ZP / D V.X/ \HP .
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Definition 5.2. A Lefschetz pencil on X ,! P
N is a pencil determined by a one-

dimensional projective subspace U ,! P.d;N / with the following properties.

(a) The base locus B is either empty or it is a smooth, complex codimension two
submanifold of X .

(b) OX is a smooth manifold.
(c) The holomorphic map Of W OX ! U is a nonresonant Morse function, i.e., no two

critical points correspond to the same critical value and for every critical point
x0 of Of , there exist holomorphic coordinates .zj / near x0 and a holomorphic

coordinate u near Of .x0/ such that

u ı Of D
X

j

z2j :

The map OX ! S is called the Lefschetz fibration associated with the Lefschetz
pencil. If the base locus is empty, B D ;, then OX D X and the Lefschetz pencil is
called a Lefschetz fibration.

We have the following genericity result. Its proof can be found in [Lam, Sect. 2].

Theorem 5.3. Fix a compact complex submanifold X ,! P
N . Then, for any

generic projective line U � P.d;N /, the pencil .XP /P2U is Lefschetz.

According to Remark 5.1, it suffices to consider only pencils generated by
degree 1 polynomials. In this case, the pencils can be given a more visual
description.

Suppose X ,! P
N is a compact complex manifold. Fix a codimension two

projective subspace A ,! P
N called the axis. The hyperplanes containing A form

a one-dimensional projective space U � LPN Š P.1;N /. It can be identified with
any line in P

N that does not intersect A. Indeed, if S is such a line (called a screen),
then any hyperplane H containing A intersects S in a single point s.H/. We have
thus produced a map

U 3 H 7! s.H/ 2 S:
Conversely, any point s 2 S determines an unique hyperplane ŒAs� containing A
and passing through s. The correspondence

S 3 s 7! ŒAs� 2 U

is the inverse of the above map; see Fig. 5.1. The base locus of the linear system

�
Xs D ŒAs� \ X

�
s2S

is B D X \A. All the hypersurfacesXs pass through the base locus B . For generic
A, this is a smooth codimension two submanifold of X .
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A

S

s

Xs

B

[As]

Fig. 5.1 Projecting onto the “screen” S

We have a natural map

f W X n B ! S; X n Bx 7�! S \ ŒAx� 2 S:
We can now define the elementary modification of X to be the incidence variety

OX WD
n
.x; s/ 2 X � S I x 2 Xs

o
:

The critical points of Of correspond to the hyperplanes through A that contain a
tangent (projective) plane to X . We have a diagram

OX

X S

���
�



�
Of

� � � � � � � � � � � ��f

We define OB WD ��1.B/. Observe that

OB D
n
.b; s/ 2 B � S I b 2 ŒAs�

o
D B � S;

and the natural projection � W OB ! B coincides with the projection B � S � B .
Set OXs WD Of �1.s/.
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The projection � induces a homeomorphism OXs ! Xs .

Example 5.4 (Pencils of lines). Suppose X is the projective plane

fz3 D 0g Š P
2 ,! P

3:

Assume A is the line z1 D z2 D 0 and S is the line z0 D z3 D 0. The base locus
consists of the single point B D Œ1 W 0 W 0 W 0� 2 X . The pencil obtained in this
fashion consists of all lines passing through B .

Observe that S � X Š P
2 can be identified with the line at1 in P

2. The map
f W X n fBg ! S determined by this pencil is simply the projection onto the line at
1 with center B . The modification of X defined by this pencil is called the blowup
of P2 at B .

Example 5.5 (Pencils of cubics). Consider two homogeneous cubic polynomials
A;B 2 P3;2 (in the variables z0; z1; z2). For generic A and B these are smooth
cubic curves in P

2. (The genus formula in Corollary 5.14 will show that they are
homeomorphic to tori.) By Bézout’s theorem, these two general cubics meet at nine
distinct points, p1; : : : ; p9. For t WD Œt0 W t1� 2 P

1, set

Ct WD fŒz0 W z1 W z2� 2 P
2I t0A.z0; z1; z2/C t1B.z0; z1; z2/ D 0g:

The family Ct, t 2 P
1, is a pencil onX D P

2. The base locus of this system consists
of the nine points p1; : : : ; p9 common to all these cubics. The modification

OX WD
n
.Œz0; z1; z2�; t/ 2 P

2 � P
1I t0A.z0; z1; z2/C t1B.z0; z1; z2/ D 0

o

is isomorphic to the blowup of X at these nine points,

OX Š OXp1;:::;p9 :

For general A and B , the induced map Of ! P
1 is a Morse map, and its generic

fiber is an elliptic curve. The manifold OX is a basic example of an elliptic fibration.
It is usually denoted by E.1/.

5.2 Topological Applications of Lefschetz Pencils

All of the results in this section originate in the remarkable work of Lefschetz [Lef]
in the 1920s. We follow the modern presentation in [Lam]. In this section, unless
otherwise stated, H�.X/ (respectively H �.X/) will denote the integral singular
homology (respectively cohomology) of the space X .
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Before we proceed with our study of Lefschetz pencils, we want to mention
two important results, frequently used in the sequel. The first one is called the
Ehresmann fibration theorem [Ehr].

Theorem 5.6. Suppose ˚ W E ! B is a smooth map between two smooth
manifolds such that

• ˚ is proper, i.e., ˚�1.K/ is compact for every compactK � B .
• ˚ is a submersion.
• If @E ¤ ;, then the restriction @˚ of ˚ to @E continues to be a submersion.

Then ˚ W .E; @E/! B is a locally trivial, smooth fiber bundle.

The second result needed in the sequel is a version of the excision theorem for
singular homology, [Spa, Theorems 6.6.5 and 6.1.10].

Theorem 5.7 (Excision). Suppose f .X;A/ ! .Y; B/ is a continuous mapping
between compact ENR pairs2 such that

f W X n A! Y n B

is a homeomorphism. Then, f induces an isomorphism

f� W H�.X;AIZ/! H�.Y; BIZ/:

Remark 5.8. For every compact oriented, m-dimensional manifold M denote by
PDM the Poincaré duality map

Hq.M/! Hm�q.M/; u 7! u \ ŒM �:

The sign conventions for the \-product follow from the definition

hv [ u; ci D hv; u \ ci;

where h�;�i denotes the Kronecker pairing between singular cochains and chains.
Observe that if f W X ! Y is a continuous map between topological spaces,

then for every chain c in X and cochains u, v in Y ,

hv; u \ p�.c/i D hu [ v; p�.c/i D hp�.u/[ p�.v/; ci
D hp�.v/; p�.u/\ ci D h v; p�.p�.u/\ c/ i;

so that we obtain the projection formula

p�.p�.u/\ c/ D u \ p�.c/: (5.2)

2E.g., .X; A/ is a compact ENR pair if X is a compact CW -complex and A is a subcomplex.
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Suppose X ,! P
N is an n-dimensional algebraic manifold, and S � P.d;N / is

a one- dimensional projective subspace defining a Lefschetz pencil .Xs/s2S on X .
As usual, denote by B the base locus

B D
\

s2S
Xs

and by OX the modification

OX D
n
.x; s/ 2 X � S I x 2 Xs

o
:

We have an induced Lefschetz fibration Of W OX ! S with fibers OXs WD Of �1.s/, and
a surjection p W OX ! X that induces homeomorphisms OXs ! Xs . Observe that
degp D 1. Set

OB WD p�1.B/:

We have a tautological diffeomorphism

OB Š B � S; OB 3 .x; s/ 7! .x; s/ 2 B � S:

Since S Š S2, we deduce from Künneth’s theorem that we have an isomorphism

Hq. OB/ Š Hq.B/˚Hq�2.B/

and a natural injection

Hq�2.B/! Hq. OB/; Hq�2.B/ 3 c 7! c � ŒS� 2 Hq. OB/:

Using the inclusion map OB ! OX , we obtain a natural morphism

� W Hq�2.B/! Hq. OX/:

Lemma 5.9. The sequence

0! Hq�2.B/
�! Hq. OX/ p�! Hq.X/! 0 (5.3)

is exact and splits for every q. In particular, OX is connected if and only if X is
connected and

�. OX/ D �.X/C �.B/:
Proof. The proof will be carried out in several steps.

Step 1 p� admits a natural right inverse. Consider the Gysin morphism

pŠ W Hq.X/! Hq. OX/; pŠ D PD OXp
�PD�1

X ;
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so that the diagram below is commutative:

H2n�q.X/ Hq.X/

H2n�q. OX/ Hq. OX/

�\ŒX�

�
p�

�
pŠ

�
\Œ OX�

We will show that p�pŠ D 1. Let c 2 Hq.X/ and set u WD PD�1
X .c/, that is,

u \ ŒX� D c. Then,

pŠ.c/ D PD OXp
�u D p�.u/\ Œ OX�

and

p�pŠ.c/ D p�
�
p�.u/\ Œ OX� � .5.2/D u \ p�.Œ OX�/ D degp.u \ ŒX�/ D c:

Step 2 Conclusion. We use the long exact sequences of the pairs . OX; OB/ and
.X;B/ and the morphism between them induced by p�. We have the following
commutative diagram:

HqC1. OX/ HqC1. OX; OB/ Hq.B/˚Hq�2.B/�!

HqC1.X/ HqC1.X;B/ Hq.B/�!

�

�
p�

�@

�
p0

�

�
pr

� �@

� � � �!Hq. OX/ Hq. OX; OB/

� � � �!Hq.X/ Hq.X;B/

�

p�

�

�

p0
�

�

The excision theorem shows that the morphismsp0� are isomorphisms. Moreover,
p� is surjective. The conclusion in the lemma now follows by diagram chasing. ut

Decompose the projective line S into two closed hemispheres

S WD DC [D�; E D DC \D�; OX˙ WD Of �1.D˙/; OXE WD Of �1.E/

such that all the critical values of Of W OX ! S are contained in the interior of DC.
Choose a point � on the equator E D @DC Š @D� Š S1. Denote by r the number
of critical points (Dthe number of critical values) of the Morse function Of . In the
remainder of this chapter we will assume the following fact. Its proof is deferred to
a later section.
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Lemma 5.10.

Hq. OXC; OX�/ Š
�
0 if q ¤ n D dimCX;

Z
r if q D n:

Remark 5.11. The number r of nondegenerate singular points of a Lefschetz pencil
defined by linear polynomials is a projective invariant of X called the class of X .
For more information about this projective invariant, we refer to [GKZ].

Using the Ehresmann fibration theorem, we deduce

OX� Š OX� �D�; @ OX˙ Š OX� � @D�;

so that

. OX�; OXE/ Š OX� � .D�; E/:

Clearly, OX� is a deformation retract of OX�. In particular, the inclusion OX� ,! OX�
induces isomorphisms

H�. OX�/ Š H�. OX�/:

Using excision and the Künneth formula, we obtain the sequence of isomorphisms

Hq�2. OX�/
�ŒD� ;E��! Hq. OX� � .D�; E// Š Hq. OX�; OXE/ excis�! Hq. OX; OXC/: (5.4)

Consider now the long exact sequence of the triple . OX; OXC; OX�/,

� � � ! HqC1. OXC; OX�/! HqC1. OX; OX�/! HqC1. OX; OXC/
@! Hq.XC; OX�/! � � � :

If we use Lemma 5.10 and the isomorphism (5.4), we deduce that we have the
isomorphisms

L W HqC1. OX; OX�/! Hq�1. OX�/; q ¤ n; n � 1; (5.5)

and the five-term exact sequence

0! HnC1. OX; OX�/ ! Hn�1. OX�/! Hn. OXC; OX�/!
! Hn. OX; OX�/! Hn�2. OX�/! 0: (5.6)

Here is a first nontrivial consequence.

Corollary 5.12. If X is connected and n D dimCX > 1, then the generic fiber
OX� Š X� is connected.

Proof. Using (5.5), we obtain the isomorphisms

H0. OX; OX�/ Š H�2. OX�/ D 0; H1. OX; OX�/ Š H�1. OX�/ D 0:
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Using the long exact sequence of the pair . OX; OX�/, we deduce that H0. OX�/ Š
H0. OX/. Since X is connected, Lemma 5.9 now implies H0. OX/ D 0, thus proving
the corollary. ut
Corollary 5.13.

�. OX/ D 2�. OX�/C .�1/nr; �.X/ D 2�.X�/ � �.B/C .�1/nr:

Proof. From (5.3), we deduce �. OX/ D �.X/C �.B/. On the other hand, the long
exact sequence of the pair . OX; OX�/ implies

�. OX/ � �. OX�/ D �. OX; OX�/:

Using (5.5), (5.6), and Lemma 5.10 , we deduce

�. OX; OX�/ D �. OX�/C .�1/nr:

Thus,

�. OX/ D 2�. OX�/C .�1/nr and �.X/ D 2�. OX�/ � �.B/C .�1/nr: ut

Corollary 5.14 (Genus formula). For a generic degree d homogeneous polyno-
mial P 2 Pd;2, the plane curve

CP WD
˚
Œz0; z1; z2� 2 P

2I P.z0; z1; z2/ D 0
�

is a smooth Riemann surface of genus

g.CP / D .d � 1/.d � 2/
2

:

Proof. Fix a projective line L � P
2 and a point c 2 P

2 n .CP [ L/. We get a pencil
of projective lines fŒc`�I ` 2 Lg and a projection map f D fc W CP ! L, where
for every x 2 CP the point f .x/ is the intersection of the projective line Œcx� with
L. In this case we have no base locus, i.e., B D ; and X D OX D VP . Since every
generic line intersects CP in d points, we deduce that f is a degree d holomorphic
map. A point x 2 CP is a critical point of fc if and only if the line Œcx� is tangent
to CP .

For generic c the projection fc defines a Lefschetz fibration. Modulo a linear
change of coordinates, we can assume that all the critical points are situated in the
region z0 ¤ 0 and c is the point at infinity Œ0 W 1 W 0�.
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In the affine plane z0 ¤ 0 with coordinates x D z1=z0, y D z2=z0, the point
c 2 P

2 corresponds to the point at infinity on the lines parallel to the x-axis (y D 0).
In this region, the curve CP is described by the equation

F.x; y/ D 0;

where F.x; y/ D P.1; x; y/ is a degree d inhomogeneous polynomial.
The critical points of the projection map are the points .x; y/ on the curve

F.x; y/ D 0, where the tangent is horizontal,

0 D dy

dx
D �F

0
x

F 0
y

:

Thus, the critical points are solutions of the system of polynomial equations

�
F.x; y/ D 0;
F 0
x.x; y/ D 0:

The first polynomial has degree d , while the second polynomial has degree d �
1. For generic P , this system will have exactly d.d � 1/ distinct solutions. The
corresponding critical points will be nondegenerate. Using Corollary 5.13 withX D
OX D CP , r D d.d � 1/, and X� a finite set of cardinality d , we deduce

2 � 2.g.CP / D �.CP / D 2d � d.d � 1/;

so that

g.CP / D .d � 1/.d � 2/
2

: ut
Example 5.15. Consider again two generic cubic polynomials A;B 2 P3;2 as in
Example 5.5 defining a Lefschetz pencil on P

2 ,! P
3. We can use the above

Corollary 5.13 to determine the number r of singular points of this pencil. More
precisely, we have

�.P2/ D 2�.X�/ � �.B/C r:
We have seen that B consists of nine distinct points. The generic fiber is a degree 3
plane curve, so by the genus formula it must be a torus. Hence �.X�/ D 0. Finally,
�.P2/ D 3. We deduce r D 12, so that the generic elliptic fibration OP2p1;:::;p9 ! P

1

has 12 singular fibers.

We can now give a new proof of the Lefschetz hyperplane theorem.

Theorem 5.16. Suppose X � P
N is a smooth projective variety of (complex)

dimension n. Then for any hyperplane H � P
N intersecting X transversally, the

inclusion X \H ,! X induces isomorphisms

Hq.X \H/! Hq.X/
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if q < 1
2

dimR.X \H/ D n � 1 and an epimorphism if q D n � 1. Equivalently,
this means that

Hq.X;X \H/ D 0; 8q � n � 1:
Proof. Choose a codimension two projective subspace A � P

N such that the pencil
of hyperplanes in P

N containing A defines a Lefschetz pencil on X . Then, the base
locus B D A\X is a smooth codimension two complex submanifold of X and the
modification OX is smooth as well.

A transversal hyperplane sectionX \H is diffeomorphic to a generic divisorX�
of the Lefschetz pencil, or to a generic fiber OX� of the associated Lefschetz fibration
Of W OX ! S , where S denotes the projective line in LPN D P.1;N / dual to A.

Using the long exact sequence of the pair .X;X�/ we see that it suffices to
show that

Hq.X;X�/ D 0; 8q � n � 1:
We analyze the long exact sequence of the triple . OX; OXC [ OB; OX� [ OB/. We have

Hq. OX; OXC [ OB/ D Hq. OX; OXC [ B �D�/
excisŠ Hq. OX�; OXE [ B �D�/

(use the Ehresmann fibration theorem)

Š Hq

�
.X�; B/ � .D�; E/

� Š Hq�2.X�; B/:

Using the excision theorem again, we obtain an isomorphism

p� W Hq. OX; OX� [ OB/ Š Hq.X;X�/:

Finally, we have an isomorphism

H�. OXC [ OB; OX� [ OB/ Š H�. OXC; OX�/: (5.7)

Indeed, excise B � Int .D�/ from both terms of the pair . OXC [ OB; OX� [ OB/. Then,

OXC [ OB n .B � Int .D�/ / D OXC;

and since OX� \ OB D f�g � B , we deduce

OX� [ OB n .B � Int .D�/ / D OX� [
�
DC � B

�
:

Observe that OX� \
�
DC �B

�
D f�g �B and that DC �B deformation retracts to

f�g�B . Hence OX�[
�
DC�B

�
is homotopically equivalent to OX� thus proving (5.7).
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The long exact sequence of the triple . OX; OXC [ OB; OX� [ OB/ can now be
rewritten as

� � � ! Hq�1.X�; B/
@! Hq. OXC; OX�/!Hq.X;X�/! Hq�2.X�; B/

@! � � � :

Using Lemma 5.10 , we obtain the isomorphisms

L0 W Hq.X;X�/! Hq�2.X�; B/; q ¤ n; nC 1; (5.8)

and the five-term exact sequence

0! HnC1.X;X�/! Hn�1.X�; B/! Hn. OXC; OX�/!
! Hn.X;X�/! Hn�2.X�; B/! 0: (z)

We now argue by induction on n. The result is obviously true for n D 1.
For the inductive step, observe first that B is a transversal hyperplane section of

X�, dimCX� D n� 1, and thus by induction, we deduce that

Hq.X�; B/ D 0; 8q � n � 2:
Using (5.8), we deduce

Hq.X;X�/ Š Hq�2.X�; B/ Š 0; 8q � n � 1: ut

Corollary 5.17. If X is a hypersurface in P
n, then

bk.X/ D bk.Pn/; 8k � n � 2:

In particular, if X is a hypersurface in P
3, then b1.X/ D 0.

Consider the connecting homomorphism

@ W Hn. OXC; OX�/! Hn�1. OX�/:

Its image

V.X�/ WD @
�
Hn. OXC; OX�/

�
D ker

�
Hn�1. OX�/! Hn�1. OX/

� � Hn�1. OX�/

is called the module of vanishing3 cycles.

3The are called vanishing because they “melt” when pushed inside OX .
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Using the long exact sequences of the pairs . OXC; OX�/ and .X;X�/, and Lemma
5.10, we obtain the following commutative diagram:

Hn. OXC; OX�/ Hn�1. OX�/ Hn�1. OXC/ 0

Hn.X;X�/ Hn�1.X�/ Hn�1.X/ 0

�@

�

p1

�

�

Š p2

�

Š p3

�

�@ � �

All the vertical morphisms are induced by the map p W OX ! X . The morphism
p1 is onto because it appears in the sequence (z), where Hn�2.X�; B/ D 0 by
the Lefschetz hyperplane theorem. Clearly p2 is an isomorphism, since p induces a
homeomorphism OX� Š X�. Using the refined five lemma [Mac, Lemma I.3.3] , we
conclude that p3 is an isomorphism. The above diagram shows that

V.X�/ D ker
�
i� W Hn�1.X�/! Hn�1.X/

�

D Image
�
@ W Hn.X;X�/! Hn�1.X�/

�
; (5.9a)

rankHn�1.X�/ D rankV.X�/C rankHn�1.X/: (5.9b)

Let us observe that Lemma 5.10 and the universal coefficients theorem imply that

Hn. OXC; OX�/ D Hom
�
Hn. OXC; OX�/;Z

�
:

The Lefschetz hyperplane theorem and the universal coefficients theorem show that

Hn.X;X�/ D HomZ

�
Hn.X;X�/;Z

�
:

We obtain a commutative cohomological diagram with exact rows:

Hn. OXC; OX�/ Hn�1. OX�/ Hn�1. OXC/ 0

Hn.X;X�/ Hn�1.X�/ Hn�1.X/ 0


ı 
 


�
mono


 ı

�
Š


 i�

�




This diagram shows that

I.X�/v WD ker
�
ı W Hn�1. OX�/! Hn. OXC; OX�/

�

Š ker
�
ı W Hn�1.X�/! Hn.X;X�/

�

Š Im
�
i� W Hn�1.X/! Hn�1.X�/

�
:
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Define the module of invariant cycles to be the Poincaré dual of I.X�/v,

I.X�/ WD
n
u \ ŒX��I u 2 I.X�/v

o
� Hn�1.X�/;

or equivalently,

I.X�/ D Image
�
i Š W HnC1.X/! Hn�1.X�/

�
; i Š WD PDX�

ı i� ı PD�1
X :

The last identification can be loosely interpreted as saying that an invariant cycle
is a cycle in a generic fiber X� obtained by intersecting X� with a cycle on X of
dimension 1

2
dimRX D dimCX . The reason these cycles are called invariant has

to do with the monodromy of the Lefschetz fibration and it is elaborated in greater
detail in a later section.

Since i� is one-to-one on Hn�1.X/, we deduce i Š is one-to-one, so that

rank I.X�/ D rankHnC1.X/ D rankHn�1.X/

D rank Im
�
i� W Hn�1.X�/! Hn�1.X/

�
: (5.10)

Using the elementary fact

rankHn�1.X�/ D rank ker
�
Hn�1.X�/

i��! Hn�1.X/
�

C rank Im
�
i� W Hn�1.X�/

i��! Hn�1.X/
�
;

we deduce the following result.

Theorem 5.18 (Weak Lefschetz theorem). For every projective manifold X ,!
P
N of complex dimension n and for a generic hyperplane H � P

N , the Gysin
morphism

i Š W HnC1.X/! Hn�1.X \H/
is injective, and we have

rankHn�1.X \H/ D rank I.X \H/C rankV.X \H/;

where

V.X \H/ D ker
�
Hn�1.X \H/! Hn�1.X/

�
; I.X \H/ D Image i Š:

The module of invariant cycles can be given a more geometric description. Using
Lemma 5.10, the universal coefficients theorem, and the equality

I.X�/v D ker
�
ı W Hn�1. OX�/! Hn. OXC; OX�/

�
;
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we deduce

I.X�/v D
n
! 2 Hn�1. OX�/I h!; vi D 0; 8v 2 V.X�/

o
:

Observe that n � 1 D 1
2

dim OX� and thus the Kronecker pairing on Hn�1.X�/ is
given by the intersection form. This is nondegenerate by Poincaré duality. Thus,

I.X�/ WD
n
y 2 Hn�1.X�/I y � v D 0; 8v 2 V.X�/

o
: (5.11)

We have thus proved the following fact.

Proposition 5.19. A middle dimensional cycle on X� is invariant if and only if its
intersection number with any vanishing cycle is trivial.

5.3 The Hard Lefschetz Theorem

The last theorem in the previous section is only the tip of the iceberg. In this section,
we delve deeply into the anatomy of an algebraic manifold and try to understand the
roots of the weak Lefschetz theorem.

In this section, unless specified otherwise, H�.X/ denotes the homology with
coefficients in R. For every projective manifold X ,! P

N , we denote by X 0 its
intersection with a generic hyperplane. Define inductively

X.0/ D X; X.qC1/ WD .X.q//0; q � 0:

Thus X.qC1/ is a generic hyperplane section of X.q/.
Denote by ! 2 H2.X/ the Poincaré dual of the hyperplane section X 0, i.e.,

ŒX 0� D ! \ ŒX�:

If a cycle c 2 Hq.X/ is represented by a smooth (real) oriented submanifold of
dimension q, then its intersection with a generic hyperplaneH is a .q � 2/-cycle in
X \H D X 0. This intuitive operation c 7! c\H is none other than the Gysin map

i Š W Hq.X/! Hq�2.X 0/

related to !\ W Hq.X/! Hq�2.X/ via the commutative diagram

Hq.X/ Hq�2.X 0/

Hq�2.X/

�i Š

�
�
�

���!\ �
i�
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Proposition 5.20. The following statements are equivalent.

HL1. V.X 0/\ I.X 0/ D 0:
HL2. V.X 0/˚ I.X 0/ D Hn�1.X 0/
HL3. The restriction of i� W Hn�1.X 0/! Hn�1.X/ to I.X 0/ is an isomorphism.
HL4. The map !\ W HnC1.X/! Hn�1.X/ is an isomorphism.
HL5. The restriction of the intersection form on Hn�1.X 0/ to V.X 0/ stays nonde-

generate.
HL6. The restriction of the intersection form to I.X 0/ stays nondegenerate.

Proof. • The weak Lefschetz theorem shows that HL1” HL2.
• HL2 H) HL3. From the equality

V.X 0/ D ker
�
i� W Hn�1.X 0/! Hn�1.X/

�

and HL2, we deduce that the restriction of i� to I.X 0/ is an isomorphism onto the
image of i�. On the other hand, the Lefschetz hyperplane theorem shows that the
image of i� is Hn�1.X/.

• HL3 H) HL4. Theorem 5.18 shows that i Š W HnC1.X/ ! Hn�1.X 0/ is a
monomorphism with image I.X 0/. By HL3, i� W I.X 0/ ! Hn�1.X/ is an
isomorphism, and thus !\ D i� ı i Š is an isomorphism.

• HL4 H) HL3. If i� ı i Š D !\ W HnC1.X/ ! Hn�1.X/ is an isomorphism,
then we conclude that i� W Im .i Š/ D I.X 0/ ! Hn�1.X/ is onto. Using (5.10),
we deduce that dim I.X 0/ D dimHn�1.X/, so that i� W Hn�1.X 0/ ! Hn�1.X/
must be one-to-one. The Lefschetz hyperplane theorem now implies that i� is an
isomorphism.

• HL2 H)HL5, HL2 H) HL6. This follows from (5.11), which states that I.X 0/
is the orthogonal complement of V.X 0/ with respect to the intersection form.

• HL5 H) HL1, HL6 H) HL1. Suppose we have a cycle

c 2 V.X 0/\ I.X 0/:

Then,
c 2 I.X 0/ H) c � v D 0; 8v 2 V.X 0/;

while
c 2 V.X 0/ H) c � z D 0; 8z 2 I.X 0/:

When the restriction of the intersection to eitherV.X 0/ or I.X 0/ is nondegenerate,
the above equalities imply c D 0, so that V.X 0/\ I.X 0/ D 0. ut

Theorem 5.21 (The hard Lefschetz theorem). The equivalent statements HL1;
: : : ;HL6 above are true (for the homology with real coefficients).

This is a highly nontrivial result. Its complete proof requires sophisticated
analytical machinery (Hodge theory) and is beyond the scope of this book. We refer
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the reader to [GH, Sect. 0.7] for more details. In the remainder of this section, we
will discuss other topological facets of this remarkable theorem.

We have a decreasing filtration

X D X.0/ 	 X 0 	 X.2/ 	 � � � 	 X.n/ 	 ;;

so that dimCX
.q/ D n � q, and X.q/ is a generic hyperplane section of X.q�1/.

Denote by Iq.X/ � Hn�q.X.q// the module of invariant cycles

Iq.X/ D Image
�
i Š W Hn�qC2.X.q�1//! Hn�q.X.q//

�
:

Its Poincaré dual (in X.q/) is

Iq.X/
v D Image

�
i� W Hn�q.X.q�1//! Hn�q.X.q/

�
D PD�1

X.q/
.Iq.X//:

The Lefschetz hyperplane theorem implies that the morphisms,

i� W Hk.X
.q//! Hk.X

.j //; q � j; (5.12)

are isomorphisms for k < dimCX
.q/ D .n � q/. We conclude by duality that

i� W Hk.X.j //! Hk.X.q//; j � q;

is an isomorphism if k C q < n.
Using HL3, we deduce that

i� W Iq.X/! Hn�q.X.q�1//

is an isomorphism. Using the Lefschetz hyperplane section isomorphisms in (5.12),
we conclude that

i� maps Iq.X/ isomorphically onto Hn�q.X/. (�)

Using the equality

Iq.X/
v D Image

�
i� W Hn�q.X.q�1//! Hn�1.X.q//

�

and the Lefschetz hyperplane theorem, we obtain the isomorphisms

Hn�q.X/ i�! Hn�q.X 0/ i�! � � � i
�

! Hn�q.X.q�1//:

Using Poincaré duality we obtain

i Š mapsHnCq.X/ isomorphically onto Iq.X/. (��)
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Iterating HL6, we obtain

The restriction of the intersection form of Hn�q.X/ to Iq.X/is nondegenerate:
(���)

The isomorphism i� carries the intersection form on Iq.X/ to a nondegenerate
form on Hn�q.X/ Š HnCq.X/. When n � q is odd this is a skew-symmetric form,
and thus the nondegeneracy assumption implies

dimHn�q.X/ D dimHnCq.X/ 2 2Z:

We have thus proved the following result.

Corollary 5.22. The odd dimensional Betti numbers b2kC1.X/ of X are even.

Remark 5.23. The above corollary shows that not all even dimensional manifolds
are algebraic. Take for exampleX D S3�S1. Using Künneth’s formula, we deduce

b1.X/ D 1:

This manifold is remarkable because it admits a complex structure, yet it is not alge-
braic! As a complex manifold it is known as the Hopf surface (see [Ch, Chap. 1]).

The qth exterior power !q is Poincaré dual to the fundamental class

ŒX.q/� 2 H2n�2q.X/

of X.q/. Therefore, we have the factorization

Hk.X/ Hk�2q.X.q//

Hk�2q.X/

�i Š

�
�
�
���

!q\
�
i�

Using (��) and (�), we obtain the following generalization of HL4.

Corollary 5.24. For q D 1; 2; : : : ; n, the map

!q\ W HnCq.X/! Hn�q.X/

is an isomorphism.

Clearly, the above corollary is equivalent to the hard Lefschetz theorem. In fact,
we can formulate an even more refined version.

Definition 5.25. (a) An element c 2 HnCq.X/, 0 � q � n, is called primitive if

!qC1 \ c D 0:
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We will denote by PnCq.X/ the subspace of HnCq.X/ consisting of primitive
elements.

(b) An element z 2 Hn�q.X/ is called effective if

! \ z D 0:

We will denote by En�q.X/ the subspace of effective elements.

Observe that

c 2 HnCq.X/ is primitive” !q \ c 2 Hn�q.X/ is effective:

Roughly speaking, a cycle is effective if it does not intersect the “part at infinity of
X ,” X \ hyperplane.

Theorem 5.26 (Lefschetz decomposition). (a) Every element c 2 HnCq.X/
decomposes uniquely as

c D c0 C ! \ c1 C !2 \ c2 C � � � ; (5.13)

where cj 2 HnCqC2j .X/ are primitive elements.
(b) Every element z 2 Hn�q.X/ decomposes uniquely as

z D !q \ z0 C !qC1 \ z1 C � � � ; (5.14)

where zj 2 HnCqC2j .X/ are primitive elements.

Proof. Observe that because the above representations are unique and since

.5.14/ D !q \ .5.13/;

we deduce that Corollary 5.24 is a consequence of the Lefschetz decomposition.
Conversely, let us show that (5.13) is a consequence of Corollary 5.24. We will

use a descending induction starting with q D n.
A dimension count shows that

P2n.X/ D H2n.X/; P2n�1.X/ D H2n�1.X/;

and (5.13) is trivially true for q D n; n � 1. The identity

˛ \ .ˇ \ c/ D .˛ [ ˇ/ \ c; 8˛; ˇ 2 H �.X/; c 2 H�.X/;

shows that for the induction step it suffices to prove that every element c 2 HnCq.X/
can be written uniquely as

c D c0 C ! \ c1; c1 2 HnCqC2.X/; c0 2 PnCq.X/:
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According to Corollary 5.24, there exists a unique z 2 HnCqC2.X/ such that

!qC2 \ z D !qC1 \ c;

so that
c0 WD c � ! \ z 2 PnCq.X/:

To prove the uniqueness of the decomposition, assume

0 D c0 C ! \ c1; c0 2 PnCq.X/:

Then,

0 D !qC1 \ .c0 C ! \ c1/ H) !qC2 \ c1 D 0 H) c1 D 0 H) c0 D 0: ut

The Lefschetz decomposition shows that the homology of X is completely
determined by its primitive part. Moreover, the above proof shows that

0 � dimPnCq D bnCq � bnCqC2 D bn�q � bn�q�2;

which implies the unimodality of the Betti numbers of an algebraic manifold,

1 D b0 � b2 � � � � � b2bn=2c; b1 � b3 � � � � � b2b.n�1/=2cC1;

where bxc denotes the integer part of x. These inequalities introduce additional
topological restrictions on algebraic manifolds. For example, the sphere S4 cannot
be an algebraic manifold because b2.S4/ D 0 < b0.S4/ D 1.

5.4 Vanishing Cycles and Local Monodromy

In this section, we finally give the promised proof of Lemma 5.10.
Recall we are given a Morse function Of W OX ! P

1 and its critical values
t1; : : : ; tr are all located in the upper closed hemisphere DC. We denote the
corresponding critical points by p1; : : : ; pr , so that

Of .pj / D tj ; 8j:

We will identifyDC with the unit closed disk at 0 2 C. Let j D 1; : : : ; r .

• Denote byDj a closed disk of very small radius � centered at tj 2 DC. If �
 1

these disks are disjoint.
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Fig. 5.2 Isolating the critical values

• Connect � 2 @DC to tj C � 2 @Dj by a smooth path `j such that the resulting
paths `1; : : : ; `r are disjoint (see Fig. 5.2). Set kj WD `j [ Dj , ` D S

`j and
k D [kj .

• Denote by Bj a small closed ball of radiusR in OX centered at pj .

The proof of Lemma 5.10 will be carried out in several steps.

Step 1 Localizing around the singular fibers. Set

L WD f �1.`/; K WD Of �1.k/:

We will show that OX� is a deformation retract of L, and K is a deformation retract
of OXC, so that the inclusions

. OXC; OX�/ ,! . OXC; L/ - .K;L/

induce isomorphisms of all homology (and homotopy) groups.
Observe that k is a strong deformation retract of DC and � is a strong

deformation retract of `. Using the Ehresmann fibration theorem , we deduce that
we have fibrations

f W L! `; Of W OXC n Of �1ft1; : : : ; trg ! DC n ft1; : : : ; trg:

Using the homotopy lifting property of fibrations (see [Ha, Sect. 4.3]) , we obtain
strong deformation retractions

L! OX�; OXC n Of �1ft1; : : : ; trg ! K n Of �1ft1; : : : ; trg:
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Fig. 5.3 Isolating the critical points

Step 2 Localizing near critical points. Set (see Fig. 5.3)

OXDj WD Of �1.Dj /; OXj WD f �1.tj C �/;
Ej WD OXDj \ Bj ; Fj WD OXj \ Bj ;
E WD [jEj ; F WD [j Fj :

The excision theorem shows that the inclusions . OXDj ; OXj / ! .K;L/ induce an
isomorphism

rM

jD1
H�. OXDj ; OXj /! H�.K;L/ Š H�. OXC; OX�/:
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Now define
Yj WD OXDj n int .Bj /; Zj WD Fj n int .Bj /:

The map Of induces a surjective submersion Of W Yj ! Dj , and by the Ehresmann
fibration theorem it defines a trivial fibration with fiber Zj . In particular, Zj is a
deformation retract of Yj , and thus OXj D Fj [ Zj is a deformation retract of
Fj [ Yj . We deduce

H�. OXDj ; OXj / Š H�. OXDj ; Fj [ Yj / Š H�.Ej ; Fj /;

where the last isomorphism is obtained by excising Yj .

Step 3 Conclusion. We will show that for every j D 1; : : : ; r we have

Hq.Ej ; Fj / D
�
0 if q ¤ dimCX D n
Z if q D n: :

At this point we need to use the nondegeneracy of pj . To simplify the presentation,
in the sequel we will drop the subscript j .

By making B even smaller, we can assume that there exist holomorphic
coordinates .zk/ onB , and u near Of .p/, such that Of is described in these coordinates
by z21 C � � � C z2n. Then E and F can be given the explicit descriptions

E D
n
z D .z1; : : : ; zn/I

X

i

jzi j2 � r2;
ˇ
ˇ
X

i

z2i
ˇ
ˇ < �

o
;

F D F� WD
n

z 2 EI
X

i

z2i D �
o
: (5.15)

The region E can be contracted to the origin because z 2 E H) tz 2 E , 8T 2
Œ0; 1�. This shows that the connecting homomorphism Hq.E; F / ! Hq�1.F / is
an isomorphism for q ¤ 0. Moreover, H0.E; F / D 0. Lemma 5.10 is now a
consequence of the following result.

Lemma 5.27. F� is diffeomorphic to the disk bundle of the tangent bundle TSn�1.

Proof. Set

zj WD xj C iyj ; x WD .x1; : : : ; xn/; y WD .y1; : : : ; yn/;
jxj2 WD

X

j

x2j ; jyj2 WD
X

j

y2j :

The fiber F has the description

jxj2 D �C jyj2; x � y D 0 2 R; jxj2 C jyj2 � r2:

In particular,
2jyj2 � r2 � �:
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Now let

u WD .�C jvj2/�1=2!
x 2 R

n; v D 2

r2 � �y:

In the coordinates u, v the fiber F has the description

juj2 D 1; u � v D 0; jvj2 � 1:
The first equality describes the unit sphere Sn�1 � R

n. Observe next that

u � v” y ? u

shows that v is tangent to Sn�1 at u. It is now obvious that F is the disk bundle of
TSn�1. This completes the proof of Lemma 5.10. ut

We want to analyze in greater detail the picture emerging from the proof of
Lemma 5.27. Denote by B a small closed ball centered at 0 2 C

n and consider

f W B ! C; f .z/ D z21 C � � � C z2n:

Let � be a positive and very small real number.
We have seen that the regular fiber F� D f �1.�/ (0 < � 
 1) is diffeomorphic

to a disk bundle over an .n � 1/-sphere S� of radius
p
�. This sphere is defined by

the equation

S� WD fIm z D 0g \ f �1.�/”fy D 0; jxj2 D �g:
As � ! 0, i.e., we are looking at fibers closer and closer to the singular one F0 D
f �1.0/, the radius of this sphere goes to zero, while for � D 0 the fiber is locally
the cone z21 C � � � C z2n D 0. We say that S� is a vanishing sphere.

The homology class in F� determined by an orientation on this vanishing
sphere generates Hn�1.F�/. Such a homology class was called vanishing cycle by
Lefschetz. We will denote by	 a homology class obtained in this fashion, i.e., from
a vanishing sphere and an orientation on it (see Fig. 5.4). The proof of Lemma 5.10
shows that Lefschetz’s vanishing cycles coincide with what we previously named
vanishing cycles.

Observe now that since @ W Hn.B; F / ! Hn�1.F / is an isomorphism, there
exists a relative n-cycle Z 2 Hn.B; F / such that @Z D 	. The relative cycle
Z is known as the thimble associated with the vanishing cycle 	. It is filled in
by the family .S�/ of shrinking spheres. In Fig. 5.4 it is represented by the shaded
disk.

Denote by D� � C the closed disk of radius � centered at the origin and by
Br � C

n the closed ball of radius r centered at the origin. Set

Er;� WD
˚
z 2 Br I f .z/ 2 D�

�
; E�

r;� WD
˚
z 2 Br I 0 < jf .z/j < �

�
;

@Er;� WD
˚
z 2 @Br I f .z/ 2 D�

�
:
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r>0 r=0

ΔZ

Fig. 5.4 The vanishing cycle for functions of n D 2 variables

We will use the following technical result, whose proof is left to the reader.

Lemma 5.28. For any �; r > 0 such that r2 > � the maps

f W E�
r;� ! D� n f0g DW D�

� ; f@ W @Er;� ! D�

are proper surjective submersions.

By rescaling, we can assume 1 < � < 2 D r . Set B D Br , D D D�,
etc. According to the Ehresmann fibration theorem, we have two locally trivial
fibrations.

• F ,! E� � D� with standard fiber the manifold with boundary

F Š f �1.�/\ NB:
• @F ,! @E � D with standard fiber @F Š f �1.�/\ @ NB . The bundle @E ! D

is a globally trivializable bundle because its base is contractible.

Choose the basepoint � D 1. From the proof of Lemma 5.27, we have

F D f �1.�/ D ˚z D xC iy 2 C
nI jxj2 C jyj2 � 4; jxj2 D 1C jyj2; x � y D 0�:

Denote by M the standard model for the fiber, incarnated as the unit disk bundle
determined by the tangent bundle of the unit sphere Sn�1 ,! R

n. The standard
model M has the algebraic description

M D
n
.u; v/ 2 R

n � R
nI juj D 1; u � v D 0; jvj � 1

o
:
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Note that

@M D
n
.u; v/ 2 R

n �R
nI juj D 1 D jvj; u � v D 0

o
:

We have a diffeomorphism

˚ W F !M; F 3 z D xC iy; 7�!
�

u D .1C jyj2/�1=2 � x
v D ˛y;

˛ D
p
2=3: (˚)

Its inverse is given by

M 3 .u; v/ ˚
�1

7�!
�

x D .1C jvj2=˛2/1=2u;
y D ˛�1v: (˚�1)

This diffeomorphism ˚ maps the vanishing sphere ˙ D fIm z D 0g � F to the
sphere

S WD ˚ .u; v/ 2 R
n �R

nI juj D 1; v D 0 �:
We will say that S is the standard model for the vanishing cycle. The standard model
for the thimble is the ball fjuj � 1g bounding S.

Fix a trivialization @E
Š�! @F � D and a metric h on @F . We now equip @E

with the product metric g@ WD h˚h0, where h0 denotes the Euclidean metric onD.
Now extend g@ to a metric on E and denote by H the subbundle of TE� consisting
of tangent vectors g-orthogonal to the fibers of f . The differential f� produces
isomorphisms

f� W Hp ! Tf.p/D
�; 8p 2 E�:

Suppose 
 W Œ0; 1� ! D� is a smooth path beginning and ending at �, 
.0/ D

.1/ D �. We obtain for each p 2 F D f �1.�/ a smooth path Q
p W Œ0; 1�! E that
is tangent to the horizontal subbundle H , and it is a lift of w starting at p, i.e., the
diagram below is commutative:

�
E�; p

�

�
Œ0; 1�; 0

�
.D�;�/

�
f

�
�
���
Q
p
�


We get in this fashion a map h
 W F D f �1.�/! f �1.�/; p 7! Q
p.�/.
The standard results on the smooth dependence of solutions of ODEs on initial

data show that h
 is a smooth map. It is in fact a diffeomorphism of F with the
property that

h
 j@FD 1@F :



5.4 Vanishing Cycles and Local Monodromy 279

The map h
 is not canonical, because it depends on several choices: the choice of
trivialization @E Š @F � D, the choice of metric h on F , and the choice of the
extension g of g@.

We say that two diffeomorphisms G0;G1 W F ! F such that Gi j@FD 1@F are
isotopic if there exists a smooth homotopy

G W Œ0; 1� � F ! F

connecting them such that for each t the map Gt DG.t; �/ W F ! F is a diffeo-
morphism satisfying Gt j@FD 1@F for all t 2 Œ0; 1�.

The isotopy class of h
 W F ! F is independent of the various choices listed
above, and in fact depends only on the image of 
 in �1.D�;�/. The induced map

Œh
 � W H�.F /! H�.F /

is called the (homological) monodromy along the loop 
 . The correspondence

Œh� W �1.D�;�/ 3 
 7�! h
 2 Aut
�
H�.F /

�

is a group morphism called the local (homological) monodromy.
Since h
 j@F D 1@F , we obtain another morphism

Œh�rel W �1.D�;�/! Aut
�
H�.F; @F /

�
;

which we will call local relative monodromy.
Observe that if z is a singular n-chain in F such that @z 2 @F (hence z defines an

element Œz� 2 Hn.F; @F /), then for every 
 2 �1.D�;�/ we have

@z D @h
 z H) @.z � hwz/ D 0;
so that the singular chain .z�h
 z/ is a cycle in F . In this fashion, we obtain a linear
map

var W �1.D�;�/! Hom
�
Hn�1.F; @F /! Hn�1.F /

�
;

var
 .z/ D Œh
 �rel z � z; z 2 Hn�1.F; @F /; 
 2 �1.D�;�/;
called the variation map.

The local Picard–Lefschetz formula will provide an explicit description of this
variation map. To formulate it, we need to make a topological digression.

An orientation or D orF on F defines a nondegenerate intersection pairing

�or W Hn�1.F; @F / �Hn�1.F /! Z

formally defined by the equality

c1 �or c2 D hPD�1
or .i�.c1//; c2i;
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Fig. 5.5 The effect of monodromy on r

where i� W Hn�1.F /! Hn�1.F; @F / is the inclusion induced morphism,

PDor W Hn�1.F /! Hn�1.F; @F /; u 7! u \ ŒF; @F �;
is the Poincaré–Lefschetz duality defined by the orientation or, and h�;�i is the
Kronecker pairing.

The group Hn�1.F; @F / is an infinite cyclic group. Since F is the unit disk
bundle in the tangent bundle T˙ , a generator of Hn�1.F; @F / can be represented
by a disk r in this disk bundle (see Fig. 5.5). The generator is fixed by a choice of
orientation on r. Thus var
 is completely understood once we understand its action
on r (see Fig. 5.5).

The group Hn�1.F / is also an infinite cyclic group. It has two generators. Each
of them is represented by an embedded .n � 1/-sphere˙ equipped with one of the
two possible orientations. We can thus write

var
 .Œr�/ D �
 .r/Œ˙�; �.r/ D �
 .Œr; orr �/ 2 Z:

The integer �
 .Œr�/ is completely determined by the Picard–Lefschetz number,

m
.orF / WD Œr� �orF var
 .Œr�/ D �
 .Œr�/Œr� � Œ˙�:
Hence,

var
 .Œr�/ D m
.orF /.r �orF Œ˙�/ Œ˙� D .Œr� � Œ˙�/.r � var
 .r/ /„ ƒ‚ …
�
 .Œr�/

Œ˙�;

var
 .z/ D m
.orF /.z �orF Œ˙�/ Œ˙�:

The integer m
 depends on choices of orientations on orF , orr , and or˙ on F , r
and˙ , but �
 depends only on the the orientations on r and˙ . Let us explain how
to fix such orientations.
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The diffeomorphism ˚ maps the vanishing sphere ˙ � F to the sphere S

described in the .u; v/ coordinates by v D 0, juj D 1. This is oriented as the
boundary of the unit disk fjuj � 1g via the outer-normal-first convention.4

We denote by 	 2 Hn�1.F / the cycle determined by S with this orientation.
Let

u˙ D .˙1; 0; : : : ; 0/; P˙ D .u˙; 0/ 2 S �M: (5.16)

The standard model M admits a natural orientation as the total space of a fibration,
where we use the fiber-first convention

or(total space) D or(fiber)^ or(base):

Observe that since M is (essentially)the tangent bundle of S, an orientation on S

determines tautologically an orientation in each fiber of M. Thus the orientation on
S as boundary of an Euclidean ball determines via the above formula an orientation
on M. We will refer to this orientation as the bundle orientation.5

Near PC 2M, we can use as local coordinates the pair

.�;�/; � D .u2; : : : ; un/; � D .v2; : : : ; vn/: (5.17)

The orientation of S at PC is given by

d� WD du2 ^ � � � ^ dun;

so that the orientation of ˙ at ˚�1.PC/ is given by dx2 ^ � � � ^ dxn. The bundle
orientation of M is described in these coordinates near PC by the form

orbundle � d� ^ d� D dv2 ^ � � � ^ dvn ^ du2 ^ � � � ^ dun
˚ ! dy2 ^ � � � ^ dyn ^ dx2 ^ � � � ^ dxn:

Using the identification (˚) between F and M we deduce that we can represent r
as the fiber TC of M! S over the north pole PC (defined in (5.16)) equipped with
some orientation. We choose this orientation by regarding TC as the tangent space
to S at PC. More concretely, the orientation on TC is given by

orTC
� dv2 ^ � � � ^ dvn ˚ ! dy2 ^ � � � ^ dyn:

We denote by r 2 Hn�1.F; @F / the cycle determined by TC with the above
orientation.

On the other hand, F has a natural orientation as a complex manifold. We
will refer to it as the complex orientation. The collection .z2; : : : ; zn/ defines
holomorphic local coordinates on F near ˚�1.PC/, so that

orcomplex D dx2 ^ dy2 ^ � � � ^ dxn ^ dyn:

4The orientation of the disk is determined by a linear ordering of the variables u1; : : : ; un.
5Note that while in the definition of the bundle orientation we tacitly used a linear ordering of the
variables ui , the bundle orientation itself is independent of such a choice.
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We see that6

orcomplex D .�1/n.n�1/=2orbundle:

We denote by ı (respectively �) the intersection number in Hn�1.F / with respect
to the bundle (respectively complex) orientation. Then,7

1 D r ı	 D .�1/n.n�1/=2r �	
and

	 ı	 D .�1/n.n�1/=2	 �	 D e.TSn�1/ŒSn�1�

D �.Sn�1/ D
�
0 if n is even;
2 if n is odd:

(5.18)

Above, e denotes the Euler class of TSn�1.
The loop 
1 W Œ0; 1� 3 t 7! 
1.t/ D e2� it 2 D

� generates the fundamental group
ofD�, and thus the variation map is completely understood once we understand the
morphism of Z-modules

var1 WD var
1 W Hn�1.F; @F /! Hn�1.F /:

Once an orientation orF on F is chosen, we have a Poincaré duality isomorphism

Hn�1.F / Š HomZ.Hn�1.F; @F /;Z/;

and the morphism var1 is completely determined by the Picard–Lefschetz
number

m1.orF / WD r �orF var1.r/:
We have the following fundamental result.

Theorem 5.29 (Local Picard–Lefschetz formula).

m1.orbundle/ D r ı var1 .r/ D .�1/n;
m1.orcomplex/ D r � var1.r/ D .�1/n.nC1/=2;

var1.r/ D .�1/n	;

6This sign is different from the one in [AGV2] due to our use of the fiber-first convention. This
affects the appearance of the Picard-Lefschetz formulæ. The fiber-first convention is employed in
[Lam] as well.
7The choices of 	 and r depended on linear orderings of the variables ui . However, the
intersection number r ı	 is independent of such choices.
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and

var1.z/ D .�1/n.z ı˙/˙ D .�1/n.nC1/=2.z �˙/˙; 8z 2 Hn�1.F; @F /:

5.5 Proof of the Picard–Lefschetz Formula

The following proof of the local Picard–Lefschetz formula is inspired from [HZ]
and consists of a three-step reduction process.

We start by constructing an explicit trivialization of the fibration @E ! D. Set

Ew WD f �1.w/ \ NB; 0 � jwj < �; F D EwD1:

Note that

@EaCib D
n
xC iyI jxj2 D aC jyj2; 2x � y D b; jxj2 C jyj2 D 4

o
:

For every w D aC ib 2 D define �w W @Ew ! @M,

@Fw 3 xC iy 7!
�

u D c1.w/x;
v D c3.w/

�
yC c2.w/x

�
;

(5.19)

juj D 1; jvj � 1;
where

c1.w/ D
�

2

4C a
	1=2

; c2.w/ D � b

4C a ;

c3.w/ D
�

8C 2a
16 � a2 � b2

	1=2
: (5.20)

Observe that �1 coincides with the identification (˚) between F and M. The family
.�w/jwj<� defines a trivialization� W @E ! @M�D, z 7�! . �f.z/.z/; f .z/ /. We set

EjwjD1 WD f �1.fjwj D 1g/\ NB D EjfjwjD1g:

The manifoldEjwjD1 is a smooth compact manifold with boundary

@EjwjD1 D f �1.fjwj D 1g/\ @ NB:
The boundary @EjwjD1 fibers over fjwj D 1g and is the restriction to the unit circle
f jwj D 1 g of the trivial fibration @E ! D. The above trivialization � of @E ! D

induces a trivialization of @EjwjD1 ! fjwj D 1g.
Fix a vector field V on EjwjD1 such that

f�.V / D 2�@
 and ��.V j@EjwjD1
/ D 2�@
 on @M � fjwj D 1g:
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Denote by �t the time t-map of the flow determined by V . Observe that �t defines
a diffeomorphism

�t W F ! Fe2�it

compatible with the chosen trivialization �w of @E . More precisely, this means that
the diagram below is commutative:

@F @M

@Fe2�it @M

��1.D˚/

�

�t

�

1@M

��
e2�it

:

Consider also the flow ˝t on EjwjD1 given by

˝t.z/ D exp.�it/z D � cos.�t/x� sin.�t/y
�C i

�
sin.�t/xC cos.�t/y

�
: (5.21)

This flow is periodic, and since f .˝tz/ D e2� itf .z/, it satisfies

˝t.F / D Fe2�it :

However,˝t is not compatible with the chosen trivialization of @E , because˝1j@F1
is the antipodal map z 7! �z.

We pick two geometric representatives T˙ � F of r. More precisely, we define
TC so that TC D ˚.TC/ � M is the fiber of M ! S over the north pole PC 2 S.
As we have seen in the previous section, TC is oriented by

dv2 ^ � � � ^ dvn  ! dy2 ^ � � � ^ dyn:
Define T� � M as the fiber of M ! S over the south pole P� 2 S and set
T� D ˚�1.T�/.

The orientation of S at P� is determined by the outer-normal-first convention,
and we deduce that it is given by �du2 ^ � � � ^ dun. We deduce that T� is oriented
by �dv2 ^ � � � ^ dvn. Inside F the chain T� is described by

x D .1C jyj2=˛2/1=2u� ” x1 < 0; x2 D � � � D xn D 0;
and it is oriented by �dy2 ^ � � � ^ dyn.

Note that ˝1 D �1, so that taking into account the orientations, we have

˝1.TC/ D .�1/nT� D .�1/nr: (5.22)

For any smooth oriented submanifolds A;B of M with disjoint boundaries @A \
@B D ;, of complementary dimensions, and intersecting transversally, we denote
byAıB their intersection number computed using the bundle orientation on F . Set

m WD m1.orbundle/ D r ı var .r/:
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Step 1.
m D .�1/n˝1.TC/ ı �1.TC/:

Note that
m D r ı ��1.TC/� TC

� D T� ı
�
�1.TC/ � TC

�
:

Observe that the manifolds TC and T� in F are disjoint so that

m D T� ı �1.TC/
.5.22/D .�1/n˝1.TC/ ı �1.TC/:

Step 2.
˝1.TC/ ı �1.TC/ D ˝t.TC/ ı �t .TC/; 8t 2 .0; 1�:

To see this, observe that the manifolds˝t.TC/ and �t .TC/ have disjoint boundaries
if 0 < t � 1. Indeed, the compatibility of �t with the boundary trivialization �
implies

�e2�it �t .@TC/ D �e2�it �t˚
�1.@TC/ D @TC D f.uC; v/ 2 MI v D 1g:

On the other hand,

�e2�it ˝t .@TC/ D �e2�it ˝t˚
�1.@TC/

D �e2�it ˝t

 r
1C ˛2
˛2

� uC; ˛�1v
!

�
˛2 D 2=3 � ;

and from the explicit descriptions (5.19) for �e2�it and (5.21) for ˝t , we deduce

; D �e2�it ˝t .@TC/ \ @TC D �e2�it ˝t.@TC/\ �e2�it �t .@TC/:

Hence the deformations

˝1.TC/! ˝1�s.1�t /.TC/; �1.TC/! �1�s.1�t /.TC/

do not change the intersection numbers.

Step 3.
˝t.TC/ ı �t.TC/ D 1 if t > 0 is sufficiently small:

Set

At WD ˝t.TC/; Bt D �t .TC/:

For 0 < " 
 1 denote by C" the arc C" D
˚
exp.2�it/I 0 � t � "�. Extend the

trivialization � W @EjC" ! @M � C" to a trivialization

Q� W EjC" !M � C"
such that Q� jF D ˚ .
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For t 2 Œ0; "�, we can view˝t and �t as diffeomorphisms!t ; ht WM!M, such
that the diagrams below are commutative:

F M

Fw.t/ M

�Q�1

�
˝t

�

!t

�
Q�w.t/

F M

Fe2�it M

�Q�1

�

�t

�

ht

�
Q�
e2�it

Set At D Q�e2�it .At / D !t .TC/ and Bt D Q�e2�it .Bt / D ht .TC/. Clearly

At ı Bt D At ı Bt :
Observe that ht j@MD 1M, so that Bt .TC/ is homotopic to TC via homotopies that
are trivial along the boundary. Such homotopies do not alter the intersection number,
and we have

At ı Bt D At ı TC:

Along @M we have
!t j@M D �t WD �e2�it ı˝t ı � �1

1 : (5.23)

Choose 0 < „ < 1
2
. For t sufficiently small, the manifold At lies in the tubular

neighborhood

U„ WD
n
.�;�/I j�j < r; j�j � 1

o

of fiber TC � M, where as in (5.17) we set � D .u2; : : : ; un/ and � D .v2; : : : ; vn/.
More precisely, if P D .u; v/ is a point of M near PC then its .�;�/-coordinates
are pr.u; v/, where pr denotes the orthogonal projection

pr W Rn �R
n ! R

n�1 � R
n�1; .u; v/ 7! .u2; : : : ; unI v2; : : : ; vn/:

We can now rewrite (5.23) entirely in terms of the local coordinates .�;�/ as

!t .�;�/ D pr ı �t D pr ı �w.t/ ı˝t ı � �1
1

�
u.�;�/; v.�;�/

�
:

The coordinates .�;�/ have a very attractive feature. Namely, in these coordinates,
along @M, the diffeomorphism �t is the restriction to @M of a (real) linear
operator

Lt W Rn�1 � R
n�1 ! R

n�1 � R
n�1:

More precisely,

Lt



�

�

�
D C.t/R.t/C.0/�1 �



�

�

�
;
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where

C.t/ WD



c1.t/ 0

c2.t/c3.t/ c3.t/

�
; R.t/ WD



cos.�t/ � sin.�t/
sin.�t/ cos.�t/

�
;

and ck.t/ WD ck
�
e2� it

�
, k D 1; 2; 3. The exact description of ck.w/ is given in

(5.20). We can thus replace At D !t .TC/ with Lt .TC/ for all t sufficiently small
without affecting the intersection number because Lt is very close to !t for t small
and @At D @Lt .TC/:

For t sufficiently small, we have

Lt D L0 C t PL0 CO.t2/; L0 D 1; PL0 WD d

dt
jtD0 Lt ;

where

PL0 D PC.0/C.0/�1C C.0/JC.0/�1; J D PR.0/ D �


0 �1
1 0

�
:

Using (5.20) with a D cos.2�t/ and b D sin.2�t/, we deduce

c1.0/ D
r
2

5
> 0; c2.0/ D 0; c3.0/ D

r
2

3
> 0;

Pc1.0/ D Pc3.0/ D 0; Pc2.0/ D �2�
25
:

Thus,

PC.0/ D �2�
25



0 0

c3.0/ 0

�
; C.0/�1 D

"
1

c1.0/
0

0 1
c3.0/

#

PC.0/C.0/�1 D �2�
25

"
0 0

c3.0/
c1.0/

0

#

:

Next

C.0/JC.0/�1 D �



c1.0/ 0

0 c3.0/

� 

0 �1
1 0

�" 1
c1.0/

0

0 1
c3.0/

#

D �



c1.0/ 0

0 c3.0/

�"
0 � 1

c3.0/
1

c1.0/
0

#

D �
"
0 � c1.0/

c3.0/
c3.0/
c1.0/

0

#

:

The upshot is that the matrix PL0 has the form

PL0 D


0 �a
b 0

�
; a; b > 0:
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For t sufficiently small, we can now deform Lt.TC/ to .L0 C t PL0/.TC/ such
that during the deformation the boundary of the deforming relative cycle does not
intersect the boundary of TC. Such deformation again does not alter the intersection
number. Now observe that ˙t WD .L0 C t PL0/.TC/ is the portion inside U„ of the
.n � 1/-subspace

� 7! .L0 C t PL0/


0

�

�
D

�ta�

�

�
:

It carries the orientation given by

.�ta du2 C dv2/ ^ � � � ^ .�ta dun C dvn/:
Observe that ˙t intersects the .n � 1/-subspace TC given by � D 0 transversely at
the origin, so that

˙t ı TC D ˙1:
The sign coincides with the sign of the real number � defined by

v dv2 ^ � � � ^ dvn ^ du2 ^ � � � ^ dun

D .�ta du2 C dv2/ ^ � � � ^ .�ta dun C dvn/ ^ dv2 ^ � � � ^ dvn
D .�ta/n�1 du2 ^ � � � ^ dun ^ dv2 ^ � � � ^ dvn
D .�1/.n�1/C.n�1/2 dv2 ^ � � � ^ dvn ^ du2 ^ � � � ^ dun

Since .n � 1/C .n � 1/2 is even, we deduce that � is positive so that

1 D ˙t ı Tt D ˝t.TC/ ı �t .TC/; 80 < t 
 1:

This completes the proof of the local Picard–Lefschetz formula. ut
Remark 5.30. For a slightly different proof, we refer to [Lo]. For a more conceptual
proof of the Picard–Lefschetz formula in the case that n D dimC is odd, we refer to
[AGV2, Sect. 2.4].

5.6 Global Picard–Lefschetz Formulæ

Consider a Lefschetz pencil .Xs/ on X ,! P
N with associated Lefschetz fibration

Of W OX ! S Š P
1 such that all its critical values t1; : : : ; tr are situated in the upper

hemisphere in DC � S . We denote its critical points by p1; : : : ; pr , so that

Of .pj / D tj ; 8j:
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We will identifyDC with the closed unit disk centered at 0 2 C. We assume jtj j < 1
for j D 1; : : : ; r . Fix a point � 2 @DC. For j D 1; : : : ; r we make the following
definitions:

• Dj is a closed disk of very small radius � centered at tj 2 DC. If � 
 1 these
disks are pairwise disjoint.

• `j W Œ0; 1�! DC is a smooth embedding connecting � 2 @DC to tj C � 2 @Dj

such that the resulting paths `1; : : : ; `r are disjoint (see Fig. 5.2). Set kj WD `j [
Dj , ` DS `j , and k DS kj .

• Bj is a small ball in OX centered at pj .

Denote by 
j the loop inDC n ft1; : : : ; trg based at � obtained by traveling along
`j from � to tj C � and then once counterclockwise around @Dj and then back to �
along `j . The loops 
j generate the fundamental group

�1.S
�;�/; S� WD S n ft1; : : : ; trg:

Set
OXS� WD Of �1.S�/:

We have a fibration

Of W OXS� ! S�;

and as in the previous section, we have an action

� W �1.S�;�/! Aut .H�. OX�;Z/ /

called the monodromy of the Lefschetz fibration. Since X� is canonically diffeomor-
phic to OX�, we will write X� instead of OX�.

From the proof of the local Picard–Lefschetz formula we deduce that for each
critical point pj of Of , there exists an oriented .n � 1/-sphere ˙j embedded in the
fiber XtjC� which bounds a thimble, i.e., an oriented embedded n-disk Zj � OXC.
This disk is spanned by the family of vanishing spheres in the fibers over the radial
path from tj C � to tj .

We denote by 	j 2 Hn�1.XtjC�;Z/ the homology class determined by the
vanishing sphere ˙j in the fiber over tj C �. In fact, using (5.18), we deduce

	j �	j D .�1/n.n�1/=2
�
1C .�1/n�1

�
D
8
<

:

0 if n is even;
�2 if n 
 �1 mod 4;
2 if n 
 1 mod 4:

The above intersection pairing is the one determined by the complex orientation of
XtjC�.

Note that for each j we have a canonical isomorphism

H�.Xj ;Z/! H�.X�;Z/



290 5 Basics of Complex Morse Theory

induced by a trivialization of Of W OXS� ! S� over the path `j connecting � to
tj C �. This isomorphism is independent of the choice of trivialization since any
two trivializations are homotopic. For this reason we will freely identifyH�.X�;Z/
with any H�.Xj ;Z/.

Using the local Picard–Lefschetz formula, we obtain the following important
result.

Theorem 5.31 (Global Picard–Lefschetz formula). If z 2 Hn�1.X�;Z/, then

var
j .z/ WD �
j .z/ � z D �.�1/n.n�1/=2.z �	j /	j :

Proof. We prove the result only for the homology with real coefficients, since it
contains all the main ideas and none of the technical drag. For simplicity, we set
Xj WD XtjC�. We think of the cohomologyH �.Xj / as the De Rham cohomology
of Xj .

Represent the Poincaré dual of z by a closed .n � 1/-form � on Xj and the
Poincaré dual of 	j by an .n� 1/ -form ıj on Xj . We use the sign conventions8 of
[Ni1, Sect. 7.3], which means that for every closed form ! 2 ˝n�1.X�/, we have

Z

˙j

! D
Z

Xj

! ^ ıj ;

	j � z D
Z

Xj

ıj ^ � D .�1/n�1
Z

Xj

� ^ ıj D .�1/n�1
Z

˙j

�:

We can assume that ıj is supported in a small tubular neighborhood Uj of ˙j in
XtjC� diffeomorphic to the unit disk bundle of T˙j .

The monodromy�
j can be represented by a diffeomorphism hj of Xj that acts
trivially outside a compact subset of Uj . In particular, hj is orientation preserving.
We claim that the Poincaré dual of �
j .z/ can be represented by the closed form
.h�1
j /

�.�/.
The easiest way to see this is in the special case in which z is represented by an

oriented submanifoldZ. The cycle �
j .z/ is represented by the submanifold hj .Z/
and for every ! 2 ˝n�1.Xj / we have

Z

hj .Z/

! D
Z

Z

h�
j ! D

Z

Xj

h�
j ! ^ � D

Z

Xj

h�
j ! ^ h�

j . .h
�1
j /

��/

D
Z

Xj

h�
j

�
! ^ .h�1

j /
��
� D

Z

Xj

! ^ .h�1
j /

��:

8Given an oriented submanifold S � X� its Poincaré dual should satisfy either
R
S ! D R

X�
!^ıS

or
R
S ! D R

X�
ıS ^ !, 8! 2 ˝dimS .X�/, d! D 0. Our sign convention corresponds to first

choice. As explained in [Ni1, Prop. 7.3.9] this guarantees that for any two oriented submanifolds
S1; S2 intersecting transversally we have S1 � S2 D R

X�
ıS1 ^ ıS2 .
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At the last step we used the fact that hj is orientation preserving. As explained in
the footnote, the equality

Z

hj .Z/

! D
Z

Xj

! ^ .h�1
j /

��; 8!

implies that .h�1
j /

�� represents the Poincaré dual of �
j .z/.
This is not quite a complete proof of the claim , since there could exist cycles

that cannot be represented by embedded, oriented smooth submanifolds. However,
the above reasoning can be made into a complete proof if we define carefully the
various operations it relies on. We leave the details to the reader (see Exercise 6.52).

Observe that .h�1
j /

�� D � outside Uj , so that the difference .h�1
j /

�� � � is
a closed .n � 1/-form with compact support in Uj . It determines an element in
Hn�1

cpt .Uj /.
On the other hand, Hn�1

cpt .Uj / is a one-dimensional vector space spanned by the
cohomology class carried by ıj . Hence there exist a real constant c and a form
� 2 ˝n�2.Uj / with compact support such that

.h�1
j /

�� � � D cıj C d�: (5.24)

We have (see [Ni1, Lemma 7.3.12])
Z

rj

ıj D 	j � rj D .�1/n�1rj �	j ;

so that

.�1/n�1c.rj �	j / D
Z

rj

cıj D
Z

rj

�
.h�1
j /

�� � � � �
Z

rj

d�

D
Z

hj .rj /�rj

�;

where Z

rj

d�
StokesD

Z

@rj

� D 0;

since � has compact support in Uj .
Invoking (5.18), we deduce

.rj �	j / D .�1/n.n�1/=2:

The (piecewise smooth) singular chain h.rj / � rj is a cycle in Uj representing
var
j .rj / 2 Hn�1.Uj /. The local Poincaré–Lefschetz formula shows that this
cycle is homologous in Uj (and thus in XtjC� as well) to .�1/n˙j :

.�1/nC1c D .�1/n�1c D .�1/n.n�1/=2
Z

var
j .rj /

�

D .�1/n.n�1/=2 � .�1/n
Z

˙j

� D .�1/nCn.n�1/=2	j � z:
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Thus,

c D �.�1/n.n�1/=2.z �	j /:

Substituting this value of c in (5.24) and then applying the Poincaré duality, we
obtain

�j .z/� z D �.�1/n.n�1/=2.z �	j /	j : ut
Definition 5.32. The monodromy group of the Lefschetz pencil .Xs/s2S ofX is the
subgroup of G � Aut

�
Hn�1.X�;Z/

�
generated by the monodromies �
j .

Remark 5.33. (a) When n D 2, so that the divisors Xs are complex curves
(Riemann surfaces), then the monodromy �j along an elementary loop `j is
known as a Dehn twist associated with the corresponding vanishing sphere.
The action of such a Dehn twist on a cycle intersecting the vanishing sphere
is depicted in Fig. 5.5. The Picard–Lefschetz formula in this case states that the
monodromy is a (right-handed) Dehn twist.

(b) Suppose n is odd, so that

	j �	j D 2.�1/.n�1/=2:

Denote by q the intersection form onL W DHn�1.X�;Z/=Tors. It is a symmetric
bilinear form because n � 1 is even. An element u 2 L defines the orthogonal
reflection Ru W L˝ R! L˝ R uniquely determined by the requirements

Ru.x/ D x C t.x/u; q
�
u; x C t.x/

2
u
� D 0; 8x 2 L˝ R

” Ru.x/ D x � 2q.x; u/
q.u; u/

u:

We see that the reflection defined by 	j is

Rj .x/ D x C .�1/.nC1/=2q.x;	j /	j D x � .�1/n.n�1/=2q.x;	j /	j :

This reflection preserves the lattice L, and it is precisely the monodromy along

j . This shows that the monodromy group G is a group generated by reflections
preserving the intersection lattice Hn�1.X�;Z/=Tor.

The vanishing submodule

V.X�/ W Image
�
@ W Hn. OXC; OX�IZ/! Hn�1. OX�;Z/

�
� Hn�1. OX�;Z/

is spanned by the vanishing cycles	j . We can now explain why the invariant cycles
are called invariant.

Since V.X�/ is spanned by the vanishing spheres, we deduce from (5.11) that

I.X�/ WD
˚
y 2 Hn�1.X�;Z/I y �	j D 0; 8j

�
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(use the global Picard–Lefschetz formula)

D ˚y 2 Hn�1.X�;Z/I �
j y D y; 8j
�
:

We have thus proved the following result.

Proposition 5.34. The module I.X�/ consists of the cycles invariant under the
action of the monodromy group G.





Chapter 6
Exercises and Solutions

6.1 Exercises

Exercise 6.1. Consider the set

Z D ˚ .x; a; b; c/ 2 R
4I a ¤ 0; ax2 C bx C c D 0 �:

(a) Show that Z is a smooth submanifold of R4.
(b) Find the discriminant set of the projection

� W Z! R
3; �.x; a; b; c/ D .a; b; c/:

Exercise 6.2. (a) Fix positive real numbers r1; : : : ; rn, n � 2, and consider
the map

ˇ W .S1/n! C

given by

.S1/n 3 .z1; : : : ; zn/ 7�!
nX

iD1
ri zi 2 C:

Show that x D x C iy is a critical value of ˇ if and only if x2 D y2.
(b) Consider the open subset M of .S1/n described by Reˇ > 0. Show that 0 is a

regular value of the function

M 3 z 7! Imˇ.z/ 2 R:

Exercise 6.3. Suppose g D g.t1; : : : ; tn/ W Rn ! R is a smooth function such that
g.0/ D 0 and

dg.0/ D c1dt1 C � � � C cndtn; cn ¤ 0:

L. Nicolaescu, An Invitation to Morse Theory, Universitext,
DOI 10.1007/978-1-4614-1105-5 6, © Springer Science+Business Media, LLC 2011

295



296 6 Exercises and Solutions

The implicit function theorem implies that near 0 the hypersurfaceX D fg D 0g is
described as the graph of a smooth function

tn D tn.t1; : : : ; tn�1/ W Rn�1 ! R:

In other words, we can solve for tn in the equation g.t1; : : : ; tn/ D 0 if
P

k jtk j is
sufficiently small. Show that there exist a neighborhood V of 0 2 R

n and C > 0

such that for every .t1; : : : ; tn�1; tn/ 2 V \X , we have

ˇ
ˇ̌
tn C c1t1 C � � � C cn�1tn�1

cn

ˇ
ˇ̌ � C � t 21 C � � � C t 2n�1

�
:

Exercise 6.4. (a) Suppose f W R ! R is a proper Morse function, i.e.,
f �1.compact/ D compact. Prove that the number of critical points of f is even
if limx!1 f .x/f .�x/ D �1, and it is odd if limx!1 f .x/f .�x/ D1.

(b) Suppose f W S1 ! R is a Morse function on R. Show that it has an even
number of critical points, half of which are local minima.

Exercise 6.5. Prove Lemma 1.32.

Exercise 6.6. In this exercise we outline a proof of Fenchel’s theorem, Remark
1.36. We will use the notations introduced in Sect. 1.3. Suppose K is a knot in R

3

with a total curvature TK D 2� .

(a) Show that for any v 2 R
3 and any c 2 R, the sublevel set fhv � cg � K is

connected.
(b) Prove that K is a planar convex curve.

Exercise 6.7. Suppose that E is an Euclidean space of dimensionN and ' W S2 !
E is a knot. We denote by .�;�/ the inner product on E and byK the image of '.
We fix a Gaussian probability measure on E ,

d�.x/ WD .2�/�N
2 e� jxj2

2 dx:

For every point p 2 K , we have a random variable

�p W E ! R; �p.x/ WD .x;p/:

(a) Find the expectation of this random variable, i.e., the quantity

E.�p/ WD
Z

E

�p.x/d�.x/:
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(b) Let p1;p2 2 K , Find the expection of the random variable �p1 � �p2
, i.e., the

quantity

E.�p1
�p2
/ WD

Z

E

�p1
.x/�p2 .x/d�.x/:

(c) Conclude that for any p 2 K the random variable �p is normally distributed.
(d) Prove the equality (1.16).

Exercise 6.8. Suppose K � R
2 is a smooth curve in the plane without self-

intersections. Assume that 0 62 K . Let S be the vector space of symmetric 2 � 2
matrices equipped with the inner product

.A;B/ WD tr.A � B/:

Denote by S1 the unit sphere in S,

S1 WD
˚
A 2 SI trA2 D 1 �;

and by dS the induced volume form on S1. For any A 2 S1, we obtain a function

qA W K ! R; x 7! .Ax; x/:

Corollary 1.25 shows that qA is a Morse function for almost all A 2 S1. Denote by
NK.A/ the number of critical points of qA. Express

Z

S1

NK.A/dS.A/

in terms of differential geometric invariants of K .

Exercise 6.9. For every .x;y/ 2 R
n � R

n, we denote by Tx;y the trigonometric
polynomial

Tx;y .�/ D
nX

kD1
.xk cosk� C yk sin �/;

and byN.x;y/ the number of critical points of Tx;y viewed as a smooth map S1�R.
We set

�n WD 1

area .S2n�1/

Z

S2n�1

N.x;y/dA.x;y/;

where dA denotes the area element on the unit sphere S2n�1 � R
n�Rn. Note that�n

can be interpreted as the average number of critical points of a random trigonometric
polynomial of degree� n. Show that

lim
n!1

�n

2n
D
r
3

5
:
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Exercise 6.10 (Raleigh–Ritz). Denote by Sn the unit sphere in R
nC1 equipped

with the standard Euclidean metric .�; �/. Fix a nonzero symmetric .nC1/�.nC1/
matrix with real entries and define

fA W RnC1! R; f .x/ D 1

2
.Ax; x/:

Describe the matrices A such that the restriction of fA to Sn is a Morse function.
For such a choice of A, find the critical values of fA, the critical points, and their
indices. Compute the Morse polynomial of fA.

Exercise 6.11. For every vector � D .�0; : : : ; �n/ 2 R
n n 0 we denote by f� W

CP
n ! R the smooth function

f�.Œz0; : : : ; zn�/ D �0jz0j2 C � � � C �njznj2
jz0j2 C � � � C jznj2 ;

where Œz0; : : : ; zn� denotes the homogeneous coordinates of a point in CP
n.

(a) Find the critical values and the critical points of f�.
(b) Describe for what values of � the critical points of f� are nondegenerate and

then determine their indices.

Exercise 6.12. Suppose X; Y are two finite dimensional connected smooth mani-
folds and f W X ! Y is a smooth map. We say that f is transversal to the smooth
submanifold S if for every s 2 S , every x 2 f �1.s/, we have

TsY D TsS C Im .Df W TxX ! TsY /:

(a) Prove that f is transversal to S if and only if for every s 2 S , every x 2 f �1.s/,
and every smooth function u W Y ! R, such that u jSD 0 and du js¤ 0, we
have f �.du/ jx¤ 0.

(b) Prove that if f is transversal to S , then f �1.S/ is a smooth submanifold of X
of the same codimension as S ,! Y .

Exercise 6.13. Let X; Y be as in the previous exercise. Suppose 	 is a smooth,
connected manifold. A smooth family of submanifolds of Y parametrized by 	 is
a submanifold QS � 	 � Y with the property that the restriction of the natural
projection � W 	 � Y ! 	 to QS is a submersion � W QS ! 	. For every � 2 	
we set1

S� WD fy 2 Y I .�; y/ 2 QSg D ��1.�/ \ QS:
Consider a smooth map

F W 	 �X ! Y; 	 �X 3 .�; x/ 7! f�.x/ 2 Y

1Note that the collection .S�/�2	 is indeed a family of smooth submanifolds of Y .
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and suppose that the induced map

G W 	 �X ! 	 � Y; .�; x/ 7! .�; f�.x//

is transversal to QS .

Prove that there exists a subset 	0 � 	 of measure zero such that for every
� 2 	 n	0 the map f� W X ! Y is transversal to S�.

Remark 6.14. If we let QS D fy0g � 	 in the above exercise, we deduce that for
generic � the point y0 is a regular value of f� provided it is a regular value of F .

Exercise 6.15. Denote by .�; �/ the Euclidean metric on R
nC1. Suppose M �

R
nC1 is an oriented connected smooth submanifold of dimension n. This implies

that we have a smoothly varying unit normal vector field N along M , which we
interpret as a smooth map from M to the unit sphere Sn � R

nC1,

N D NM WM ! Sn:

This is known as the Gauss map of the embeddingM ,! R
nC1.

For every unit vector v 2 Sn � R
nC1, we denote by `v W RnC1 ! R the linear

function
`v.x/ D .v; x/:

Show that the restriction of `v to M is a Morse function if and only if the vector
v 2 Sn is a regular value of the Gauss map N.

Exercise 6.16. Suppose ˙ ,! R
3 is a compact oriented surface without boundary

and consider the Gauss map
N˙ W ˙ ! S2

defined as in the previous exercise. Denote by .�; �/ W R3 � R
3 ! R the canonical

inner product. Recall that in Corollary 1.25 we showed that there exists a set
 � S2
of measure zero such that for all u 2 S2 n
 the function

`u W ˙ ! R; `u.x/ D .u; x/

is a Morse function. For every u 2 S2 n 
 and any open set V � ˙ , we denote by
Cru.U / the set of critical points of `u situated in U . Define

�u.V / WD
X

x2Cru.U /

.�1/�.`u;x/

and

m.U / WD 1

areaS2

Z

S2n

�u.V /d�.u/ D 1

4�

Z

S2n

�u.V /d�.u/:
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Denote by s W ˙ ! R the scalar curvature of the metric g on ˙ induced by
the Euclidean metric on R

3 and by dVS2 the volume form on the unit sphere S2.
Show that

m.u/ D 1

4�

Z

U

N�̇ dVS2 D 1

4�

Z

U

s.x/dVg.x/:

In particular, conclude that

�.˙/ D 1

4�

Z

˙

s.x/dVg.x/:

Exercise 6.17. Suppose˙ ,! R
3 is a compact oriented surface without boundary.

The orientation on ˙ defines smooth unit normal vector field

n W ˙ ! S2; n.p/ ? Tp˙; 8p 2 ˙:

For every u 2 R
3, we denote by qx the function

qu W ˙ ! R; qu.x/ D 1

2
jx � uj2:

We denote by S the set u 2 R
3 such that the function qu is a Morse function. We

know that R3 n S has a zero Lebesgue measure.

(a) Show that p 2 ˙ is a critical point of qu if and only if there exists t 2 R such
that u D p C rn.p/.

(b) Let u 2 R
3 and suppose p 2 ˙ is a critical point of u. Denote by g W Tp˙ �

Tp˙ ! R the first fundamental form of ˙ ,! R
3 at p, i.e., the induced inner

product on Tp˙ , and by a W Tp˙ � Tp˙ ! R the second fundamental form
(see [Str, 2.5]) of ˙ ,! R

3 at p. These are symmetric bilinear forms. For
every t 2 R, we denote by 
p.t/ the nullity of the symmetric bilinear form
g � ta. Since p is a critical point of qu, there exists tu D tu.p/ 2 R such that
u D pC tun.p/. Show that p is a nondegenerate critical point of qu if and only
if 
.tu/ ¤ 0. In this case, the index of qu at p is

�.qu; p/ D
X

t2Iu.p/


.t/;

where Iu.p/ denotes the interval consisting of all real numbers strictly between
0 and tu.p/.

(c)� For every u 2 S and every p 2 ˙ , we set

e.u; p/ WD
(
.�1/�.u;p/ p critical point of qu;

0 p regular point of qu.
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For r > 0 and U � ˙ an open subset of ˙ , we define

�r.U / D
Z

R3

� X

p2U; jp�uj<r
e.u; p/

�
du:

Show that there exist nonzero universal constants c1; c2 such that

�r.U / D c1r
�Z

U

dVg

�
r C c2

�Z

U

sgdVg

�
r3

for all r sufficiently small. Above dVg denotes the area form on˙ while sg denotes
the scalar curvature of the induced metric g on˙ . If U D D".p0/ is a geodesic disk
of radius " centered at p0 2 ˙ , then

lim
"&0

1

areag
�
D".p0/

��r
�
D".p0/

� D c1r C c3r3sg.p0/; 80 < r 	 1:

Exercise 6.18. Prove the equality (2.1).

Exercise 6.19. Consider the group G described by the presentation

G D ha; bj; aba D bab; a2b2 D aba�1bai:

(a) Show that ab3a�1 D b2, b3 D ba2b�1, and a2 D b3.
(b) Show that G is isomorphic to the group

H D hx; yjx3 D y5 D .xy/2i:

(c) Show that H is a finite group.

Exercise 6.20. Suppose M is a compact, orientable smooth three-dimensional
manifold whose integral homology is isomorphic to the homology of S3 and
f WM ! R is a Morse function.

(a) Prove that f has an even number of critical points.
(b) Construct a Morse function on S1 � S2 that has exactly four critical points.
(c) A theorem of Reeb [Re] (see also [M1, M3]) states that M is homeomorphic to

S3 if and only if there exist a Morse function on M with exactly two critical
points. Prove that if H�.M;Z/ Š H�.S3;Z/ but �1.M/ ¤ f1g (e.g., M is the
Poincaré sphere), then any Morse function on M has at least six critical points.

Remark 6.21. Part (c) is true under the weaker assumption that H�.M;Z/ Š
H�.S3;Z/ but M is not homeomorphic to S3. This follows from Poincaré’s
conjecture, the whose validity was recently established by Perelman, who showed
that M Š S3 ” �1.M/ D f1g. However, this result is not needed in proving
the stronger version of (c). One immediate conclusion of this exercise is that the
manifoldM does not admit perfect Morse functions!!!
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Exercise 6.22. Consider a knot K in R
3, i.e., a smoothly embedded circle S1 ,!

R
3. Suppose there exists a unit vector u 2 R

3 such that the function

`u W K ! R; `u.x/ D .u; x/ D inner product of u and x

is a function with only two critical points, a global minimum and a global maximum.
Prove thatK must be the unknot. In particular, we deduce that the restriction of any
linear function on a nontrivial knot in R

3 must have more than two critical points!

Exercise 6.23. Construct a Morse function f W S2 ! R with the following
properties:

(a) f is nonresonant, i.e., no level set ff D constg contains more than one critical
point.

(b) f has at least four critical points.
(c) There exist orientation preserving diffeomorphismsR W S2 ! S2, L W R ! R

such that

�f D L ı f ıR:

Exercise 6.24 (Harvey–Lawson). Consider the unit sphere

S2 D f.x; y; z/ 2 R
3I x2 C y2 C z2 D 1g

and the smooth function f W S2 ! R, f .x; y; z/ D z. Denote by N the north pole
N D .0; 0; 1/.
(a) Find the critical points of f .
(b) Denote by g the Riemannian metric on S2 induced by the canonical Euclidean

metric g0 D dx2 C dy2 C d z2 on R
3. Denote by !g the volume form on S2

induced by g and the orientation of S2 as boundary2 of the unit ball. Describe
g and !g in cylindrical coordinate .�; z/ (see Fig. 6.1):

x D r cos �; y D r sin �; r D
p
1� z2; � 2 Œ0; 2��; z 2 Œ�1; 1�:

(c) Denote by rf the gradient of f with respect to the metric g. Describe rf in
the cylindrical coordinates .�; z/ and then describe the negative gradient flow

dp

dt
D �rf .p/ (6.1)

2We are using the outer-normal-first convention.
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θ

ϕ

x

y

r

Fig. 6.1 Cylindrical coordinates

as a system of ODEs of the type

� P� D A.�; z/
Pz D B.�; z/ ;

where A;B are smooth functions of two variables, and the dot denotes
differentiation with respect to the time variable t .

(d) Solve the system of ODEs found at (c).
(e) Denote by ˚t W S2 ! S2, t 2 R, the one parameter group of diffeomorphisms

of S2 determined by the gradient flow3 (6.1) and set !t WD ˚�
t !g . Show that

for every t 2 R, we have
Z

S2
!t D

Z

S2
!g

and there exists a smooth function �t W S2 ! .0;1/ that depends only on the
coordinate z such that

!t D �t � !g; lim
t!1�t .p/ D 0; 8p 2 S2 nN:

Sketch the graph of the function �t for jt j very large.
(f) Show that for every smooth function u W S2 ! R

2, we have

lim
t!1

Z

S2
u � !t D u.N /

Z

S2
!g (6.2)

and then give a geometrical interpretation of the equality (6.2).

3In other words, for every p 2 S2 the path t 7! ˚t .p/ is a solution of (6.1).
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Exercise 6.25. Prove the equality (3.3).

Exercise 6.26. Suppose V is a finite dimensional real Euclidean space. We denote
the inner product by .�; �/. We define an inner product on the space End.V / of
endomorphisms of V by setting

hS; T i WD tr.ST �/:

Denote by SO.V / � End.V / the group of orthogonal endomorphisms of determi-
nant one, by EndC.V / the subspace of symmetric endomorphisms, and by End�.V /
the subspace of skew-symmetric endomorphisms.

(a) Show that End�.V / is the orthogonal complement of EndC.V / with respect to
the inner product h�; �i.

(b) Let A 2 EndC.V / be a symmetric endomorphism with distinct positive
eigenvalues. Define

fA W SO.V /! R; T 7! �hA; T i:

Show that fA is a Morse function with 2n�1 critical points, where n D dimV
and then compute their indices.

(c) Show that the Morse polynomial of fA is

Pn.t/ D .1C t/ � � � .1C tn�1/:

Remark 6.27. As explained in [Ha, Theorem 3D.2] the polynomial

.1C t/ � � � .1C tn�1/

is the Poincaré polynomial of SO.n/ with Z=2 coefficients. This shows that the
function fA is a Z=2-perfect Morse function.

Exercise 6.28. Let V and A 2 End.V / be as in Exercise 6.26. For every S 2
SO.V / we have an isomorphism

TSSO.V /! T1SO.V /; X 7! XS�1:

We have a natural metric g on SO.V / induced by the metric h�; �i on End.V /.

(a) Show that for every S 2 SO.V /, we have

2rgfA.S/ D �A� C ASA:

(b) Show that the Cayley transform

X 7! Y.X/ WD .1 �X/.1CX/�1
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defines a bijection from the open neighborhood U of 1 2 SO.V / consisting
of orthogonal transformations S such that det.1 C S/ ¤ 0 to the open
neighborhood O of 0 2 End�.V / consisting of skew-symmetric matrices Y
such that det.1C Y / ¤ 0.

(c) Suppose S0 is a critical point of fA. Set US0 D US0 . Then, US0 is an open
neighborhood of S0 2 SO.V /, and we get a diffeomorphism

YS0 W US0 ! O; US0 3 T 7! Y.TS�1
0 /:

Thus we can regard the map YS0 as defining local coordinates Y near S0. Show
that in these local coordinates the gradient flow of fA has the description

PY D AS0Y � YAS0:

(d) Show that for every orthogonal matrix S0, the flow line through S0 of the
gradient vector field 2rgfA is given by

t 7!
�

sinh.�At/C cosh.�At/S0
��

cosh.�At/C sinh.�At/S0
��1

:

Exercise 6.29. Suppose V is a finite dimensional complex Hermitian vector space
of dimension n. We denote the Hermitian metric by .�; �/, the corresponding norm
by j � j, and the unit sphere by S D S.V /. For every integer 0 < k < dimV , we
denote by Gk.V / the Grassmannian of complex k-dimensional subspaces in V . For
everyL 2 Gk.V /, we denote by PL W V ! V the orthogonal projection ontoL and
by L? the orthogonal complement. We topologizeGk.V / using the metric

d.L1; L2/ D kPL1 � PL2k:

Suppose L 2 Gk.V / and S W L! L? are linear maps. Denote by �S 2 Gk.V / the
graph of the operator S , i.e., the subspace

�S D fx C SxI x 2 Lg � L˚ L? D V:

We thus have a map

Hom.L;L?/ 3 S 7! �S 2 Gk.V /:

(a) Show that for every S 2 Hom.L;L?/, we have

� ?
S D

˚�y C S�yI y 2 L? � � L? ˚ L;

where S� W L? ! L is the adjoint operator.
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(b) Describe P�S in terms of PL and S . For t 2 R set Lt D �tS . Compute
d
dt
jtD0 PLt .

(c) Prove that the map

Hom.L;L?/ 3 S 7! �S 2 Gk.V /

is a homeomorphism onto the open subset of Gk.V / consisting of all k-planes
intersecting L? transversally. In particular, its inverse defines local coordinates
on Gk.V / near L D �SD0. We will refer to these as graph coordinates.

(d) Show that for every L 2 Gk.V / the tangent space TLGk.V / is isomorphic to
the space of symmetric operators PP W V ! V satisfying

PP.L/ � L?; PPL? � L:

Given PP as above, construct a linear operator S W L! L? such that

d

dt

ˇ̌
ˇ
tD0P�tS D PP :

Exercise 6.30. Assume that A W V ! V is a Hermitian operator with simple
eigenvalues. Define

hA W Gk.V /! R; hA.T / D �Re trAPL:

(a) Show that L is a critical point of hA if and only if AL � L.
(b) Show that hA is a perfect Morse function and then compute its Morse

polynomial.

Remark 6.31. The stable and unstable manifolds of the gradient flow of hA with
respect to the metric g. PP ; PQ/ D Re tr. PP ; PQ/ coincide with some classical objects,
the Schubert cycles of a complex Grassmannian.

Exercise 6.32. Show that the gradient flow of the function fA in (3.4) is given by
(3.5). Use this to conclude that fA is a Morse–Bott function.

Exercise 6.33. Suppose V is an n-dimensional real Euclidean space with inner
product .�; �/ and A W V ! V is a self-adjoint endomorphism. We set

S.V / WD ˚ v 2 V I jvj D 1 �

and define

fA W S.V /! R; f .v/ D .Av; v/:
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For 1 � k � n D dimV , we denote by Gk.V / the Grassmannian of k-dimensional
vector subspaces of V and we set

�k D �k.A/ WD min
E2Gk.V /

max
v2E\S.V / fA.v/:

Show that
�1.A/ � �2.A/ � � � � � �n.A/

and that any critical value of fA is equal to one of the �k’s.

Exercise 6.34. Prove Proposition 4.15.

Exercise 6.35. Prove Lemma 4.11.

Exercise 6.36. Prove Lemma 4.19.

Exercise 6.37. Prove the claims in Example 4.23(c) and (d).

Exercise 6.38. Prove Proposition 4.24.

Exercise 6.39. Prove Proposition 4.38.

Exercise 6.40. Suppose V is a vector space equipped with a symplectic pairing

! W V � V ! R:

Denote by I! W V ! V � the induced isomorphism. For every subspace L � V ,
we define its symplectic annihilator to be

L! WD fv 2 V I !.v; x/ D 0 8x 2 Lg:

(a) Prove that

I!L
! D L? D ˚˛ 2 V �I h˛; vi D 0; 8v 2 L �:

Conclude that dimLC dimL! D dimV .
(b) A subspace L � V is called isotropic if L � L! . An isotropic subspace is

called Lagrangian if L D L! . Show that if L is an isotropic subspace, then

0 � dimL � 1

2
dimV

with equality if and only if L is Lagrangian.
(c) SupposeL0 andL1 are two Lagrangian subspaces of V such thatL0\L1 D .0/.

Show that the following statements are equivalent.

(c1) L is a Lagrangian subspace of V transversal to L1.
(c2) There exists a linear operator A W L0 ! L1 such that

L D ˚x C AxI x 2 L0
�
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and the bilinear form

Q W L0 � L0 ! R; Q.x; y/ D !.x;Ay/
is symmetric. We will denote it by QL0;L1 .L/.

(d) Show that if L is a Lagrangian intersecting L1 transversally, then L intersects
L0 transversally if and only if the symmetric bilinear form QL0;L1 .L/ is
nondegenerate.

Exercise 6.41. Consider a smooth n-dimensional manifold M . Denote by E the
total space of the cotangent bundle � W T �M ! M and by � D �M the canonical
1-form on E described in local coordinates .�1; : : : ; �m; x1; : : : ; xm/ by

� D
X

i

�i dx
i :

Let ! D �d� denote the canonical symplectic structure on E . A submanifold
L � E is called Lagrangian if for every x 2 L the tangent subspace TxL is a
Lagrangian subspace of TxE .

(a) A smooth function f on M defines a submanifold �df of E , the graph of the
differential. In local coordinates .�i I xj /, it is described by

�i D @xi f .x/:
Show that �df is a Lagrangian submanifold of E .

(b) Suppose x 2 M is a critical point of M . We regard M as a submanifold of
E embedded as the zero section of T �M . We identify x 2 M with .0; x/ 2
T �M . Set

L0 D T Mx � T.0;x/E; L1 D T �
x M � T.0;x/E; L D T.0;x/�df � T.0;x/E:

They are all Lagrangian subspaces of V D T.0;x/E . Clearly L0 t L1 and
L t L1. Show that

QL0;L1.L/ D the Hessian of f at x 2 M: (6.3)

(c) A Lagrangian submanifold L of E is called exact if the restriction of � to L is
exact. Show that �df is an exact Lagrangian submanifold.

(d) Suppose H is a smooth real valued function on E . Denote by XH the
Hamiltonian vector field associated withH and the symplectic form ! D �d� .
Show that in the local coordinates .�i ; xj /, we have

XH D
X

i

@H

@�i
@xi �

X

j

@H

@xj
@�j :

Show that if L is an exact Lagrangian submanifold of E , then so is ˚H
t .L/ for

any t 2 R.
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Exercise 6.42. We fix a diffeomorphism

R � S1 ! T �S1; .�; �/ 7! .�d�; �/;

so that the canonical symplectic form on T �S1 is given by

! D d� ^ d�:

Denote by L0 � T �S1 the zero section.

(a) Construct a compact Lagrangian submanifold of T �S1 that does not inter-
sect L0.

(b) Show that any compact, exact Lagrangian, oriented submanifold L of T �S1
intersects L0 in at least two points.

Remark 6.43. The above result is a very special case of Arnold’s conjecture stating
that if M is a compact smooth manifold, then any exact Lagrangian submanifold
T �M must intersect the zero section in at least as many points as the number of
critical points of a smooth function on M . In particular, if an exact Lagrangian
intersects the zero section transversally, then the geometric number of intersection
points is no less than the sum of Betti numbers of M .

Exercise 6.44. Consider the tautological right action of SO.3/ on its cotangent
bundle

T �SO.3/ � SO.3/ 3 .'; hIg/ 7! .R�
g�1'; Rg.h/ D hg/;

where

R�
g�1 W TghSO.3/! ThSO.3/

is the pullback map. Show that this action is Hamiltonian with respect to the
tautological symplectic form on T �SO.3/ and then compute its moment map

� W T �SO.3/! so.3/�:

Exercise 6.45. Consider the complex projective space CPn with projective coordi-
nates z D Œz0; : : : ; zn�.
(a) Show that the Fubini–Study form

! D i@N@ log jzj2; jzj2 D
nX

kD0
jzk j2

defines a symplectic structure on CP
n.
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(b) Show that the action of S1 on CP
n given by

eit � Œz0; : : : ; zn� D
�
z0; eit z1; e

2it z2; : : : ; e
nit zn

	

is Hamiltonian and then find a moment map for this action.

Exercise 6.46. Let .M;!/ be a compact toric manifold of dimension 2n and denote
by T the n-dimensional torus acting on M .

(a) Prove that the top-dimensional orbits of T are Lagrangian submanifolds.
(b) Prove that the set of points in M with trivial stabilizers is open and dense.

Exercise 6.47. (a) Let T be a compact torus of real dimension n with Lie algebra t.
A character of Tn is by definition a continuous group morphism � W T ! S1. We
denote by OT set of characters of T. Then, OT is an Abelian group with respect to the
operation

.�1 � �2/.t/ WD �1.t/ � �2.t/; 8t 2 T; �1; �2 2 OT:
(a) Show that the natural map

. OT; �/ 3 � 7�! .d�/jtD1 2 .t�;C/

is an injective group morphism whose image is a lattice of t�, i.e., it is a free
Abelian group of rank n that spans t� as a vector space. We denote this lattice
by	.

(b) Consider the dual lattice

	v WD HomZ.	;Z/ � T:;

Show that 	v is a lattice in t and

T Š t=	v:

(c) There exists a unique translation invariant measure � on t such that the volume
of the quotient T WD t=	v is equal to 1. Equivalently, � is the Lebesgue
measure on T normalized by the requirement that the volume of the funda-
mental parallelepiped of 	v be equal to 1. Suppose we are given an effective
Hamiltonian action ofT of a compact symplectic manifold .M;!/ of dimension
2n D 2 dimT. Denote by � a moment map of this action. Show that

Z

M

1

nŠ
!n D vol� . �.M/ /:

Exercise 6.48. Prove that there exist no smooth effective action of S1 on a compact
oriented Riemann surface ˙ of genus g � 2.
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Exercise 6.49. Let G D f˙1g denote the (multiplicative) cyclic group of order
two, and F2 denote the field with two elements. Then, G acts on S1 by reflection
in the center of the sphere. The quotient is the infinite dimensional real projective
space RP1. The cohomology ring of RP1 with coefficients in F2 is

H �.RP1;F2/ Š R WD F2Œt �; deg t D 1:

For every continuous action of G on a locally compact space X , we set

XG WD .S1 �X/=G;

where G acts by

t � .v; x/ D .t � v; t�1x/; 8t 2 G; v 2 S1; x 2 X:

Set
HG.X/ WD H �.XG;F2/:

Observe that we have a fibration

X ,! XG ! RP
1;

and thusHG.X/ has a natural structure of an R-module. Similarly, if Y is a closed,
G-invariant subset of X , we define

HG.X; Y / WD H �.XG; YG IF2/:

A finitely generatedR-moduleM is called negligible if the F2-linear endomorphism

t WM !M; m 7! t �m;

is nilpotent.

(a) Show that if G acts freely on the compact space X , then HG.X/ is negligible.
(b) Suppose X is a compact smooth manifold and G acts smoothly on X . Denote

by FixG.X/ the fixed point set of this action. Show that F is a compact smooth
manifold. Show thatHG

�
X;FixG.X/

�
is negligible.

(c) Prove that

X

k�0
dimF2 H

k.FixG.X/;F2/ �
X

k�0
dimF2 H

k.X;F2/:

Exercise 6.50. Consider a homogeneous polynomial P 2 RŒx; y; z� of degree d .
Define

X.P / WD ˚ Œx; y; z� 2 RP
2I P.x; y; z/ D 0 �:
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For generic P , the locus X.P / is a smooth submanifold of RP2 of dimension 1,
i.e.,X.P / is a disjoint union of circles (ovals). Denote by n.P / the number of these
circles. Show that

n.P / � 1C .d � 1/.d � 2/
2

:

Exercise 6.51. Prove Lemma 3.89.

Exercise 6.52. Suppose M is a compact, connected, orientable, smooth manifold
without boundary. Setm WD dimM . Fix an orientation or onM . Denote byH �.M/

the De Rham cohomology ofM . For 0 � k � m, we set

Hk.M/ WD Hom.Hk.M/;R/:

The Kronecker pairing

h�;�i W Hk.M/ �Hk.M/! R; Hk.M/�Hk.M/ 3 .˛; z/ 7! h˛; zi

is the natural pairing between a vector space and its dual.
The orientation orM determines an element ŒM � 2 Hm.M/ via

h˛; ŒM �i WD
Z

M

�˛;

where �˛ denotes an m-form on M whose De Rham cohomology class is ˛.
Observe that we have a natural map

PD W Hm�k.M/! Hk.M/;

so that for ˛ 2 Hm�k.M/ the element PD.˛/ 2 Hk.M/ is defined by

hˇ;PD.˛/i WD h˛ [ ˇ; ŒM �i:

The Poincaré duality theorem states that this map is an isomorphism.
A smooth map � W M ! M induces a linear map �� W H�.M/ ! H�.M/

defined by the commutative diagram

H �.M/ H �.M/

H�.M/ H�.M/

��
�

�
PD

�
PD

� � � � � � ��
��

:

(a) Show that if � is a diffeomorphism, then for every ˛ 2 H �.M/ and every
smooth map � of M , we have

��.PD˛/ D .deg�/ � PD� .��1/�˛
�
:
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(b) Suppose S is a compact oriented submanifold of M of dimension k. Then, S
determines an element ŒS� of Hk.M/ via

h˛; ŒS�i D
Z

S

�˛; 8˛;

where �˛ denotes a closed k-form representing the De Rham cohomology class
˛. Any diffeomorphism � W M ! M determines a new oriented submanifold
�.S/ in an obvious fashion. Show that

��ŒS� D Œ�.S/�:

Exercise 6.53. Consider two homogeneous cubic polynomials in the variables
.z0; z1; z2/. The equation

tn0 A0.z0; z1; z2/C tn1 A1.z0; z1; z2/ D 0
defines a hypersurface Yn in P

2 � P
1.

(a) Show that for generic A0 and A1, the hypersurface Yn is smooth.
(b) Show that for generic A0 and A1, the natural map Yn ! P

1 induced by the
projection P

2 � P
1 ! P

1 is a nonresonant Morse map.
(c) Show that for generic A0 and A1, the hypersurface Y1 is biholomorphic to the

blowup of P
2 at the nine points of intersection of the cubic fA0 D 0g and

fA1 D 1g. (See Example 5.5.)
(d) Using the computations in Example 5.15, deduce that for generic A0 and A1,

the map Xn ! P
1 has precisely 12n critical points. Conclude that

�.Xn/ D 12n:
(e) Describe the above map Xn ! P

1 as a Lefschetz fibration (see Definition 5.2)
using the Segre embeddings

P
k � P

m! P
.kC1/.mC1/�1;

P
k�Pm 3�Œ.xi /0�i�k�; Œ.yj /0�j�m�

� 7! Œ.xiyj /0�i�k; 0�j�m� 2 P
.kC1/.mC1/�1:

6.2 Solutions to Selected Exercises

Exercise 6.6. (a) The equality TK D 2� and the identity (1.14) imply that for
almost any unit vector v the height function hv has only two critical points.
Show that for such a function the sublevel sets fhv � cg are connected. Hence,
for a dense collection of unit vectors v, all the sublevel sets of hv are connected.
To prove that this is true for any v, argue by contradiction using the above
density.
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(b) Use part (a) to show that for any three noncollinear points x; y; z 2 K on K
the plane determined by these three points intersects K along a connected set.
Deduce from this that K is planar. Once K is planar, the convexity follows
easily from the equality TK D 2� and (a).

Exercise 6.8. Fix an arclength parametrization Œ0; L� 3 s 7! x.s/ 2 K , where L is
the length of K . Define

IK WD
˚
.x; A/ 2 K � S1I Ax ? TxK

�
:

Show that I is a two-dimensional smooth submanifold ofK � S1. Denote by gK the
induced metric. The submanifold IK comes with two natural smooth maps

K
�K � IK

�K�! S1:

Denote by jJK j the Jacobian of �K . The area formula implies

Z

S1

NK.A/dS.A/ D
Z

IK

jJK jdVgK j:

The second integral can be computed using Fubini’s theorem. Here are some details.
Consider the oriented Frenet frame .x0.s/;n.s// along K , and decompose s along
this frame

x.s/ D ˛.s/x0.s/C ˇ.s/n.s/:
Note that since 0 62 K , we have

˛.s/2 C ˇ.s/2 ¤ 0:

For any � 2 Œ0; 2��, denote by A.s; �/ 2 S1 the symmetric linear transformation of
R
2 which with respect to the Frenet frame is represented by the matrix


�cˇ.s/ c˛.s/
c˛.s/ sin �

�
;

where c is determined by the equality trA.s; �/2 D 1, i.e.,

c
p
2˛.s/2 C ˇ.s/2 D cos �” c D c.s; �/ D cos �

p
2˛.s/2 C ˇ.s/2 :

Denote by .e1; e2/ the canonical basis of R2. We can write

x0.s/ D cos�.s/e1 C sin �.s/e2:
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Denote by R�.s/ the counterclockwise rotation of R2 of angle �.s/. With respect to
the frame .e1; e2/, the linear map A.s; �/ is represented by the matrix

T .s; �/ D R�.s/

�cˇ.s/ c˛.s/
c˛.s/ sin �

�
R��.s/

The map

R=LZ �R=2�Z 3 .s; �/ 7! .x.s/; T .s; �/;
� 2 K � S1: (6.4)

is a diffeomorphism onto IK . The volume form dVgK can be written as

dVgK D wK.s; �/dsd�;

where wK.s; �/ is a positive function that can be determined explicitly from (6.4).
In the coordinates .s; �/, the map �K takes the form

.s; �/ 7! T .s; �/; (6.5)

while the map �K takes the form .s; �/ 7! s. The equality (6.5) can be used to
determined the Jacobian jJK j.s; �/ of �K . We deduce that

Z

S1

NK.A/dSA D
Z L

0

�Z 2�

0

jJK j.s; �/wK.s; �/d�



ds:

Exercise 6.12. Let x 2 X and s D f .x/. Set

U D TxX; V D TsS; W D TsY; T D Df W U ! V; R D rangeT:

For every subspace E � W , we denote by E? � W � its annihilator in W �,

E? WD ˚w 2 W �I hw; ei D 0;8e 2 E �:

We have

f transversal to S” RC V D W ” .R C V /? D 0:

On the other hand,

.RC V /? D R? \ V ?; R? D kerT �;

so that

kerT � \ V ? D 0:
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If u is a function on Y then dus 2 W �. If ujS D 0 we deduce dus 2 V ?. Then,

f �.du/x D T �.dujs/;

and thus
f �.du/x D 0” dus 2 kerT � \ V ? D 0:

(b) Let c D codimS . Then, S is defined near s 2 Sby an equality

u1 D � � � D uc D 0; dui js linearly independent in T �
s S;

and f �1.S/ is defined near x 2 f �1 by the equality

vi D 0; i D 1; : : : ; c; vi � f �ui :

We have
X

i

�idv
i
x D 0; �i 2 R H) f �.du/x D 0; u D

X

i

�iu
i ;

and from part (a) we deduce dus D 0 2 T �
s S . Since duis are linearly independent,

we deduce �i D 0, and thus dvix are linearly independent. From the implicit
function theorem, we deduce that f �1.S/ is a submanifold of codimension c.

Exercise 6.13. Set

Z D ˚.x; �/ 2 X �	I .�; f�.x/ / 2 QS
� D G�1. QS/:

Denote by � W Z ! 	 the restriction to Z of the natural projection X � 	 ! 	

and let
Z� D ��1.�/ Š ˚x 2 X I .x; �/ 2 Z � D f �1

� .S�/:

Sard’s theorem implies that there exists a negligible set 	0 � 	 such that for every
� 2 	 n	0 either the fiber Z� is empty or for every .x; �/ 2 Z� the differential

�� W T.x;�/Z ! T�	

is surjective. If Z� D ;, then f� is tautologically transversal to S�.
Let .x0; �0/ 2 Z such that �� W T.x0;�0/Z ! T�0	 is onto. Set .y0; �0/ D

G.x0; �0/ 2 QS ,

PX WD Tx0X; PY WD Ty0Y; P	 WD T�0	;
PS WD T.y0;�0/ QS; PS0 WD Ty0S�0; PZ WD T.x0;�0/Z:

Decompose the differential F� of F at .x0; �0/ in partial differentials

A D D�F W P	! PY ; B D DxF D Dxf�0 W PX ! PY :
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The transversality assumption on G implies that

PY ˚ P	 D PS CG�. PX ˚ P	/: (6.6)

Observe that
PS0 D PS \ . PY ˚ 0/:

Moreover, our choice of .x0; �0/ implies that �� W PZ � PX ˚ P	 ! P	 is onto.
We have to prove that

PY D B. PX/C PS0:
Let Py0 2 PY . We want to show that Py0 2 B. PX/C PS0. From (6.6) we deduce

9. Px0; P�0/ 2 PX ˚ P	; . Py1; P�1/ 2 PS

such that

. Py0; 0/ D G�. Px0; P�0/C . Py1; P�1/” . Py0; 0/ D .A P�0 C B Px0; P�0/C . Py1; P�1/:

Thus, P�1 D �P�0 and . Py1;�P�0/ 2 PS and

. Px1; P�0/ D .A P�0 C B Px0; P�0/C . Py1;�P�0/„ ƒ‚ …
2 PS

:

On the other hand, P�0 lies in the image projection �� W PZ ! P	, so that 9 Px1 2 PX
such that . Px1; P�0/ 2 PZ. Since G� PZ � PS , we deduce

G�. Px1; P�0/ 2 PS” .A P�0 C B Px1; P�0/ 2 PS:

Now we can write

. Py0; 0/ D G�
�
. Px0; P�0/ � . Px1; P�0/

�
CG�. Px1; P�0/„ ƒ‚ …

2 PS

C . Py1;�P�0/„ ƒ‚ …
2 PS

” . Py0; 0/ D .B. Px0 � Px1/; 0/C .B Px1 C A P�0 C Py1; 0/„ ƒ‚ …
2 PS0

:

This proves that Py0 2 B. PX/C PS0.
Exercise 6.15. Let v 2 Sn and suppose x 2 M is a critical point of `v. Modulo
a translation, we can assume that x D 0. We can then find an orthonormal basis
.e1; : : : ; en; enC1/ with coordinate functions .x1; : : : ; xnC1/ such that v D enC1.
From the implicit function theorem we deduce that near 0 the hypersurfaceM can
be expressed as the graph of a smooth function

xnC1 D f .x/; x D .x1; : : : ; xnC1/; df .0/ D 0:
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Thus .x1; : : : ; xn/ define local coordinates onM near 0. The function `v onM then
coincides with the coordinate function xnC1 D f .x/.

Near enC1 2 Sn D f.y1; : : : ; ynC1/ 2 R
nC1I P

i jyi j2 D 1g, we can choose
y D .y1; : : : ; yn/ as local coordinates. Observe that

NM .x/ D 1

.1C jrf j2/1=2 .enC1 � rf /:

In the coordinates x on M and y on Sn the Gauss map NN W M ! Sn is
expressed by

NM.x/ D � 1

.1C jrf j2/1=2rf:

For simplicity, we set g D �rf and we deduce that

D0NM W T0M ! TenC1
SnC1

is equal to

D
1

.1C jgj2/1=2 gjxD0 D d
�

1

.1C jgj2/1=2


gjxD0 C 1

.1C jgj2/1=2 DgjxD0:

Since g.0/ D 0 andDgjxD0 D �Hf;0 , we conclude that

D0NM D D 1

.1C jgj2/1=2 gjxD0 D � 1

.1C jgj2/1=2Hg;0:

Hence, 0 2 M is a regular point of NM if and only if detHh;0 ¤ 0, i.e., 0 is a
nondegenerate critical point of f .

Remark 6.54. The differential of the Gauss map is called the second fundamental
form of the hypersurface. The above computation shows that it is a symmetric
operator. If we denote by �1; : : : ; �n the eigenvalues of this differential at a point
x 2 M , then the celebrated Theorema Egregium of Gauss states that the symmetric
combination

P
i¤j �i�j is the scalar curvature ofM at x with respect to the metric

induced by the Euclidean metric in R
nC1. In particular, this shows that the local min-

ima and maxima of `v are attained at points where the scalar curvature is positive.
If ˙ is a compact Riemann surface embedded in R

3, then `v has global minima
and maxima and thus there exist points in ˙ where the scalar curvature is positive.
Hence, a compact Riemann surface equipped with a hyperbolic metric (i.e., scalar
curvatureD �2) cannot be isometrically embedded in R

3.

Exercise 6.16. To prove the equality

m.u/ D 1

4�

Z

U

N�̇ dVS2



6.2 Solutions to Selected Exercises 319

use Exercise 6.15. The second equality follows from the classical identity, [Ni1,
Example 4.2.14], [Str, Sects. 4–8, p. 156]

N�̇ dVS2 D
s

2
dVg:

Exercise 6.17. See [BK, Sect. 4].

Exercise 6.20. (a) Suppose f is a Morse function on M . Denote by Pf .t/ its
Morse polynomial. Then the number of critical points of f is Pf .1/. The Morse
inequalities show that there exists Q 2 ZŒt � with nonnegative coefficients such
that

Pf .t/ D PM .t/C .1C t/Q.t/: (�)

SinceM is odd dimensional and orientable, we have �.M/ D 0 and we deduce

Pf .�1/ D PM.�1/ D �.M/ D 0:
Finally, note that

Pf .1/ 
 Pf .�1/ mod 2 H) Pf .1/ 2 2Z:
(b) For every n � 1 denote by Sn the round sphere

Sn D
(

.x0; : : : ; xn/ 2 R
nC1I

X

i

jxi j2 D 1
)

:

The function hn W Sn ! R, hn.x0; : : : ; xn/ D xn is a perfect Morse function on
Sn because its only critical points are the north and south poles. Now consider
the function

hn;m W Sn � Sm ! R; hn;m.x; y/ D hn.x/C hm.y/:
One can check easily that

Phn;m.t/ D Phn.t/ � Phm.t/ D PSn.t/ � Phm.t/ D PSn�Sm.t/:
(c) Suppose H�.M;Z/ Š H�.S3;Z/ and f has fewer than six critical points, i.e.,

Pf .1/ < 6. Since Pf .1/ is an even number, we deduce Pf .1/ D 2; 4. On
the other hand, the fundamental group of M is nontrivial and non-Abelian.
This means that any presentation of �1.M/ has to have at least two generators.
In particular, any CW decomposition of M must have at least two cells of
dimension 1. Hence the coefficient of t in Pf .t/ must be at least two. Since f
must have a maximum and a minimum, we deduce that the coefficients of t 0

and t3 in Pf are strictly positive. Now using Pf .t/ < 6, we conclude that

Pf .t/ D 1C 2t C t3:

However, in this case Pf .�1/ D 1 � 3 ¤ �.M/.
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B0(s) B1(s)

B1(t) B0(t)

u

s

t

Fig. 6.2 Unwinding a garden hose

Exercise 6.22. The range of `u is a compact interval Œm;M �, where

m D min
K
`u; M D max

K
`u; m < M:

Observe that for every t 2 .m;M/ the intersection of the hyperplane

f.u; x/ D tg

with the knot K consists of precisely two points, B0.t/; B1.t/ (see Fig. 6.2). The
construction of the unknotting isotopy uses the following elementary fact.

Given a pair of distinct points .A0; A1/ 2 R
2 � R

2, and any pair of continuous
functions

B0;B1 W Œ0; 1�! R
2

such that

B0.0/ D A0; B1.0/ D A1; B0.t/ ¤ B1.t/; 8t 2 Œ0; 1�;

there exist continuous functions

� W Œ0; 1�! .0;1/; S W Œ0; 1�! SO.2/

such that �.0/ D 1, S0 D 1, and for every t 2 Œ0; 1� the affine map

Tt W R2 ! R
2; Tt .x/ D B0.t/C �.t/St .x �A0/

maps A0 to B0.t/ and A1 to B1.t/.
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z

1

2

3

4
5

6

Fig. 6.3 An embedding of S2 in R
3

To prove this elementary fact, use the lifting properties of the universal cover of
SO.2/ Š S1.
Exercise 6.23. Consider the S -shaped embedding in R

3 of the two sphere depicted
in Fig. 6.3. The height function h.x; y; z/ D z induces a Morse function on S2 with
six critical points. This height function has all the required properties.

Exercise 6.24. We have

rf D .1 � z2/
@

@z
;

and therefore the gradient flow equation (6.1) has the form

Pz D .z2 � 1/; P� D 0; z.0/ D z0; �.0/ D �0; z 2 Œ�1; 1�:

This equation is separable and we deduce

d z

z2 � 1 D dt”
�

1

zC 1 C
1

1 � z



d z D �2dt:

Integrating form 0 to t we deduce

log

�
1C z

1 � z



D log

�
e�2t 1C z0

1 � z0



H) 1C z

1� z
D e�2t 1C z0

1� z0
:

We conclude that

z D �t .z0/ WD C.z0/ � e2t
C.z0/C e2t ; C.z/ WD

1C z

1 � z
:

Hence,

˚t.z; �/ D .�t .z/; �/:
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Now

!g D d� ^ d z H) �t .z/ D d

d z
�t.z/:

Using the equalities

�t .z/ D 1 � 2e2t

C.z/C e2t ; C.z/ D
2

1 � z
� 1;

we deduce

�t D 2e2t

.z � 1/2.C.z/C e2t /2 ;

which shows that as t ! 1 �t converges to 0 uniformly on the compacts of S2 n
fN g D S2 n fz D 1g.

Let u 2 C1.S2/ and set u0 D u.N /. Then,

�Z

S2
u!t



� u0 D

Z

S2
.u � u0/!t

Set v D u � u0. Fix a tiny disk D" of radius " > 0 centered at the north pole. We
then have

ˇ
ˇ̌
ˇ

Z

S2
v!t

ˇ
ˇ̌
ˇ �

ˇ
ˇ̌
ˇ

Z

D"

v�t!g

ˇ
ˇ̌
ˇ

„ ƒ‚ …
A.t;"/

C
ˇ
ˇ̌
ˇ

Z

S2nD"
v�t!g

ˇ
ˇ̌
ˇ

„ ƒ‚ …
B.t;"/

:

Then,

A.t; "/ �
�

sup
D"

jvj
�
�
Z

D"

!t �
�

sup
D"

jvj
�
;

while

B.t; "/ � area .S2/ � sup
S2
jvj � sup

S2nD"
j�t j t!1�! 0:

This proves

0 � lim inf
t!1

ˇ
ˇ̌
ˇ

Z

S2
v!t

ˇ
ˇ̌
ˇ � lim sup

t!1

ˇ
ˇ̌
ˇ

Z

S2
v!t

ˇ
ˇ̌
ˇ �

�
sup
D"

jvj
�
; 8" > 0:

Since v is continuous at the north pole and at that point v D 0, we deduce

lim
"&0

�
sup
D"

jvj
�
D 0:

Hence,

lim
t!1

Z

S2
v!t D 0:
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E3

E2

E1

Δ3

Δ2

Fig. 6.4 A fundamental domain for the lattice .2�Z/3

Exercise 6.25. Consider the m-dimensional torus T m with angular coordinates
.'1; : : : ; 'm/. Denote by 
m the “diagonal” simple closed curve given by the
parametrization 'i.t/ D t , t 2 Œ0; 2�� , i D 1; : : : ; m. Denote by Œ
m� the one-
dimensional homology class determined by this oriented. For i D 1; : : : ; m, we
define Ei to be the simple closed curve given by the parametrization

'j D ıJi t; T 2 Œ0; ; 2��; 1 � j � m:

We want to prove that

Œ
m� D
mX

iD1
ŒEi �:

Depicted in Fig. 6.4 is the case where m D 3.
The cube denotes the fundamental domain of the lattice .2�Z/3. The torus is

obtained by identifying the faces of this cube using the gluing rules

xi D xi C 2�; i D 1; 2; 3:

We have the equalities of simplicial chains


3 �
2 �E3 D boundary of triangle; 
2 � E1 � E2 D boundary of triangle:

These lead to identities in homology

Œ
3� D Œ
2�C ŒE3�; Œ
2� D ŒE1�C ŒE2�:

The argument for generalm should now be obvious.

Exercise 6.26 Let n WD dimV . Then,

dim End�.V / D
 
n

2

!

; dim EndC.V / D
 
nC 1
2

!
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and thus

dim End�.V /C dim EndC.V / D n2 D dim End.V /:

If S 2 End�.V / and T 2 EndC.V / , then

hS; T i D tr ST� D tr ST D � trS�T D � tr TS� D �hT; Si

so that
hS; T i D 0:

This completes part (a).

(b) Observe that T1SO.V / D End�.V /. Fix an orthonormal basis

˚
ei I i D 1; 2; : : : ; n

�

of V consisting of eigenvectors of A,

Aei D �iei :

We assume �i < �j if i < j .
If T 2 SO.V / is a critical point of fA, then for every X 2 End�.V / we have

d

dt

ˇ
ˇ
ˇ
tD0fA.Te

tX / D 0” trATX D 0; 8X 2 End�.V /:

From part (a) we deduce that T is a critical point of fA if and only if AT is a
symmetric operator, i.e.,

AT D T �A D T �1A” TAT D A:

If T is described in the basis .ei / by the matrix .t ij /,

Tej D
X

i

t ij ei ; 8j;

then the symmetry of AT translates into the collection of equalities

�i t
i
j D �j tji ; 8i; j:

We want to prove that these equalities imply that t ij D 0, 8i ¤ j , i.e., T is diagonal.
Indeed, since T is orthogonal, we deduce that the sum of the squares of elements

in any row, or in any column, is 1. Hence,

1 D
X

j

.t ij /
2 D

X

j

��j
�i

�2
.t
j
i /
2; 8i:
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We let i D 1 in the above equality, and we conclude that

1 D
nX

jD1
.t
j
1 /
2 D

nX

jD1

�
�j

�1


2
.t
j
1 /
2

(�j > �1, 8j ¤ 1)

�
nX

jD1
.t
j
1 /
2 D 1:

The equality can hold if and only if t j1 D t1j D 0, 8j ¤ 1. We have thus shown
that the off-diagonal elements in the first row and the first column of T are zero. We
now proceed inductively.

We assume that the off-diagonal elements in the first k columns and rows of T
are zero, and we will prove that this is also the case for the .kC1/th row and column.
We have

1 D
nX

jD1
.t
j

kC1/
2 D

nX

jD1

�
�j

�kC1


2 �
t
j

kC1
�2

D
X

j>k

�
�j

�kC1


2 �
t
j

kC1
�2 �

X

j>k

�
t
j

kC1
�2 D

nX

jD1

�
t
j

kC1
�2 D 1:

Since �j > �kC1 if j > k C 1, we deduce from the above string of (in)equalities
that

t
j

kC1 D tkC1
j D 0; 8j ¤ k C 1:

This shows that the critical points of fA are the diagonal matrices

Diag.�1; : : : ; �n/; �j D ˙1;
nY

jD1
�j D 1:

Their number is  
n

0

!

C
 
n

2

!

C
 
n

4

!

C � � � D 2n�1:

Fix a vector � 2 f�1; 1gn with the above properties and denote by T� the
corresponding critical point of fA. We want to show that T� is a nondegenerate
critical point and then determine its Morse index, �.�/.

A neighborhood of T� in SO.V / can be identified with a neighborhood of 0 2
End�.V / via the exponential map

End�.V / 3 X 7! T� exp.X/ 2 SO.V /:
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Using the basis .ei /, we can identify X 2 SO.V / with its matrix .xij /. Since xij D
�xji , we can use the collection

˚
xij I 1 � j < i � n

�

as local coordinates near T�. We have

exp.X/ D 1V CX C 1

2
X2 CO.3/;

where O.r/ denotes terms of size less than some constant multiple of kXkr as
kXk ! 0. Then,

fA.T� exp.X/ / D fA.T�/� 1
2

tr.AT�X
2/CO.3/:

Thus the Hessian of fA at T� is given by the quadratic form

H�.X/ D �1
2

tr.AT�X
2/ D �1

2

nX

jD1
�j �j

nX

kD1
x
j

k x
k
j

�
x
j

k
D �xkj

�
D 1

2

nX

j;kD1
�j �j .x

j

k
/2 D 1

2

X

1�j<k�n
.�j �j C �k�k/.xjk /2:

The last equalities show that H" diagonalizes in the coordinates .xjk / and its
eigenvalues are

�jk D �jk.�/ WD .�j �j C �k�k/; 1 � k < j � n:

None of these eigenvalues is zero, since 0 < �k < �j if k < j . Moreover,

�jk.�/ < 0” �j ; �k < 0„ ƒ‚ …
Type 1

or �j < 0 < �k„ ƒ‚ …
Type 2

:

For i D 1; 2, we denote by �i.�/ the number of Type i negative eigenvalues�jk.�/,
so that

�.�/ D �1.�/C �2.�/:
We set

Z� WD fj I �j < 0
�
; 
.�/ WD #Z�:
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Observe that 
.�/ is an even, nonnegative integer. The number of Type 1 negative
eigenvalues is then

�1.�/ D
X

j2Z�

#
˚
k 2 Z�I k < j

� D
 

.�/

2

!

:

On the other hand, we have

�2.�/ D
X

j2Z�

#
˚
k 62 Z�I k < j

�
:

Hence,

�.�/ D �1.�/C �2.�/ D
X

j2Z�

#
˚
k < j

� D
X

j2Z�

.j � 1/ D
X

j2Z�

j � 
.�/:

(c) To find a compact description for the Morse polynomial of fA we need to use
a different kind of encoding. For every positive integer k we denote by Ik;n the
collection of strictly increasing maps

f1; 2; : : : ; kg ! f1; 2; : : : ; ng:

For ' 2 Ik;n, we set

j'j WD
kX

jD1
'.j /:

Define for uniformity
I0;n WD f�g; j � j WD 0:

Denote by Pn the Morse polynomial of fA W SO.V /! R, n D dimV . Then,

Pn.t/ D
X

k even

t�k
X

'2Ik;n
t j'j:

For every k, even or not, define

Sk;n.t/ D
X

'2Ik;n
t j'j;

and consider the Laurent polynomial in two variables

Qn.t; z/ D
X

k

z�kSk;n.t/:
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If we set

Qṅ .t; z/ D
1

2

�
Qn.t; z/˙Qn.t;�z/

�
;

then
Pn.t/ D QC

n .t; z D t/:
For every k, even or not, an increasing map ' 2 Ik;n can be of two types.

A. '.k/ < n” ' 2 Ik;n�1.
B. '.k/ D n, so that ' is completely determined by its restriction

'jf1;:::;k�1g

which defines an element ' 0 2 Ik�1;n�1 satisfying

j' 0j D j'j � n:

The sum Sk;n.t/ decomposes according to the two types

Sk;n D Ak;n.t/C Bk;n.t/:

We have
Ak;n.t/ D Sk;n�1.t/; Bk;n.t/ D tnSk�1;n�1.t/:

We multiply the above equalities by z�k and we deduce

z�kSk;n.t/ D z�kSk;n�1 C z�ktnSk�1;n�1:

If we sum over k, we deduce

Qn.t; z/ D Qn�1.t; z/C z�1tnQn�1.t; z/ D .1C z�1tn/Qn�1.t; z/:

We deduce that for every n > 2 we have

Qn.t; z/ D
 

nY

mD3
.1C z�1tm/

!

Q2.t; z/:

On the other hand, we have

Q2.t; z/ D S0;2.t/C z�1S1;2.t/C z�2S2;2.t/ D 1C z�1.t C t2/C z�2t3

D .1C z�1t/.1C z�1t2/;

QC
2 .t; z/ D 1C z�2t3; QC

2 .t; z D t/ D 1C t:
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v
v

v x

Sx

LL

L

L S
Γ

Fig. 6.5 Subspaces as graphs of linear operators

We deduce that

Qn.t; z/ D
nY

mD1
.1C z�1tm/; QC

n .t; z/ D
1

2

nY

mD1
.1C z�1tm/C 1

2

nY

mD1
.1 � z�1tm/;

so that

Pn.t/ D QC
n .t; z/jzDt D

1

2

nY

mD1
.1C tm�1/C 1

2

nY

mD1
.1 � tm�1/

„ ƒ‚ …
D0

D
n�1Y

kD1
.1C tk/:

Exercise 6.28 For a proof and much more we refer to [DV].

Exercise 6.29 Part (a) is immediate. Let v D PLv C PL?v D vL C vLC 2 V (see
Fig. 6.5). Then,

P�S v D x C Sx; x 2 L” v � .x C Sx/ 2 � ?
S

”9x 2 L; y 2 L? such that

�
x C S�y D vL;

Sx � y D vL? :

Consider the operator S W L˚ L? ! L˚ L?, which has the block decomposition

S D


1L S�
S �1?

L

�
:

Then the above linear system can be rewritten as

S �


x

y

�
D


vL
vL?

�
:
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Now observe that

S2 D


1L C S�S 0

0 1L? C SS�
�
:

Hence, S is invertible and

S�1 D


.1L C S�S/�1 0

0 .1L? C SS�/�1
�
� S

D


.1L C S�S/�1 .1L C S�S/�1S�
.1L? C SS�/�1S �.1L? C SS�/�1

�
:

We deduce
x D .1L C S�S/�1vL C .1L C S�S/�1S�vL?

and

P�S v D


x

Sx

�
:

Hence, P�S has the block decomposition

P�S D


1L
S

�
� Œ.1L C S�S/�1 .1L C S�S/�1S��

D


.1L C S�S/�1 .1L C S�S/�1S�
S.1L C S�S/�1 S.1L C S�S/�1S�

�
:

If we write Pt WD P�tS , we deduce

Pt D


.1L C t2S�S/�1 t.1L C t2S�S/�1S�
tS.1L C t2S�S/�1 t2S.1L C t2S�S/�1S�

�
:

Hence,
d

dt
Pt jtD0D



0 S�
S 0

�
D S�PL? C SPL:

Exercise 6.30. Suppose L 2 Gk.V /. With respect to the decomposition V D L˚
L?, the operator A has the block decomposition

A D


AL B�
B AL?

�
;

B 2 Hom.L;L?/; AL 2 Hom.L;L/; AL? 2 Hom.L?; L?/:

Suppose we are given S 2 Hom.L;L?/ Š TLGk.V /. Then,

d

dt

ˇ
ˇ
ˇ
tD0hA.�tS / D �

d

dt

ˇ
ˇ
ˇ
tD0Re tr.AP�tS / D �Re tr

�
A
d

dt

ˇ
ˇ
ˇ
tD0P�tS

�

D �Re tr.B�S C BS�/ D �2Re tr.BS�/:
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We see that L is a critical point of hA if and only if

Re tr.BS�/ D 0; 8S 2 Hom.L;L?/” B D 0:

HenceL is a critical point of hA if and only ifA has a diagonal block decomposition
with respect to L,

A D


AL 0

0 AL?

�
:

This happens if and only if AL � L. This proves part (a).
Choose a unitary frame .ei /1�i�n of V consisting of eigenvectors of A,

Aei D ai ei ; ai 2 R; i < j H) ai < aj :

Then, L � V is an invariant subspace of V if and only if there exists a cardinality k
subset I D IL � f1; : : : ; ng such that

L D VI D span
C
fei I i 2 ILg:

Denote by J D JL the complement of I and by VJ the subspace spanned by
fej I j 2 J g. Any S 2 Hom.VI ; VJ / is described by a matrix

S D .sij /i2I;j2J :

Then,

hA.�S/ D �Re tr

2

4
AL.1L C S�S/�1 AL.1L C S�S/�1S�

AL?S.1L C S�S/�1 AL?S.1L C S�S/�1S�

3

5

D �Re trAL.1L C S�S/�1 � Re trAL?S.1L C S�S/�1S�:

If we denote by QL the Hessian of hA at L, then from the Taylor expansions
(kSk 	 1)

AL.1L C S�S/�1 D AL � ALS�S C higher order terms;

AL?S.1L C S�S/�1S� D AL?SS� C higher order terms;

we deduce

QL.S; S/ D Re trALS�S � Re trAL? SS�; 8S 2 Hom.L;L?/ D TLGk.V /:
Using the matrix description S D .sij / of S , we deduce

QL.S; S/ D
X

i2I
�i
X

j2J
jsij j2 �

X

j2J
�j
X

i2I
jsij j2 D

X

.i;j /2I�J
.�i � �j /jsij j2:
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This shows that the Hessian of hA at L is nondegenerate and we denote by
�.A;L/ its index. It is an even integer because the coordinates sij are complex.
Moreover,

�.A;L/ D 2�.IL/ D 2#
˚
.i; j / 2 IL � JLI i < j

�
:

Setting

I D IL D fi1; : : : ; ikg; J D JL;
we deduce

�.I / D
X

j2J
#
˚
i 2 I I i < j �

D 0 � .i1 � 1/C � � � C .k � 1/ � .ik � ik�1 � 1/C k.n � ik/

D 1 � .i2 � i1/C � � � C .k � 1/.ik � ik�1/C k.n � ik/�
k�1X

iD1
i

D �
X

i2I
i C nk � k.k � 1/

2
D
X

i2I
.n � i/ � k.k � 1/

2

D
kX

`D1

�
n� i` � .k � `/

�
:

Define

m` WD n � i` � .k � `/ D .n � k/ � .i` � `/
so that

�I D
kX

`D1
m`: (6.7)

Since

0 � .i1 � 1/ � .i2 � 2/ � � � � � .ik � k/ � .n� k/;
we deduce

n � k � m1 � � � � � mk � 0:
Given a collection .m1; : : : ; mk/ with the above properties, we can recover I by
setting

i` D .n � k/C ` �m`:

The Morse numbers of hA are

Mk;n.�/ D #fLI �.A;L/ D �g D #
˚
I I 2#�.I / D � �:
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The Morse polynomial is

Mk;n.t/ D
X

�

Mk;n.�/t
� D

X

�

Mk;n.2�/t
2�:

For every nonnegative integers .a; b; c/ we denote by P.ajb; c/ the number of
partitions of a as a sum of b nonnegative integers � c,

a D x1 C � � � C xb; 0 � x1 � � � � � xb � c:

Let Pb;c .t/ denote the generating polynomial

Pb;c.t/ WD
X

a

P.ajb; c/ta:

The equality (6.7) implies

Mk;n.2�/ D Pk;n�k.�/ H)Mk;n.t/ D Pk;n�k.t2/:

The polynomial Pk;n�k.t/ can be expressed as a rational function

Pk;n�k.t/ D
Qn
aD1.1 � ta/Qk

bD1.1 � tb/ �
Qn�k
cD1.1 � tc/

:

For a proof, we refer to [Ni1, Lemma 7.4.27].

Exercise 6.32. For a short proof that (3.5) is the gradient flow of the function fA in
(3.4), we refer to [DV, �2]. To find the critical points of fA and conclude that it is
Morse–Bott we proceed as follows.

Consider an orthonormal basis of eigenvectors of A, e1; : : : ; en, n D dimE such
that

Aei D �iei ; �1 � �2 � � � � � �n:
For every subset I � f1; : : : ; ng, we write

EI WD span fei ; i 2 I g; I? WD f1; : : : ; ng n I:

For #I D k, we set

Grk.E/I D
˚
L 2 Grk I L\ E?

I D 0;
�
:

Grk.E/I is a semialgebraic open subset of Grk.E/ and

Grk.E/ D
[

#IDk
Grk.E/I :
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A subspace L 2 Grk.E/I can be represented as the graph of a linear map S D SL W
EI ! E?

I , i.e.,

L D ˚x C SxI x 2 EI
�
:

Using the basis .ei /i2I and .e˛/˛2I? , we can represent S as a .n � k/ � k matrix

S D Œs˛i �i2I; ˛2I? :

The subspaces EI and E?
I are A-invariant. Then, eAtL 2 Grk.E/I , and it is

represented as the graph of the operator St D eAtSe�At described by the matrix

Diag.e�˛t ; ˛ 2 I?/ � S � Diag.e��i t ; i 2 I / D �e.�˛��i /t s˛i
	
i2I; ˛2I? :

Exercise 6.36 See [Mat, Lemma 7.3].

Exercise 6.40. (a) Fix an almost complex structure on V tamed by ! and denote by
g.�; �/ the associated metric

g.u; v/ D !.u; J v/” !.u; v/ D g.J u; v/; 8u; v 2 V:
Identify V and its dual using the metric g. Then, for every subspace L � V ,
L? � V � is identified with the orthogonal complement of L. Moreover,

I! D �J:
Then,

L! Š fv 2 V I g.J v; x/ D 0; 8x 2 Lg D JL?:

(b) L is isotropic if and only if L � JL?, and thus

dimLC dimL! D dimV; dimL � dimL!:

Thus, dimL � 1
2

dimV with equality iff dimL D dimL! , iff L D L! .
(c) Since L0 and L1 are transversal, we have natural isomorphisms

L0 ˚ L1 ! L0 C L1 ! V:

A subspace L � V of dimension dimL D dimL0 D dimL1 is transversal to L1 if
and only if it is the graph of a linear operator

A W L0 ! L1:

Let u0; v0 2 L0. Then, Au0; Av0 2 L1, and u0 CAv0; v0 C Av0 2 L, so that

0 D !.u0 C Au0; v0 C Av0/
D !.u0; v0/C !.Au0; Av0/C !.Au0; v0/C !.u0; Av0/
D �!.v0; Au0/C !.u0; Av0/ D Q.u0; v0/ �Q.v0; u0/:
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Let u0 2 L0. Then,

Q.u0; u/ D 0; 8u 2 L0” !.u1; u/ D 0; 8u 2 L0; .u1 D Au0/

” !.u1; v/ D 0; 8v 2 V ” u1 D 0:
ThusQ is nondegenerate iff kerA D 0 iff L is transversal to L0 as well.
(b)Since this statement is coordinate independent, it suffices to prove it for a special
choice of coordinates. Thus we can assume

M D R
n; E D R

n �M D R
n � R

n; x D 0 2 R
n:

The coordinates on R
n � R

n are .�i ; xj /. Then,

L0 D 0 � R
n
x; L1 D R

n
� � 0:

Then, L is the graph of the linear operator

0 � R
n
x ! R

n
� � 0

given by the differential at x D 0 of the map R
n 3 x 7! � D df .x/ 2 R

n. This
is precisely the Hessian of f at 0. Thus if the Hessian is given by the symmetric
matrix .Hij /, then

A@xj D
X

i

Hij @�i and !.@xi ; A@xj / D Hij :

Exercise 6.41. (a) and (c) We have a tautological diffeomorphism

� WM ! �df ; x 7! .df .x/; x/:

Then,
��� D df; ��! D ���.d�/ D �d��� D �d.df / D 0:

This also implies part (c), since ��d� is the differential of f .

(d) We need a few differential-geometric facts.

A. Suppose M is a smooth manifold and ˛t , t 2 R, is a smooth one parameter
family (path) of differential forms of the same degree k. Denote by P̨ t the path
of differential forms defined by

P̨ t .x/ D lim
h!0

1

h

�
˛tCh.x/ � ˛t .x/

� 2 	kT �
x M; 8x 2 M; t 2 R:

Construct the cylinder OM D R �M and denote by it WM ! OM the inclusion

M ,! R �M; x 7! .t; x/:
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The suspension of the family ˛t is the k-form Ǫ on OM uniquely determined by
the conditions

@t Ǫ D 0; i�t Ǫ D ˛t :
We then have the equality

P̨ t D i�t L@t Ǫ :
Indeed, if we denote by d the exterior derivative on M and by Od the exterior
derivative on OM , then Od D dt ^ @t C d , and

L@t Ǫ D Od.@t Ǫ /C @t . Od Ǫ / DbP̨ :
B. Suppose ˚ W N0 ! N1 is a diffeomorphism between two smooth manifolds,

˛ 2 ˝k.N1/, X 2 Vect.M/. Then,

LX˚
�˛ D ˚�.L˚�X˛/:

Indeed, this is a fancy way of rephrasing the coordinate independence of the Lie
derivative. Equivalently, if ˇ 2 ˝k.M/ and we define the pushforward

˚�ˇ WD .˚�1/�ˇ D .˚�/�1ˇ;

then we have

˚�.LXˇ/ D L˚�X˚�ˇ:
C. Suppose ˚t is a one-parameter family of diffeomorphisms of M . This deter-

mines a time dependent vector field on M

Xt.x/ D d

dh

ˇ
ˇ
ˇ
ˇ
hD0

˚tCh.x/; 8t 2 R; x 2M:

We obtain a diffeomorphism

O̊ W OM ! OM; .t; x/ 7! .t; ˚t .x//:

Observe that
O̊�.@t / D OX D @t CXt 2 Vect. OM/:

Suppose ˛ is a k-form on M . We denote by ˛t the path of forms ˛t WD ˚�
t .M /. If

we denote by � W OM !M the natural projection, then we have the equality

Ǫ D O̊ ���˛:

From A we deduce
P̨ t WD i�t L@t Ǫ :
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From B we deduce

O̊�.L@t Ǫ / D L˚�@t .
O̊� Ǫ / D L OX�

�˛;

so that

L@t Ǫ D O̊ �. L OX�
�˛ / H) P̨ t D ˚�

t . L OX�
�˛ /:

Now observe that

L OX�
�˛ D L@t ��˛ C LXt ��˛ D LXt ��˛:

Hence,

P̨ t D ˚�
t LXt ˛:

Suppose Xt d˛ D d�t , 8t . Then,

LXt ˛ D Xt d˛ C dXt ˛ D d.�t CXt ˛
„ ƒ‚ …

't

/;

so that

P̨ t D d ˚�
t

�
�t CXt ˛

�

„ ƒ‚ …
't

H) ˛t � ˛0 D d
Z t

0

'sds:

This shows that if Xt d˛ is exact on M for every t , then for every submanifold
L �M the restriction ˛t jL is exact for every t > 0, provided ˛0jL is exact.

Exercise 6.45. (a) The Fubini–Study form is clearly closed and invariant with
respect to the tautological action of U.n C 1/ on CP

n. Since the action of
U.n C 1/ is transitive, it suffices to show that ! defines a symplectic pairing
on the tangent space of one point in CP

n. By direct computation (see a sample
in part (b)) one can show that at the point Œ1; 0; 0; : : : ; 0� and in the affine
coordinates wj D zj =z0, the Fubini–Study form coincides with

i
X

j

dwj ^ d Nwj ;

which is a multiple of the standard symplectic form ˝ on C
n described in

Example 3.25.
(b) Notice that if an S1-action on a smooth manifoldM is Hamiltonian with respect

to a symplectic form !, then it is Hamiltonian with respect to c!, for every
nonzero real number c.

Since the Fubini–Study form is invariant with respect to the tautological
U.n C 1/-action on the connected manifold CP

n, and this action is transitive,
we deduce that up to a multiplicative constant, there exists exactly one U.nC 1/-
invariant symplectic form on CP

n.
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The computations in Example 3.50 show that the given S1-action is Hamiltonian
with respect to some U.n C 1/-invariant symplectic form and thus with respect to
any U.nC 1/-invariant form. In particular, this action is Hamiltonian with respect
to the Fubini–Study form. Moreover, the computations in the same Example 3.50
show that a moment map must have the form

�.z/ D c
P

j j jzj j2
jzj2 ;

where c is a real nonzero constant. This constant can be determined by verifying at
a (non-fixed) point in CP

n the equality d� D X !, where X is the infinitesimal
generator of the S1-action.

If we work in the coordinate chart z0 ¤ 0 with wk D zk=z0, then

! D i@N@.1C jwj2/ D i@
N@jwj2

1C jwj2 :

The projective line L in CP
n described by w2 D � � � D wn D 0 is S1-invariant, and

along this line we have

!jL D i@
N@jw1j2

1C jw1j2 D i@
�

1

1C jw1j2w1d Nw1



D i
dw1 ^ d Nw1
1C jw1j2 � i

jw1j2dw1 ^ d Nw1
.1C jw1j2/2

D i
.1C jw1j2/2 dw1 ^ d Nw1:

If we write w1 D x1 C iy1, then we deduce that

!jL D 2dx1 ^ dy1
.1C x21 C y21/2

:

In these coordinates, we have

�jL.w1/ D c jw1j2
1C jw1j2 ; X D �y1@x1 C x1@y1 :

Along L, we have

X ! D �2x1dx1 C y1dy1
.1C x21 C y21/2

D � d jw1j2
.1C jw1j2/2 D d

jw1j2
1C jw1j2 D

1

c
d�jL:

Thus we can take c D 1.
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Remark 6.55. It is interesting to compute the volume of the projective line

w2 D � � � D wn D 0

with respect to the Fubini–Study form. We have

vol!.L/ D 2
Z

R2

dx1 ^ dy1
.1C x21 C y21/2

.w1Drei� /D
Z 2�

0

d�

Z 1

0

2rdr

.1C r2/2

.uD1Cr2/D
Z 2�

0

d�

Z 1

1

du

u2
D 2�:

Thus, if we define the normalized Fubini–Study form ˚ by

˚ D i
2�
@N@ log jzj2;

we have
Z

CPn

˚n D 1:

We deduce that the action of Tn given by

�
e2� it1 ; : : : ; e2� itn

�
Œz0; z1; : : : ; zn� D

�
z0; e

2� it1z1; : : : ; e
2� itnzn

	

is Hamiltonian with respect to ˚ with moment map

�.z/ D 1

jzj2 .jz1j
2; : : : jznj2/:

The image of the moment map is the n-simplex


 D
(

� 2 R
n�0I

X

i

�i � 1
)

:
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Its Euclidean volume is 1
nŠ

and it is equal to the volume of CPn with respect to the
Kähler metric determined by ˚ ,

vol˚ .CPn/ D 1

nŠ

Z

CPn

˚n D 1

nŠ
:

Exercise 6.47 Part (a) is classical; see, e.g., [Ni1, Sect. 3.4.4]. Part (b) is easy.
For part (c), assume TD .R=Z/n. Thus we can choose global angular coordinates

.�1; : : : ; �n/ on the Lie algebra t Š R such that the characters of of Tn are described
by the functions

�w.�
1; : : : ; �n/ D exp

�
2�i.w1�1 C : : :C wn�

n/
�
; w 2 Z

n:

We obtain a basis @�j on t and a dual basis d�j on t�. We denote by .�j / the
coordinates on t� defined by the basis .d�j /. In the coordinates .�j /, the lattice of
characters is defined by the conditions

�j 2 Z; 8j D 1; : : : ; n:

The normalized Lebesgue measure on T
� is, therefore, d�1 � � �d�n. Moreover,

Z

Rn=Zn
d�1 ^ � � � ^ d�n D 1:

The one-parameter subgroup of T generated by @�j defines a flow ˚
j
t on M , and

we denote by Xj its infinitesimal generator. Using the coordinates .�j / on T
�, we

can identify the moment map with a smooth map

� WM ! R
n; p 7! �.p/ D � �1.p/; : : : ; �n.p/ /:

Since the action is Hamiltonian, we deduce

d�j D Xj !; j D 1; : : : ; n:

Fix a point
�0 D .�01 ; : : : ; �0n/ 2 intP

and a point p0 in the fiber ��1.�0/ �M �.
The vector �0 is a regular value for �, and since � is a proper map we

deduce from the Ehresmann fibration theorem that there exists an open contractible
neighborhoodU of the point �0 in intP and a diffeomorphism

��1.U /�!��1.�0/ � U:
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In particular, there exists a smooth map � W U ! M which is a section of �, i.e.,
� ı � D 1U . We now have a diffeomorphism

T � U ! ��1.U /; T � U 3 .t; �/ 7�! t � �.�/:

Using the diffeomorphism��1, we pull back the angular forms d�j on T to closed
1-forms 'j D .��1/�d�j on ��1.U /. Observe that

Xj 'k D ıkj D Kronecker delta:

The collection of 1-forms f'j ; d�kg trivializes T �M over ��1.U /, and thus along
��1.U / we have a decomposition of the form

! D
X

j;k

.ajk'
j ^ 'k C bkj 'j ^ d�k C cjkd�j ^ d�k/:

Since
Xj ! D d�j ; Xj d�k D f�j ; �kg D 0;

we deduce
ajk D 0

and
! D

X

k

'j ^ d�k C
X

j;k

cjkd�j ^ d�k:

Hence,

��! D
XX

k

d�j ^ d�k C
X

j;k

cjkd�j ^ d�k:

Since ! is closed, we deduce that the coefficients cjk must be constant along the
orbits, i.e., they are pullbacks via � of functions on t�. In more concrete terms, the
functions cjk depend only on the variables �j . We now have a closed 2-form on U ,

� D
X

j;k

cjkd�j ^ d�k:

Since U is closed, there exist a 1-form � DPj �
j d�j such that

� D �d�; � D
X

k

�k.�/d�k 2 ˝1.U /:

For every � 2 U denote by Œ�.�/� the image of the vector �.�/ 2 R
n in the

quotient Rb=Zn. If we now define a new section

s.�/ D Œ�.x/� � �.�/;
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we obtain a new diffeomorphism

�� W T � U; .t; �/ 7! t � s.�/ D Œ�.�/��.t; �/:

Observe that

��
� ! D

X

k

d.�k C �k/ ^ d�k �
X

d�k ^ d�k D
X

k

d�k ^ d�k:

Thus,

1

nŠ
��!

n D d�1 ^ � � � ^ d�n ^ d�1 ^ � � � ^ d�n;

so that

Z

��1.U /

1

nŠ
!n D

�Z

Rn=Zn
d�1 ^ � � � ^ d�n


�Z

U

d�1 ^ � � � ^ d�n


D vol .U /:

The result now follows using a partition-of-unity argument applied to an open cover
of intP with the property that above each open set of this cover, � admits a smooth
section.

Remark 6.56. The above proof reveals much more, namely, that in the neighbor-
hood of a generic orbit of the torus action we can find coordinates .�j ; �k/ (called
“action-angle coordinates”) such that all the nearby fibers are described by the
equalities �j D const, the symplectic form is described by

! D
X

k

d�k ^ d�k;

and the torus action is described by

t � .�j ; �k/ D .�j I �k C tk/:

This fact is known as the Arnold–Liouville theorem. For more about this we refer
to [Au].

Exercise 6.49 Mimic the proof of Theorem 3.80 and Corollary 3.85.

Exercise 6.50 The group Z=2 acts by conjugation on

X.P /C WD ˚Œx; y; z� 2 CP
2I P.x; y; z/ D 0 �;

and X.P / is the set of fixed points of this action. Now use Exercise 6.49 and
Corollary 5.14.



6.2 Solutions to Selected Exercises 343

Exercise 6.51 We have

J.�; �; r/ D
Z

R

e.�rCi�/x2Ci�xdx D e �2

4.i��r/

Z

R

e
.�rCi�/

�
x� i�

2.i��r/

�2
dx

D e
�2

4.i��r/

.r � i�/
1
2

Z

�

e�z2d z;

where � is the line

� D
�

z D .r � i�/
1
2

�
x � i�

2.i� � r/


I x 2 R

�
:

One can then show that
Z

�

e�z2 D
Z

R

e�x2dx D p�:
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adapted
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area formula, 29

B
Betti number, 270, 272
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blowup, 256

radial, 237
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C
Cartan formula, 138
cell, 33
chain, 240
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De Rham, 290, 312
equivariant, 171
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conormal space, 155
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curve, 2
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invariant, 266, 292
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duality
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Euler
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fibration

homotopy lifting property, 273
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manifold, 136
flow, 47, 56, 66, 70, 79, 137, 284
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Hamiltonian, 138
Morse–Smale, 81
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transform, 185
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gap condition, 62
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gradient, 46
Grassmannian, 114, 118, 136
group

action, 132, 133, 141, 171
dual right, 171
effective, 132, 146, 151, 165
fixed point set of, 148, 151, 177, 182
Hamiltonian, 141, 148, 151, 182
left, 171
right, 171
symplectic, 141

Lie, see Lie
Gysin

map, 170
sequence, 170

H
Hamilton equations, 139
Hamiltonian, 138

vector field, 138
Hamiltonian action, see group
handle, 42

cocore, 42
core, 42
index of, 42, 52

handlebody, 76
harmonic oscillator, 139, 142
Heegard decomposition, 76
Hessian, 105
hessian, 6
Hodge theory, 268
homogeneous space, 132
homology equation, 13
homology sphere, 42
homotopy method, 13
Hopf bundle, 168
Hopf link, 37
Hopf surface, 270

I
index, 7
index theory, 90
intersection form, 267

J
Jacobi identity, 135
Jacobian, 25
Jacobian ideal, 15

K
Key Lemma, 261, 264
knot, 24, 36

diagram, 39
crossings, 40

group
Wirtinger presentation, 39

group of, 39
longitude of, 36
meridian of, 36
parallel, 38

blackboard, 40
trefoil, 38, 39

Kronecker pairing, 80, 257, 267, 280

L
Lagrangian

submanifold, 308
exact, 308

subspace, 307
lattice, 310
Lefschetz decomposition, 271
lemma

Hadamard, 14
length vector, 101

ordered, 103
Lie

algebra, 132, 135
group, 132, 133, 142, 144

adjoint representation, 133
coadjoint action, 133

line bundle, 168
associated, 168
universal, 169

linear system, 252
base locus of, 252, 258

linkage, 3
linking number, 36
local transversal, 217
Lusternik–Schnirelmann

category, 97

M
manifold, 1

algebraic, 120, 127, 131, 258
modification of, 253

complex, 120, 130
Kähler, 130
stable, 68
Stein, 120
symplectic, 129, 131
unstable, 68
with corners, 233
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Morse–Bott
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polynomial, 84

Morse–Smale
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normal bundle
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Palais–Smale condition, 22
pencil, 252

Lefschetz, 254, 258
monodromy group, 292
monodromy of, 289

phase space
classical, 129

Picard–Lefschetz
global formula, 290, 293
local formula, 282
number, 280

planar polygons
moduli space of, 102

Poincaré
dual, 169, 266
series, 57, 118
sphere, 42, 66

Poisson bracket, 139
polyhedron

convex, 155
projection, 261

axis of, 254
screen of, 254

projection formula, 257
projective space, 252

dual of, 252

R
regular value, 1
Riemann-Lebesgue lemma, 183
robot arm, 3, 8, 53

configuration, 3

S
shadow, 204
short subset, 103
spectral sequence, 79

Leray–Serre, 176
stabilizer, 133, 151
standard model, 129, 278
stationary phase, 183
Stein manifold, 120
stratum, 212
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structure
almost complex, 121

G-tamed, 143
tamed, 127

subadditivity, 59
submersion, 277
surgery, 34

attaching sphere, 35
coefficient, 36
trace of, 45, 54
type of, 34

symplectic
duality, 129, 137
form, 127
gradient, 138
manifold, 129

toric, 163
orientation, 129
pairing, 127

basis adapted to, 127
space, 127
structure, 128
volume form, 129

T
theorem

Andreotti-Frankel, 120
Arnold–Liouville, 342
Bott, 85
Conner, 181
Darboux, 132, 154
Duistermaat–Heckman, 187
Ehresmann fibration, 257, 260, 263, 273,

277, 340
equivariant localization, 177, 194
excision, 257, 263, 274
Fenchel, 30
fundamental structural, 47, 85, 159
Gauss–Bonnet–Chern, 169
Gysin, 170
hard Lefschetz, 268
Künneth, 111, 258
Lefschetz

hard, 270

Lefschetz hyperplane, 127, 262, 265, 269
Lusternik–Schnirelmann, 97
moment map convexity, 151
Morse–Sard–Federer, 2, 20
Poincaré–Lefschetz, 80, 104, 126, 280
Sard, 26
Thom first isotopy, 215
Thom isomorphism, 85, 159
universal coefficients, 265, 266
van Kampen, 38
weak Lefschetz, 266, 267
Whitney embedding, 17, 22

thimble, 276, 289
Thom

class, 85, 169
first isotopy theorem, 215
isomorphism, 85, 170

Thom–Smale complex, 79
total curvature, 29
tube, 209

width function, 209
tubular neighborhood, 209
tunneling, 80, 230, 242

broken, 231
map, 234

V
vanishing

cycle, 264, 276, 289
sphere, 276, 289

vector field, 5, 13, 137
gradient like, 45, 66
Hamiltonian, 138

Veronese embedding, 253

W
Whitney

condition, 206
stratification, 211
umbrella, 206

Wirtinger presentation, 39
writhe, 40
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