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Preface

As the title suggests, the goal of this book is to give the reader a taste of the
“unreasonable effectiveness” of Morse theory. The main idea behind this technique
can be easily visualized.

Suppose M is a smooth, compact manifold, which for simplicity we assume is
embedded in a Euclidean space E. We would like to understand basic topological
invariants of M such as its homology, and we attempt a “slicing” technique.

We fix a unit vector # in E and we start slicing M with the family of
hyperplanes perpendicular to . Such a hyperplane will in general intersect M along
a submanifold (slice). The manifold can be recovered by continuously stacking the
slices on top of each other in the same order as they were cut out of M.

Think of the collection of slices as a deck of cards of various shapes. If we let
these slices continuously pile up in the order they were produced, we notice an
increasing stack of slices. As this stack grows, we observe that there are moments
of time when its shape suffers a qualitative change. Morse theory is about extracting
quantifiable information by studying the evolution of the shape of this growing stack
of slices.

From a mathematical point of view, we have a smooth function

h:M —R, hix)=(u,x).
The above slices are the level sets of £,
{x € M: h(x) = const},
and the growing stack is the time-dependent sublevel set
{xeM; h(x)<t}, teR

The moments of time when the pile changes its shape are called the critical values
of h and correspond to the moments of time ¢ when the corresponding hyperplane
{{u, x) = t} intersects M tangentially. Morse theory explains how to describe the
shape change in terms of local invariants of /.

vii
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A related slicing technique was employed in the study of the topology of
algebraic manifolds called the Picard—Lefschetz theory. This theory is back in
fashion due mainly to Donaldson’s pioneering work on symplectic Lefschetz
pencils.

The present book is divided into three conceptually distinct parts. In the first part,
we lay the foundations of Morse theory (over the reals). The second part consists of
applications of Morse theory over the reals, while the last part describes the basics
and some applications of complex Morse theory, a.k.a. Picard-Lefschetz theory.
Here is a more detailed presentation of the contents.

In Chap. 1, we introduce the basic notions of the theory and we describe the main
properties of Morse functions: their rigid local structure (Morse lemma) and their
abundance. (Morse functions are generic.) To aid the reader, we have sprinkled the
presentation with many examples and figures. One recurring simple example that
we use as a testing ground is that of a natural Morse function arising in the design
of robot arms. We conclude this chapter with a simple but famous application of
Morse theory. We show that the expected number of critical points of the restriction
of a random linear map £ : R®> — R to a knot K < RR? is described by the total
curvature of the knot. As a consequence, we obtain Milnor’s celebrated result [MO]
stating that if a closed curve in R3 is “not too curved,” then it is not knotted.

Chapter 2 is the technical core of the book. Here we prove the fundamental
facts of Morse theory: crossing a critical level corresponds to attaching a handle
and Morse inequalities. Inescapably, our approach was greatly influenced by the
classical sources on this subject, more precisely Milnor’s beautiful books on Morse
theory and s-cobordism [M3,M4].

The operation of handle addition is much more subtle than it first appears, and
since it is the fundamental device for manifold (re)construction, we devoted an entire
section to this operation and its relationship to cobordism and surgery. In particular,
we discuss in some detail the topological effects of the operation of surgery on knots
in S* and illustrate this in the case of the trefoil knot.

In Chap. 2, we also discuss in some detail dynamical aspects of Morse theory.
More precisely, we present the techniques of Smale about modifying a Morse
function so that it is self-indexing and its stable/unstable manifolds intersect
transversally. This allows us to give a very simple description of an isomorphism
between the singular homology of a compact smooth manifold and the (finite
dimensional) Morse—Floer homology determined by a Morse function, that is, the
homology of a complex whose chains are formal linear combinations of critical
points and whose boundary is described by the connecting trajectories of the
gradient flow. We have also included a brief section on Morse—Bott theory, since
it comes in handy in many concrete situations.

We conclude this chapter with a section of a slightly different flavor. Whereas
Morse theory tries to extract topological information from information about critical
points of a function, min—max theory tries to achieve the opposite goal, namely,
to transform topological knowledge into information about the critical points of a
function. In particular, we discuss the Lusternik—Schnirelmann category of a space,
which is a homotopy invariant particularly adept at detecting critical points.
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Chapter 3 is devoted entirely to applications of Morse theory. We present
relatively few examples, but we use them as pretexts for wandering in many parts
of mathematics that are still active areas of research. We start by presenting a recent
result of Farber and Schiitz, [FaSch], on the Betti numbers of the space of planar
polygons, or equivalently, the space of configurations of planar robot arms such that
the end-point of the arm coincides with the initial joint. Besides its intrinsic interest,
this application has an added academic bonus: it gives the reader the chance to
witness Morse theory in action, in all its splendor. Additionally it exposes the reader
to the concept of Bott—Samelson cycle which is useful in many other applications
of Morse theory.

We next discuss two classical applications: the computation of the Poincaré
polynomials of complex Grassmannians and an old result of Lefschetz concerning
the topology of Stein manifolds.

The complex Grassmannians give us a pretext to discuss at length the Morse
theory of moment maps of Hamiltonian torus actions. We prove that these moment
maps are Morse—Bott functions. We then proceed to give a complete presentation
of the equivariant localization theorem of Atiyah, Borel, and Bott (for S Lactions
only), and we use this theorem to prove a result of Conner [Co]: the sum of the Betti
numbers of a compact, oriented smooth manifold is greater than the sum of the Betti
numbers of the fixed point set of any smooth S'-action. Conner’s theorem implies
among other things that the moment maps of Hamiltonian torus actions are perfect
Morse—Bott function. The (complex) Grassmannians are coadjoint orbits of unitary
groups, and as such they are equipped with many Hamiltonian torus actions leading
to many choices of perfect Morse functions on Grassmannians. We conclude with a
section on the celebrated Duistermaat—Heckman formula.

Chapter 4 is more theoretical in nature but it opens the door to an active area
of research, namely Floer homology. While still in the finite dimensional context,
we take a closer look at the topological structure of a Morse—Smale flow. The
main results are inspired by our recent investigations [Ni2] and, to the best of our
knowledge, they seem to have never appeared in the Morse theoretic literature.

The key results of this chapter (Theorem 4.32 and 4.33) state that a Morse flow
on a compact manifold satisfies the Smale transversality condition if and only if
the stratification given by the unstable manifolds satisfies the Whitney regularity
conditions. Because the theory of Whitney stratifications is not part a standard
graduate curriculum, we devoted a large part of this chapter surveying this theory.
Since the proofs of the main results in this area are notoriously complex, we
decided to skip most of them opting instead for copious references and numerous
illuminating examples.

These results provide a rigorous foundation to Thom’s original insight [Th]. One
immediate consequence of Theorem 4.33 is a result of Laudenbach [Lau] on the
nature of the singularities of the closure of an unstable manifold of a Morse—Smale
flow.

In Sect. 4.4 we investigate the spaces of tunnelings between two critical points of
a Morse—Smale flow. Using a recent idea of Kronheimer and Mrowka [KrMr], we
show that these spaces admit natural compactifications as manifolds with corners.
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We do not use this fact anywhere else in the book, but since it is part of the core
of Morse theoretic facts available to the modern geometer, we thought we had to
include a short proof.

In the last section of this chapter, we have a second look at the Morse—Floer
complex, from a purely dynamic point of view. We define the boundary operator d
in terms of signed counts of tunnelings, and we give a purely dynamic proof of the
equality 9> = 0. Our proof is similar in spirit to the proof in [Lau], but we have
deliberately avoided the usage of currents because the unstable manifolds may not
have finite volume. Instead, we use the theory of Whitney stratifications to show
that the equality 3> = 0 is a consquence of the cobordism invariance of the degree
of a map.

The application to the topology of Stein manifolds offered us a pretext for the last
chapter of the book on the Picard—Lefschetz theory. Given a complex submanifold
M of a complex projective space, we start slicing it using a (complex) one-
dimensional family of projective hyperplanes. Most slices are smooth hypersurfaces
of M, but a few of them are mild singularities (nodes). Such a slicing can be encoded
by a holomorphic Morse map M — CP'.

There is one significant difference between the real and the complex situations.
In the real case, the set of regular values is disconnected, while in the complex case,
this set is connected since it is a punctured sphere. In the complex case, we study
not what happens as we cross a critical value, but what happens when we go once
around it. This is the content of the Picard-Lefschetz theorem.

We give complete proofs of the local and global Picard—Lefschetz formule
and we describe basic applications of these results to the topology of algebraic
manifolds.

We conclude the book with a chapter containing a few exercises and solutions
to (some of) them. Many of them are quite challenging and contain additional
interesting information we did not include in the main body, since it may have been
distracting. However, we strongly recommend to the reader to try solving as many of
them as possible, since this is the most efficient way of grasping the subtleties of the
concepts discussed in the book. The solutions of these more challenging problems
are contained in the last section of the book.

Penetrating the inherently eclectic subject of Morse theory requires quite a varied
background. The present book is addressed to a reader familiar with the basics of
algebraic topology (fundamental group, singular (co)homology, Poincaré duality,
e.g., Chaps. 0-3 of [Ha]) and the basics of differential geometry (vector fields
and their flows, Lie and exterior derivative, integration on manifolds, basics of
Lie groups and Riemannian geometry, e.g., Chaps. 1-4 in [Nil]). In a very limited
number of places we had to use less familiar technical facts, but we believe that the
logic of the main arguments is not obscured by their presence.

Acknowledgements This book grew out of notes I wrote for a one-semester graduate course
in topology at the University of Notre Dame in the fall of 2005. I want to thank the attending
students, Eduard Balreira, Daniel Cibotaru, Stacy Hoehn, and Sasha Lyapina, for their comments,
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Notations and Conventions

e For every set A, we denote by #A its cardinality.

e ForK=R,C, r > 0,and M a smooth manifold, we denote by K/, the trivial
vector bundle K" x M — M.

 i:=+/—1. Re denotes the real part and Im denotes the imaginary part.

* For every finite dimensional vector space E, we denote by End(E) the space of
linear operators E — E.

e An Euclidean space is a finite dimensional real vector space E equipped with a
symmetric positive definite inner product (e, e) : E x E — R.

e For every smooth manifold M, we denote by TM the tangent bundle, by T, M
the tangent space to M at x € M, and by 7," M the cotangent space at x.

e For every smooth manifold and any smooth submanifold S < M, we denote
by TsM the normal bundle of S in M defined as the quotient TsM :=
(TM)|s/TS. The conormal bundle of S in M is the bundle T¢ M — S defined
as the kernel of the restriction map (T*M)|s — T*S.

e Vect(M) denotes the space of smooth vector fields on M .

e 2P(M) denotes the space of smooth p-forms on M, while .QC‘”Pt(M ) the space of
compactly supported smooth p-forms.

e If F: M — N is a smooth map between smooth manifolds, we will denote its
differential by DF or F. DF, will denote the differential of F at x € M which
is a linear map DFy : TyM — T N. F* : QP(N) — £P(M) is the pullback
by F.

 h:= transverse intersection.

e U := disjoint union.

* For every X,Y € Vect(M), we denote by Ly the Lie derivative along X and
by [X, Y] the Lie bracket [X,Y] = LyxY. The operation contraction by X is
denoted by iy or X_1.

e We will orient the manifolds with boundary using the outer-normal -first
convention.

» The total space of a fiber bundle will be oriented using the fiber-first convention.

* so0(n) denotes the Lie algebra of SO(n) and u(n) denotes the Lie algebra of
U(n), etc.

e Diag(cy,...,c,) denotes the diagonal n x n matrix with entries ¢y, ..., c,.
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Chapter 1
Morse Functions

In this first chapter, we introduce the reader to the main characters of our story,
namely, the Morse functions, and we describe the properties which make them so
useful. We describe their very special local structure (Morse lemma) and then we
show that there are plenty of them around.

1.1 The Local Structure of Morse Functions

Suppose that F : M — N is a smooth (i.e., C°°) map between smooth manifolds.
The differential of F defines for every x € M a linear map

DFx . TXM — TF(X)N.

Definition 1.1. (a) The point x € M is called a critical point of F if
rank DFy < min(dim M,dim N).

A point x € M is called a regular point of F if it is not a critical point. The
collection of all critical points of F is called the critical set of F and is denoted
by CI‘F.

(b) The point y € N is called a critical value of F if the fiber F~!(y) contains
a critical point of FF. A point y € N is called a regular value of F if it is
not a critical value. The collection of all the critical values of F is called the
discriminant set of F and is denoted by Ap.

(c) Asubset S C N is said to be negligible if for every smooth open embedding
@ :R" - N,n = dim N, the preimage ®~'(S) has Lebesgue measure zero
in R”.

L. Nicolaescu, An Invitation to Morse Theory, Universitext, 1
DOI 10.1007/978-1-4614-1105-5_1, © Springer Science+Business Media, LLC 2011
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Fig. 1.1 The height function on a smooth curve in the plane

Theorem 1.2 (Morse-Sard-Federer). Suppose that M and N are smooth man-
ifolds and F : M — N is a smooth map. Then, the Hausdorff dimension of the
discriminant set Ap is at most dim N — 1. In particular, the discriminant set is
negligible in N. Moreover, if F(M) has nonempty interior, then the set of regular
values is dense in F(M).

For a proof, we refer to Federer [Fed, Theorem 3.4.3] or Milnor [M2].

Remark 1.3. (a) If M and N are real analytic manifolds and F is a proper real
analytic map, then we can be more precise. The discriminant set is a locally
finite union of real analytic submanifolds of N of dimensions less than dim N.
Exercise 6.1 may perhaps explain why the set of critical values is called
discriminant.

(b) Therange of asmoothmap F : M — N may have empty interior. For example,
the range of the map F : R — R?, F(x,y,z) = (x,0), is the x-axis of the
Cartesian plane R?. The discriminant set of this map coincides with the range.

Example 1.4. Suppose f : M — R is a smooth function. Then, xo € M is a
critical point of f if and only if d f |,,=0€ T M.

Suppose M is embedded in an Euclidean space E and f : E — R is a smooth
function. Denote by f), the restriction of f to M. A point xy € M is a critical point
of fu if

(df,v) =0, VYveT Ty M.

This happens if either xj is a critical point of f, or d fy, # 0 and the tangent space
to M at xq is contained in the tangent space at x, of the level set { f = f(xo)}.
If f happens to be a nonzero linear function, then all its level sets are hyperplanes
perpendicular to a fixed vector u, and xo € M is a critical point of fj, if and only if
u L T, M, i.e., the hyperplane determined by f and passing through X is tangent
toM.

In Fig. 1.1, we have depicted a smooth curve M C R2. The points A, B, and C
are critical points of the linear function f(x, y) = y. The level sets of this function
are horizontal lines and the critical points of its restriction to M are the points where
the tangent space to the curve is horizontal. The points a, b, and ¢ on the vertical
axis are critical values, while r is a regular value.
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Fig. 1.2 A robot arm with four segments

Example 1.5 (Robot arms: critical configurations). We begin in this example the
study of the critical points of a smooth function which arises in the design of robot
arms. We will discuss only a special case of the problem when the motion of the
arm is constrained to a plane. For slightly different presentations, we refer to the
papers [Hau, KM, SV], which served as our sources of inspiration. The paper [Hau]
discusses the most general version of this problem, when the motion of the arm is
not necessarily constrained to a plane.

Fix positive real numbers ry, ..., r, > 0,n > 2. A (planar) robot arm (or linkage)
with n segments is a continuous curve in the Euclidean plane consisting of n line
segments

s1=[JoJ1], s2=[NJa)..oy s = [In=1Jn]

of lengths
diSt(J,',Ji_1) =r, i=1,2,...,n.

We will refer to the vertices J; as the joints of the robot arm. We assume that Jj is
fixed at the origin of the plane, and all the segments of the arm are allowed to rotate
about the joints. Additionally, we require that the last joint be constrained to slide
along the positive real semiaxis (see Fig. 1.2).

A (robot arm) configuration is a possible position of the robot arm subject to the
above constraints. Mathematically a configuration is described by an n-uple

z2=(21,....5) €C"

constrained by
n n
lzel =1, k=1,2,...,n, Ierkzk=0, Rlekzk>O.
k=1 k=1

Visually, if 7z = el then 6y measures the inclination of the kth segment of the arm.
The position of kth joint J; is described by the complex number ryz; + - -+ + 1 k.
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In Exercise 6.2, we ask the reader to verify that the space of configurations is a
smooth hypersurface C of the n-dimensional manifold

M =1 (6i.....6,) € (S")": Y ricost >0 C (S,
k=1

described as the zero set of
n n
B:M—R, B(6,...,6,) = Zrk sin 9, = Ierkzk.
k=1 k=1
Consider the function /2 : (S')" — R defined by
n n
h(6y,...,60,) = Zrk cos O, = Rlekzk.
k=1 k=1

Observe that for every configuration @ the number /() is the distance of the last
joint from the origin. We would like to find the critical points of /| .

It is instructive to first visualize the level sets of 2 when n = 2 and r| # r, as it
captures the general paradigm. For every configuration § = (6, 6,), we have

|r1—r2| §h(0)§r1+r2.

Forevery ¢ € (|ri—ra|, r1 +r2), the level set {h = c} consists of two configurations
symmetric with respect to the x—axis. When ¢ = |r; & r;|, the level set consists of
a single (critical) configuration. We deduce that the configuration space is a circle.

In general, a configuration 8§ = (0y,...,6,) € C is a critical point of the
restriction of & to C if the differential of / at @ is parallel to the differential at
0 of the constraint function 8 (which is the “normal” to this hypersurface). In other
words, @ is a critical point if and only if there exists a real scalar A (Lagrange
multiplier) such that

dh(0) = AdB(0) < —rrsinby = Arpcosby, Yk =1,2,...,n.

We discuss separately two cases.

A. 1 = 0. In this case sin 6, = 0, Vk, that is, 6; € {0, 7). If zz = ei%, we obtain
the critical points

n
(z1y. 0 z0) = (€1,...,€1), € = %1, Zrkek =Rlekzk > 0.
k=1 k

B. A # 0. We want to prove that this situation is impossible. We have

h(0) = Zrk cos B >0,
k
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Fig. 1.3 A critical robot arm configuration

and thus

0= p(@9) =Zrksin9k =—AZrkcosek # 0.
k k

We deduce that the critical points of the function 4 are precisely the configura-
tions { = (€1,...,€,) such that ¢, = £1 and Zk:l rxex > 0. The corresponding
configurations are the positions of the robot arm when all segments are parallel to
the x-axis (see Fig. 1.3). The critical configuration{ = (1,1, ..., 1) corresponds to
the global maximum of 7 when the robot arm is stretched to its full length. We can
be even more precise if we make the following generic assumption:

n
Zrkek #0, Ver,...,e;, €{1,—1}. (1.1)
k=1

The above condition is satisfied if for example the numbers r; are linearly
independent over Q. This condition is also satisfied when the length of the longest
segment of the arm is strictly greater than the sum of the lengths of the remaining
segments.

The assumption (1.1) implies that for any choice of €, = %1, the sum ), rrex
is never zero. We deduce that half of all the possible choices of € lead to a positive
>4 Tk€k, so that the number of critical points is ¢(n) = 2"~

If M is a smooth manifold, X is a vector field on M, and f is a smooth function,
then we define the derivative of f along X to be the function

Xf =df(X).

Lemma 1.6. Suppose [ : M — R is a smooth function and py € M is a critical
point of f. Then for every vector fields X, X', Y, and Y' on M such that

X(po) = X'(po), Y(po) =Y'(po),

we have

(XYf)(po) = (X'Y") f(po) = (YX)(po).

Proof. Note first that

(XY = YX) f(po) = ([X.Y]/)(po) = df([X.Y])(po) = 0.

Since (X — X')(po) = 0, we deduce that

(X —X")g(po) =0, Vg e C®(M).
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Hence,
(X = XY f(po) =0= (XY[)(po) = (X"Y1)(po).
Finally,
(X'Yf)(po) = (YX'f)(po) = (Y' X' f)(po) = (XY f)(po). a

If po is a critical point of the smooth function f : M — R, then we define the
Hessian of f at py to be the map

Hippy : ToyM x TpyM — R, Hp,(Xo,Yo) = (XY [)(po),
where X and Y are vector fields on X such that X(py) = Xo, Y(xo) = Yo. The

above lemma shows that the definition is independent of the choice of vector fields
X and Y extending Xo and Yo. Moreover, H 7, is bilinear and symmetric.

Definition 1.7. A critical point py of a smooth function f : M — R is called
nondegenerate if its Hessian is nondegenerate, i.e.,

Hyp(X,Y) =0, VY € T,,M < X =0.

A smooth function is called a Morse function if all its critical points are
nondegenerate.

Note that if we choose local coordinates (xl, ...,x") near py such that
x'(po) = 0, Vi, then any vector fields X and Y have local descriptions

X=> X0. Y=) Y,
i J
near pg, and we can write

Hyp(X.Y) =Y hyyX'Y7. hy = (040, ) (po)-
ij

The critical point is nondegenerate if and only if det(/;;) # 0. For example, the
point B in Fig. 1.1 is a degenerate critical point.
The Hessian also determines a function defined in a neighborhood of py,

Hypy(x) =) hyx'x/,
i.j
which appears in the Taylor expansion of f at py,

FO) = F(p0) + 3 () + 0G),



1.1 The Local Structure of Morse Functions 7

Fig. 1.4 A Morse function on the 2-sphere

Let us recall a classical fact of linear algebra.

If V is a real vector space of finite dimension n and b : 'V xV — R is
a symmetric, bilinear nondegenerate map, then there exists at least one basis
(e1,...,ey) such that for any v = Zi vie;, we have

b(U,U)=—(|’U1|2+"'+|’Ul|2)+|1}/\+1|2+"'+|’Un|2.

The integer A is independent of the basis of (e;), and we will call it the index of b.
It can be defined equivalently as the largest integer { such that there exists an
L-dimensional subspace V_ of V with the property that the restriction of b to V_
is negative definite.

Definition 1.8. Suppose po is a nondegenerate critical point of a smooth function
f : M — R. Then its index, denoted by A(f, po), is defined to be the index of the
Hessian H .

If f: M — RisaMorse function with finitely many critical points, then we
define the Morse polynomial of f to be

Prty= Y "0 =" et

pECl‘f A>0

Observe that the coefficient u (1) is equal to the number of critical points of f of
index A. The coefficients of the Morse polynomial are known as the Morse numbers
of the Morse function f.

Example 1.9. Consider the hypersurface S C R? depicted in Fig.1.4. This
hypersurface is diffeomorphic to the 2-sphere. The height function z on R3 restricts
to a Morse function on S

This Morse function has four critical points labeled A, B, C, and D in Fig. 1.4.
Their Morse indices are

A(A) = A(B) =2, AM(C)=1, MD) =0,
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so that the Morse polynomial is
R N L C I TR N u]

Example 1.10 (Robot arms: index computations). Consider again the setup in
Example 1.5. We have a smooth function 4 : C — R, where

C=1{(G.....zn) € (SH"; Rlekzk > 0, Ierka=0 .
X X

and
h(Z], cee ,Zn) = Rlekzk.
k

Under the assumption (1.1) this function has 2", critical points ¢ described by

E=(1,....8) = (e1,....€), e ==£1, Zrkek > 0.

k

We want to prove that / is a Morse function and then compute its Morse polynomial.
We write

& = e, g €{0, 7).

Apointz = (e, ... el%) e C close to ¢ is described by angular coordinates

O = o + 1k, k| <1,
satisfying the constraint
gt 1) =Y risin(r + 1) = 0.
k=1
Near &, the function g has the Taylor expansion
n
gty .. ty) = Zékrklk + 0(3),
k=1

where O(r) denotes an error term smaller than some constant multiple of (|¢] +
-+ 4 |t,])". From the implicit function theorem applied to the constraint equation

g = 0, we deduce that we can choose (f1, ..., ,—1) as local coordinates on C near
z by regarding C as the graph of the smooth function #, depending on the variables
(t1,...,t,—1). Using the Taylor expansion of #, at

(ll,...,ln_l) = (0,...,0),
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we deduce (see Exercise 6.3)

n
t
=—Y S 1 0/2), (1.2)

(724
k=1 n'n

where O’(r) denotes an error term smaller than some constant multiple of
(It + oo+ [tamaD)").
Near ¢ the function & = Y ;_, r cos(¢x + 1) has the Taylor expansion

n 1 n
h = ];ekrk — E;Gkrkllg + 0(4).

Using (1.2), we deduce that near { € C we have the following expansion in the
local coordinates: (1, ...,,—1)

n n—1 n—1 2
1 1 €rTklk
hlc = €1l — — €xTil? — —€nly + 0'(3).
lc k2=1 KTk 21;:1 Kkl = 3 (1;:1 o (3)

We deduce that the Hessian of 4|¢ at ¢ can be identified with the restriction of the
quadratic form

n
q(ty, ..., ty) = — Zekrkt,f
k=1

to the subspace

n
TCCZ (tl,...,tn)ERn; Zekrktk =0
k=1

At this point we need the following elementary result.

Lemma 1.11. Let ¢ = (cy,...,c,) € R" be such that
cr-crrcy #0, Si=c1+---4+c¢, #0.

LetV .= {t eR" tL c} and define the quadratic form

n
O R'XR" >R, Q(uv)= chukvk.
k=1
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Then, the restriction of Q to V is nondegenerate and

A(Q), S >0,

A, =
@) A0)—1, S<0.

Proof. We may assume without any loss of generality that |c| = 1. Denote by Py
the orthogonal projection onto V' and set

L:R"— R", L :=Diag(ci,...,cy).

Then
O(u,v) = (Lu,v).

The restriction of Q to V is described by

Qlv(vi,v2) = (PyLvy,v2), Vv, € V.
We deduce that Q|y is nondegenerate if and only if the linear operator
T = PyL :V — V has trivial kernel. Observe that v € V belongs to ker T if
and only if there exists a scalar y € R such that

Lv=yc<=v=y§ §=(1,...,1).

Since (v,¢) = 0and (§,¢) = ZZ:I cx # 0, we deduce y = 0, so that v = 0.
Forv e V and y € R, we have

(L(V+y8),v+y8) = (Lv,v)+2y(Lv,8) + y*(L8,8) = (Lv,v)+»°S. (1.3)

Suppose V1 is a maximal subspace of V', where Q|V is positive/negative definite,
so that

Vit Vo=V (:>dimv++dimv_=dimvzn—1).

Set
Ur =VL:®RS = Vi ® Re.

Observe that
dmUy =dimVe +1, Vi U-=R"=U; dV_. (1.4)

We now distinguish two cases.

A. S > 0. Using (1.3), we deduce that Q is positive definite on U, and negative
definite on V_. The equalities (1.4) imply that

A(0) = dimV_ = A(Q|V).



1.1 The Local Structure of Morse Functions 11

B. S < 0. Using (1.3), we deduce that Q is positive definite on V4 and negative
definite on U_. The equalities (1.4) imply that

AQ) = AQV) + L.

This completes the proof of Lemma 1.11. O

Returning to our index computation, we deduce that at a critical configuration
€ = (€1, ...,¢€,) the Hessian of / is equal to the restriction of the quadratic form

n n
0= chtlg, Cr = —€r Tk, ch = —h(e) <0,
k=1 k=1

to the orthogonal complement of ¢. Lemma 1.11 now implies that this Hessian is
nondegenerate and its index is

Ae) = Ap(e) =#{k: e =1}—1. (1.5)
For different approaches to the index computation, we refer to [Hau, SV].

If (1.1) is satisfied, we can obtain more refined information about the Morse
polynomial of &. For every binary vector € € {—1, 1}", we define

o(e) :==#{k: ex =1}, l(e) = Zek, p(e) = L(e) = Zrkek.
k k

We deduce
20() =) e+ ) lexl = Lle) +n
k k

1
= Me) = J(n+£(e) — 1.
The set of critical points of / can be identified with the set
Ry :={ec{-1.1}"; p(e)>0}.

Define
R_={e —ecR_}.

Assumption (1.1) implies that

{(—1,1}" = Ry UR_.
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The Morse polynomial of / is

Py = 340 = (371 3T H0r,

€ER €ER

Define
L,-:_([) = Z t@(f)/Z’ L;(t) = Z te(e)/zl

€ER €ER_

Since £(—e) = —{(€), we deduce
Ly @t) =L,
On the other hand,

L)+ Ly (1) = Y@ = @ a7 Py = 7 1y
€

Hence,
L) + Lyt = 72t + 1)".
Since,
Lif(0) = 7" Py (0),
we deduce
P () + P P = P+ 1)
so that

tPy(t) + " P = (¢ + D) (1.6)

Observe that 1"~ P(t ") is the Morse polynomial of —/, so that

tPy(t) + P () = (¢ + D" (1.7)

If
Pi(t) = ao + ait + -+ ap_1t""',
then we deduce from (1.6) that

n

k+1)7 Vk=1,....,n—2, ay—1 = 1. O

ax + ap—2—k = (

Let us return to our general study of Morse functions. The key algebraic reason
for their effectiveness in topological problems stems from their local rigidity. More
precisely, the Morse functions have a very simple local structure: up to a change of
coordinates all Morse functions are quadratic. This is the content of our next result,
commonly referred to as the Morse lemma.
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Theorem 1.12 (Morse). Suppose [ : M — R is a smooth function, m = dim M,
and py is a nondegenerate critical point of f. Then there exist an open neighbor-
hood U of po and local coordinates (x', ..., x™) on U such that

xi(po) =0, Vi=1,...,m and f(x) = f(po) + %H_ﬁpo(x).

In other words, f is described in these coordinates by a quadratic polynomial.

Proof. We use the approach in [AGV 1, Sect. 6.4] based on the homotopy method.
This has the advantage that it applies to more general situations. Assume for
simplicity that f(py) = 0.

Fix a diffeomorphism @ from R™ onto an open neighborhood N of py such
that ®(0) = po. This diffeomorphism defines coordinates (x') on N such that
x'(po) = 0, Vi, and we set ¢(x) = f(®(x)).Fort € [0, 1], define ¢, : R" — R by

@i (x) = (1 =e(x) +10(x) = Q(x) + (1 = 1)(p(x) = O(x)).

where
1 %

00 = 2 oy dxidx/

(0)x'x/.

We seek an open neighborhood U C @~ '(N) of 0 € R™ and a one-parameter
family of embeddings ¥; : U — R” such that

,0)=0, oo, =¢ onU Vte]|0,1]. (1.8)

Such a family is uniquely determined by the 7-dependent vector field
d
Vi(x) i= i (x).

More precisely, the path ¢ REN ¥;(x) € R™ is the unique solution of the initial value
problem
y(©) =Vi(y(®) Vi, y(0) = x.

Differentiating (1.8) with respect to z, we deduce the homology equation
oY+ Vig)o¥, =04 Q —¢ =Vig, on ¥ (U), Yt €[0,1]. (1.9)

If we find a vector field V; satisfying V;(0) = 0, V¢ € [0,1] and (1.9) on a
neighborhood W of 0, then

N= ) &)

1€0,1]
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is a neighborhood' of 0, and we deduce that ¥; satisfies (1.8) on N. To do this we
need to introduce some terminology.

Two smooth functions f and g defined in a neighborhood of 0 € R™ are said to
be equivalent at 0 if there exists a neighborhood U of 0 such that f |y = g |y. The
equivalence class of such a function f is called the germ of the function at 0 and it
is denoted by [ f]. We denote by € the collection of germs at 0 of smooth functions.
It is naturally an R-algebra. The evaluation map

C®>s f> f(0)eR

induces a surjective morphism of rings & — R. Its kernel is, therefore, a maximal
ideal in €, which we denote by m. It is easy to see that € is a local ring, since for
any function f such that f(0) # 0, the inverse 1/f is smooth near 0.

Lemma 1.13 (Hadamard). The ideal m is generated by the germs of the coordi-
nate functions x'.

Proof. Tt suffices to show that m C )", x' €. Consider a germ in m represented by
the smooth function f defined in an open ball B, (0). Then for every x € B,(0), we
have

1 i 1 3
f(x) = f(x)— f(0) = /0 % f(sx)ds = le /0 a—){i(sx)ds.
i N

=u;

This proves that [ /] = >, [x"][u;]. O
For every multi-index & = (a1, ..., ) € Z’;O, we set

olerl
— . a . oy L (7% o __
= R 5= 0 6 =

Lemma 1.14. If (D® f)(0) = O for all || < k, then [f] € m*. In particular
[p] em? ¢ — 0 em’.
Proof. We argue by induction on k > 1. The case k = 1 follows from Hadamard’s

lemma. Suppose now that (D% f)(0) = O for all |¢| < k. By induction we deduce
that [ f] € m*~!, so that

f= Z XUy, uy € E.

la|=k—1

!'This happens because the condition V; (0) = 0 V¢ implies that there exists » > 0 with the property
that ¥, (x) € W, V|x| < r,and V¢ € [0, 1]. Loosely speaking, if a point x is not very far from the
stationary point O of the flow ¥;, then in one second it cannot travel very far along this flow.
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Hence, for any multi-index 8 such that || = k — 1, we have

DPf=DF| > xu,|cug+m.

le|<k—1

In other words,

DPf —ugem, V|l=k-1.
Since (D? £)(0) = 0, we deduce from Hadamard’s lemma that Df f € m so that
ug € m forall B. O

Denote by J, the ideal in € generated by the germs at O of the partial derivatives
dvig,i = 1,...,m. Itis called the Jacobian ideal of ¢ at 0. Since 0 is a critical
point of ¢, we have J, C m. Because 0 is a nondegenerate critical point, we have
an even stronger result.

Lemma 1.15 (Key lemma). J, = m.

Proof. We present a proof based on the implicit function theorem. Consider the
smooth map

y=dp:R" >R" y=0u"(x).....»"(x). y =de.

Then,

0
¥(0) =0, %u:o = H,,.

Since det H, o # 0, we deduce from the implicit function theorem that y is a local
diffeomorphism. Hence its components y’ define local coordinates near 0 € R”
such that y7(0) = 0. We can thus express the x'’s as smooth functions of y/’s,
xt=x(yl .oy,

On the other hand, x'(y)|,=0 = 0, so we can conclude from Hadamard’s lemma

that there exist smooth functions ', = u,(y) such that

xi:Zu;yj:>xieJ¢, Vi. O
J

Set§ := ¢ — Q, so that ¢, = ¢ — 5. We rewrite the homology equation as
Vi (g —18) = 4.
For every g € £, we consider the “initial value” problem
V,(0) =0, Vrel0,1], @

Vi (p—18) =g Vieo.1] (H,)
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Lemma 1.16. For every g € m, there exists a smooth vector field V; satisfying (Hy)
foranyt € [0,1]. Moreover, if g € m* we can find a solution V; of (H,) satisfying
the initial condition (1) as well.

Proof. We start with some simple observations. Observe that if V;*" is a solution of
(Hg,),i =0,1,and u; € &, then ugV;** + u; V' is a solution of (Hyyg+u,g,)- Since
every g € m can be written as a linear combination

m
g = Zx’u,-, u; € 6,
i=1

it suffices to find solutions V;' of (H,:).
Using the key lemma, we can find a;; € € such that

Xi = Zaijajgo, 81 = axj.

‘We can write this in matrix form as

x =AX)Vp <= x = A(x)V(p —18) + tA(x)V$. (1.11)
Lemma 1.14 implies § € m?, so that 3;6 € m?, Vi. Thus we can find b;; € m such
that

;8 = bix,
J
or in matrix form,
V§ = Bx, B(0) =0.
Substituting this in (1.11), we deduce
(Lpn —1A(x)B(x))x = A(x)V(p — 16).

Since B(0) = 0, we deduce that ( Lg» — 1A (x)B(x) ) is invertible? for every ¢ €
[0, 1] and every sufficiently small x. We denote by C,(x) its inverse, so that we
obtain

x =C/(x)A(x)V(p —t6).
If we denote by V]? (t, x) the (i, j) entry of C,(x)A(x), we deduce

X =Y " Vi x)0; (9 - 15).
J

2The reader familiar with the basics of commutative algebra will most certainly recognize that this
step of the proof is in fact Nakayama’s lemma in disguise.
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SO

v/ =>"Vit.x);
J

is a solution of (H,/). If g = Y, g;x' € m, then )", g; V' is a solution of (Hy).
If additionally g € m2, then we can choose the previous g; to be in m. Then,
D& Vti is a solution of (H,) satisfying the initial condition ().

Now observe that since § € m®> C m?, we can find a solution V; of H_g satisfying
the “initial” condition (I). This vector field is then a solution of the homology
equations (1.9). This completes the proof of Theorem 1.12.

Corollary 1.17 (Morse lemma). If p, is a nondegenerate critical point of index A
of a smooth function f : M — R, then there exist local coordinates (x')|<; <y near
po such that x' (pg) = 0, Vi, and in these coordinates we have the equality

A m
f=fpo) =Y &V + Y ) o

i=1 J=A+1

We will refer to coordinates with the properties in the Morse lemma as coordi-
nates adapted to the critical point. If (x!, ..., x™) are such coordinates, we will often
use the notation

x=(x_,x4), x_ = (x',...,xl), Xy = (xA+],...,xm),

[ = f(po) = x> + |x4 .

1.2 Existence of Morse Functions

The second key reason for the topological versatility of Morse functions is their
abundance. It turns out that they form a dense open subset in the space of smooth
functions. The goal of this section is to prove this claim.

The strategy we employ is very easy to describe. We will produce families of
smooth functions fi : M — R, depending smoothly on the parameter A € A,
where A is a smooth finite dimensional manifold. We will then produce a smooth
map 7w : Z — A such that f) is a Morse function for every regular value of .
Sard’s theorem will then imply that f; is a Morse function for most A’s.

Suppose M is a connected, smooth, m-dimensional manifold. According to
Whitney’s embedding theorem (see, e.g., [W, IV.A]), we can assume that M is
embedded in an Euclidean vector space E of dimension n < 2m + 1. We denote
the metric on E by (e, ®). Suppose A is a smooth manifold and F : A x E — Ris
a smooth function. We regard F as a smooth family of functions

F,:E—>R, Fy(x)=F(@A,x), Y(A,x) e AXE.
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We set
S =Flaxu, fo=Film.

Let x € M. There is a natural surjective linear map P, : E* — TM, which
associates to each linear functional on FE its restriction to 7,M C E. In particular,
we have an equality

dfi(x) = PudF(x).

For every x € M we have a smooth map

FfrA>TIM, A dfi(x).

Definition 1.18. (a) We say that the family F : A x E — R is sufficiently large
relative to the submanifold M — E if the following hold:

e dimA>dmM.
* Forevery x € M, the point 0 € T* M is a regular value for 0~ f".

(b) We say that F is large if for every x € E the partial differential map
F:A—E* A dF(x)

is a submersion, i.e., its differential at any A € A is surjective.

Lemma 1.19. If F : Ax E — R s large, then it is sufficiently large relative to any
submanifold M — E.

Proof. From the equality d* f = P,d* F, we deduce that 0* f is a submersion as a
composition of two submersions. In particular, it has no critical values. O

Example 1.20. (a) Suppose A = E*and H : E* X E — R,
H,x)=A(x), Y(A.x) e E*XE.
Using the metric identification, we deduce that
d Hy =X, VA€ E".

Hence,
0°H . E* —» TX*E =FE*

is the identity map and thus it is a submersion. Hence H is a large family.
(b) Suppose E is a Euclidean vector space with metric (e, ), A = E, and

1
R:ExE—>R, R, x)= §|x—)&|2.
Then R is large. To see this, denote by T : E — E* the metric duality. Note

that
dXR)L = (X - A’)Tv



1.2 Existence of Morse Functions 19

and the map E 3 A — (x — A)' € E* is an affine isomorphism. Thus, R is a
large family.

(c) Suppose E is an Euclidean space. Denote by A the space of positive definite
symmetric endomorphisms A : E — E and define

1
F:AXE —R, Aan(A,x)Hz(Ax,x).

Observe that 0* F : A — E is given by
*F(A) = Ax, YA e A.

If x # 0, then 0* F is onto. This shows that F' is sufficiently large relative to any
submanifold of E not passing through the origin.

Theorem 1.21. If the family F : A x E — R is sufficiently large relative to the
submanifold M — E, then there exists a negligible set Aoo C A such that for all
A € A\ A the function f) : M — R is a Morse function.

Proof. We will carry the proof in several steps.

Step 1. We assume that M is special, i.e., there exist global coordinates
(x' ... x")

on E (not necessarily linear coordinates) such that M can be identified with an open
subset W of the coordinate “plane”

{xm+l — .= x" :0}

For every A € A, we can then regard f; as a function f; : W — R and its
differential as a function

o W SRY w= ()" o) = (00 i), .. 0 2 (W)).
A point w € W is a nondegenerate critical point of f) if
@r(w) =0 €R”

and
the differential D, : T,,W — R™ is bijective.

We deduce that f; is a Morse function if and only if O is a regular value of ¢;.
Consider now the function

D AXW > R", O(A,w) = @r(w).

The condition that the family be sufficiently large implies the following fact.
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Lemma 1.22. 0 € R” is a regular value of @, i.e., for every (A, w) € ®~1(0) the
differential D® : T(; ,y A x W — R™ is onto.

To keep the flow of arguments uninterrupted, we will present the proof of this
result after we have completed the proof of the theorem. We deduce that
Z=0'0)={(A.w) e AxW; ¢(w) =0},
is a closed smooth submanifold of A x V. The natural projectionw : A x W — A
induces a smooth map  : Z — A. We have the following key observation.

Lemma 1.23. If A is a regular value of w1 : Z — A, then 0 is a regular value of
@y, Le., fiis a Morse function.

Proof. Suppose A is a regular value of . If A does not belong to 7 (Z) the function
£ has no critical points on M, and in particular, it is a Morse function.

Thus, we have to prove that for every w € W such that ¢, (w) = 0, the differential
Dy, : T,,W — R™ is surjective. Set

Tv:=TA, Th,=T,W, V=R",

DllD,\@lTl—>V, D2=DW¢ZT2—>V.
Note that D@ = D| + D,z = (A,w) € Z, and

T.Z =ker(Dy+ D, T Tr, = V).

The lemma is then a consequence of the following linear algebra fact.

e Suppose T\, T, and V are finite dimensional real vector spaces and
D[IT,’-)V, i:1,2,

are linear maps such that D1 + D, : T1 & T, — V is surjective and the restriction
of the natural projection
P:-TheT, — T

to K = ker(D| + D») is surjective. Then D, is surjective.

Indeed, let v € V. Then, there exists (¢, 2) € T1 BT such thatv = D t;+ Dst.
On the other hand, since P : K — T is onto, there exists té € T, such that
(t1,1;) € K. Note that

v = Dity + Dyty — (D1t; + Dzlé) = Dy(t, —l‘é) — v elmD,. O

Using the Morse—Sard—Federer theorem we deduce that the set Ayy C A
of critical values of w : Z — A is negligible, i.e., it has measure zero (see
Definition 1.1). Thus, for every A € A\ Ay the function f} : M — Ris a
Morse function. This completes Step 1.
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Step 2. M is general. We can then find a countable open cover (M )x>1 of M such
that My, is special Vk > 1. We deduce from Step 1 that for every k > 1 there exists
anegligible set Ay C A such that for every A € A\ Ay the restriction of f; to My
is a Morse function. Set
Aso =) Ak
k>1

Then Ao is negligible, and for every A € A \ Ay the function f : M — Ris
a Morse function. The proof of the theorem will be completed as soon as we prove
Lemma 1.22.

Proof of Lemma 1.22. We have to use the fact that the family F is sufficiently large
relative to M. This condition is equivalent to the fact that if (g, wp) is such that
@2, (wp) = 0, then the differential

0
D)L@ = ﬁh:)m de(WO) . TAOA — R™

is onto. A fortiori, the differential D@ : T(y, ) (A x W) — R™ is onto. O

Definition 1.24. A continuous function g : M — R is called exhaustive if all the
sublevel sets {g < ¢} are compact.

Using Lemma 1.19 and Example 1.20, we deduce the following result.

Corollary 1.25. Suppose M is a submanifold of the Euclidean space E not
containing the origin. Then for almost all v € E*, almost all p € E, and almost
any positive symmetric endomorphism A of E the functions

hy,1p,q4 : M — R,
defined by

1 1
ho(x) = v(x), rp(x) = Slx - PP qatx) = 5 (Ax, x),

are Morse functions. Moreover, if M is closed as a subset of E, then the functions
rp and q 4 are exhaustive.

Corollary 1.26. Suppose that M is a smooth manifold and U C C*°(M) is a finite
dimensional vector space satisfying the ampleness condition

VpeM, VEe T, M, JuelU: du(p)=§.

Then almost any function u € U is Morse.

Proof. Fix an embedding iy : M — E into a finite dimensional vector space Ej.
Denote by U™ the dual of U, U* := Hom(U, R), and define

i:M—>Ey®U* M>p—ip) dev,c Egd U™,
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where ev, : U — Riis given by
ev,(u) =u(p), Yuel.
The map i is an embedding. Set E := Ey & U™ and define
F:UxE—-R, Ux(Ec®U")3 (u,e®u*)— u*(u).

Note that for any p € M and any u € U, we have F(u,i(p)) = u(p), so that
F.lm = u, Yu € U. The ampleness condition implies that F is large relative to the
submanifold i (M) of E and the result follows from Theorem 1.21. O

Remark 1.27. (a) Although the examples of Morse functions described in
Corollary 1.25 may seem rather special, one can prove that any Morse function
on a compact manifold is of the type 4,. Indeed, let M be a compact smooth
manifold, and f : M — R be a Morse function on M. Fix an embedding
@ : M — R". We can then define another embedding

@;:M —>RxR", x> (f(x),®x)).

If (e, eq,...,e,) denotes the canonical basis in R x R”, then we see that f can
be identified with the height function /., i.e.,

f= he() o (pf = (@f)*heo.

(b) The Whitney embedding theorem states something stronger: any smooth mani-
fold of dimension m can be embedded as a closed subset of an Euclidean space
of dimension at most 2m + 1. We deduce that any smooth manifold admits
exhaustive Morse functions.

(c) Note that an exhaustive smooth function satisfies the Palais—Smale condition:
any sequence x, € M such that f(x,) is bounded from above and |d f'(x,)|, —
0 contains a subsequence convergent to a critical point of f. Here |d f(x)|,
denotes the length of d f(x) € T.*M with respect to some fixed Riemannian
metric on M.

Definition 1.28. A Morse function f : M — R is called resonant if there exist
two distinct critical points p and g corresponding to the same critical value, i.e.,
f(p) = f(q).If different critical points correspond to different critical values, then
f is called nonresonant.’

It is possible that a Morse function f constructed in this corollary may be
resonant. We want to show that any Morse function can be arbitrarily well
approximated in the C 2-topology by nonresonant ones.

3Thom refers to our nonresonant Morse functions as excellent.
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Consider a smooth function 7 : [0, c0) — [0, 1] satisfying the conditions
n0) =1, nr)=0, Vi >2, -1 <7(t) <0, Vi >0.

We set
n:(t) = n(e™").
Observe that
n(0) = e, —* < n.(t) 0.

Suppose f : M — R is a smooth function and p is a nondegenerate critical point
of f, f(p) = c. Fix coordinates x = (x_, x4 ) adapted to p. Hence,

f=c—Ix_P+lxt’ Vx €U = {|x_|*+ |x4| < 2¢}.
Set uy = |x+|? u = u_ + u, and define

fszfs,p=f+n8(u)zc_u—+u++na(”)~

Then f = f. on X \ U., while along U, we have
dfe = (n, — Ddu— + (n + )dus.

This proves that the only critical point of f; |y, is x = 0. Thus, f; , has the same
critical set as f', and

If = fellex =& fulp) = f(p) + &% fi@) = f(q). ¥q € Cry\{p}.

Iterating this procedure, we deduce the following result.

Proposition 1.29. Suppose f : M — R is a Morse function on the compact
manifold M. Then, there exists a sequence of nonresonant Morse functions f, :
M — R with the properties

Cry, =Cr(f). Vn, fu < f. asn — oo. 0

Remark 1.30. The nonresonant Morse functions on a compact manifold M enjoy a
certain stability that we want to describe.

We declare two smooth functions fy, fi : M — R to be equivalent if and
only if there exist diffeomorphisms R : M — M and L : R — R such that
fi=Lo fyo R~ ie., the diagram below is commutative

ML

MT’“R
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In other words, two smooth functions are to be equivalent if one can be obtained
from the other via a global change of coordinates R on M and a global change of
coordinates L on R.

We can give an alternate, more conceptual formulation of this condition.
Consider the group § = Diff (M) x Diff (R), where Diff (X) denotes the group
of smooth diffeomorphisms of the smooth manifold X. The group G acts (on the
left) on the space C*°(M, R) of smooth functions on M, according to the rule

(R,L)yx f:=Lo foR™,

V(R,L) € Diff (M) x Diff(R), f € C°*(M,R). Two smooth functions are,
therefore, equivalent if and only if they belong to the same orbit of the above action
of G.

The space C*°(M, R) is equipped with a natural locally convex topology making
it a Fréchet space (see [GG, Chap. III]) so that a sequence of functions converges in
this topology if and only if the sequences of partial derivatives converge uniformly
on M. A function f € C%(M,R) is said to be stable if it admits an open
neighborhood O in the above topology on C°(M,R) such that any g € O is
equivalent to f.

One can prove (see [GG, Thm. II1.2.2]) that a function f € C°*°(M, R) is stable
if and only if it is a nonresonant Morse function.

1.3 Morse Functions on Knots

As we have explained in Remark 1.27(a), any Morse function on a compact manifold
M can be viewed as a height function /,, with respect to some suitable embedding
of M in an Euclidean space E and some vectorv € E.

In this section we look at the simplest case, an embedding of S' in the three-
dimensional Euclidean space and we would like to understand the size of the critical
set of such a height function. Since we have one height function for each unit vector,
it is natural to ask what is the “average size” of the critical set of such a height
function. The answer turns out to depend both on the geometry and the topology of
the embedding. A byproduct of this analysis is a celebrated result of Milnor [MO]
concerning the “amount of twisting” it takes to knot a curve. Our presentation is
inspired from [CL].

We define a knot to be a smooth embedding ¢ : S!' — E, where E is an oriented
real Euclidean three-dimensional space, with inner product (—, —). We denote by K
the image of this embedding. Let S denote the unit sphere in E.

A vector v € E determines a linear map

ly:E >R, x— (v,x).
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We set
hy = Lylk.

As explained in the previous section, for almost all v in S, the function /., is Morse.
We denote by g (v) the number of critical points of /.. If &, is not a Morse
function, we set wg (v) := 0. Observe that if /1., is Morse, then g (v) > 2 because
a Morse function on a circle has at least two critical points, an absolute minimum
and an absolute maximum.

We want to show that the function

Ssve ux(w) €Z

is measurable, and then compute its average

1

U S _
jix = s [ s @A = - [ i)

where dA denotes the Euclidean area element on the unit sphere.

The proof relies on a special case of classical result in geometric measure theory
called the coarea formula. While the statement of this result is very intuitive,
its proof is rather technical. To keep the geometric arguments in this section as
transparent as possible, we decided to omit its proof. The curious reader can consult
[BZ, Sect. 13.4], [Fed, Sect. 3.2], or [Mor, Sect. 3.7].

The formulation of the area formula uses a geometric invariant that may not be
as widely known so we begin by defining it.

Suppose (My, go) and (M, g;) are smooth, connected, Riemannian manifolds
of identical dimension m, and F : My — M, is a smooth map. We do not assume
that either one of these manifolds is orientable. The Jacobian of F is the smooth
nonnegative function

|JF|: Mo — [0, 00)

defined as follows. .Let Xo € My, set x; = F(x¢) and denote by F v, the differential
of F at xo so that Fy, is a linear map

Fy, : ToyMy — T, M.
Fix an orthonormal basis (ey, ..., e,) of Ty, My, and set
f, = Fxﬂek, 1<k <m.
We can form the m x m symmetric matrix Gr(xo) whose (i, j)th entry is the

inner product g (f;,f;). The matrix G s(xo) is nonnegative, so its determinant is
nonnegative, and it is independent of the choice of orthonormal basis (ey ). Then

[JF[(x0) := v/det G F(xo).



26 1 Morse Functions

If both My and M, are oriented, then we can give an alternate description of the
Jacobian. The orientations and the metrics define volume forms dVy, € 2" (My)
and dV,, € £2"(M;). There exists a smooth function wr : My — R uniquely
determined by the condition

F*dV,, = wpdV,.
Then,
[JF|(x0) = [wr(xo)], Yxo € M.

Observe thatif F' : My — M, is a smooth map between compact smooth manifolds
of identical dimensions, then Sard’s theorem implies that for almost every x; € M,
is a regular value of F. For such x,’s the fiber F~!(x;) is a finite set. We denote by
Nr(x1) € Zso U {oo} its cardinality. We can now formulate the very special case
of the coarea formula that we need in this section.

Theorem 1.31 (Coarea formula). Suppose F : (My, go) — (M}, g1) is a smooth
map between two compact, connected oriented Riemann manifolds of identical
dimensions. Then the function

M1 S X| > NF(Xl) (S] Zzo U {OO}
is measurable with respect to the Lebesgue measure defined by dVy,, and

N (en)dVi (x1) = / 1] (k) AV (0)- .
My My

We now return to our original investigation. The embedding ¢ : S! — E
defining K induces an orientation on K. For x € K, we denote by ey(x) the unit
vector tangent to K at x and pointing in the direction given by the orientation. Define

S(K) = {(x.v) e KxS: v L ey},
In other words, S (K) is the unit sphere bundle associated to the normal bundle of
K — E. The natural (left and right) projections
A:KxS —>K, p:KxS§S—>S
induce smooth maps
Ak :S(K) — K and pg:S(K)— S.

The first key observation is contained in the following lemma whose proof is left to
the reader as an exercise (Exercise 6.5).

Lemma 1.32. The vector v € S is a regular value of the map p : S (K) — S ifan
only if hy : K — R is a Morse function. Moreover,

nr () = Ny (v), Yve §S. O
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We deduce from Theorem 1.31 that the function v — g (v) is measurable, and

_ 1
Ak = E/SN/,K('U) dA(v). (1.12)

To evaluate the right-hand side of (1.12), we plan to use the coarea formula for the
map pg. This requires a choice of metric on S (K).

Denote by ds the length element along K, and by L the length of K. By fixing a
point on K, we obtain an arclength parametrization

[0,L]>s+—>x(s) e K CE.

Fix a smooth map e; : K — § such that e;(x) L eyp(x), Vx € K. In e; is a section
of the normal unit circle bundle A ¢ : S (K) — K. We set set

e(x) ;= ep(x) x e1(x),

where x is the cross product on E induced by the metric and the orientation on this
vector space. The collection (eo (x),e1(x), ex(x) ) is a so-called moving frame along
K. Observe that for any x € K, the collection (e; (x), e>(x)) is an orthonormal basis
of the normal plane (7 K)* C E. We set

ej(s):=e;(x(s)), j=0,1,2.
We can now produce a diffeomorphism v : (R/LZ) X (R/ZT[Z) — S(K)
(R/LZ)X(R/Z]TZ) 3 (s,0) —~ (x(s),'u(s, 0)) e S(K),

v(s,0) =cos O -ei(s) + sin6 - ex(s).

We define the metric on S (K) to be
gk = ds? + d6>.

Note that we have globally defined vector fields d; and dg on S (K) that define an
orthonormal frame of the tangent plane at each point of S (K). In the coordinates
(s, 0), the map pg is described by

(s,0) — v(s, 0).
If we denote by |Jx| the Jacobian of the map
pk : (S(K).gx) — (S.gs).

then we deduce that

2 | (s, v)E (vs,v9)E
|JK| - £l
(vs,v9)E (V9. V9)E
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where v; and vy denote the partial derivatives with respect to s and 6 of the smooth
map (s, 60) — v(s,0) € E. We have

vy = cos B - €|(s) +sinf - e5(s), vg = —sin6 -e;(s) + cosb - ex(s),
where a prime ’ indicates derivation with respect to s. Let us observe that
(’U@ s 'UQ)E = 1.

Forany 0 < i, j <2, we have

1,
(er(s)e ) =1

so that
(€/(s).e; () + (ei(5).€;(s)), =0, VO<i,j<2.
This shows that the s dependent matrix,

A(s) = (aij (s) )05,-,]-52, aij(s) = (ei(s)’e,j (s) )E,

is skew-symmetric, so we can represent it as

0 —a(s) —B(s)
A(s) = | a(s) 0 —y(s)
B(s) y(s) O
We deduce
(vs.vg) = (€](5). €x(s5) )z = a2i(s) = y(s).
We have

vy = cos 0 (—a(s)eo(s) + y(s)ex(s) ) + sin O(—B(s)eo(s) — y(s)ei(s))
= —(a(s) cos 6 + B(s)sin6 )eo(s) —sinBy(s)e(s) + cos Oy (s)ex(s),

so that
(vs,v5)E = (Ol(S) cos 6 + B(s)sin 6 )2 + p(s)>.

We deduce that
|Jk|* = (a(s)cos 6 + B(s)sin 6 )2.
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Using the coarea formula in (1.12), we deduce

L 2
Ak = 1 (/ ‘a(s) cos 6 + B(s)sin 6 ]d@) ds. (1.13)
47 0 0

=:1(s)

To extract a geometrically meaningful information, we need a more explicit
description of the integral /(s). This is achieved in our next lemma.

Lemma 1.33. Letu € R? Forany 0 € [0, 2n], we denote by n(0) the outer outer
normal to the unit circle in the plane at the point ¢ . Then,

I(u) := /Sl [a-n(0)|d6 = 4|u|,

where - denotes the canonical inner product in R,

Proof. Observe that for any rotation 7 : R? — R2, we have I(Tu) = I(u) so we
can assume thatu = rel?, § = 0, r > 0. In this case, we have

/2
I(u) = 2r/ cos 0d0 = 4r = 4|u|. O
—/2

Now choose u = ((s), f(s) ) in Lemma 1.33 to deduce that

1(s) = 4+/a(s)? + B(s)? = 4|ey(s)].

The scalar |e;(s)| is known as the (absolute) curvature of K at the point x (s) and it
is denoted by |« (s)|. We conclude

1 1
> / pk@)dA@) = fig = / le(s)) ds. (1.14)
T Js T Jk

The integral [ |k (s)|ds is called the total curvature of the knot, and it is denoted
by Tx. It measures how “twisted” is the curve K. Large Tk signifies that K is very
twisted. The above formula shows that if K is very twisted, then the height function
h,, will have lots of critical points on K.
In [MO], the number
1

Ck = Eﬂk

was called the crookedness of the knot. Observe that

1

CK = —
4 S

1
EMK(U)dAu~
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Observing (Exercise 6.4) that on a circle, the critical points of a Morse function are
either local minima or local maxima and their numbers are equal, we conclude that
%/L k (v) is the number of local minima of the Morse function %,,. We deduce

1
cxr = —Tk. (1.15)
2w

Here are some interesting consequences.
Corollary 1.34. For any knot K — E, we have Tx > 2.

Proof. Since any Morse function on K has at least two critical points, the equality
(1.14) implies Tx > 27. O

Corollary 1.35. If K is planar and convex, then Tx = 2.

Proof. Since K is convex, any local minimum of a height function must be an
absolute minimum. Thus, any Morse height function will have a unique local
minimum. This implies that the crookedness of K is 1. The corollary now follows
from (1.15). O

Remark 1.36. A stronger result is true. More precisely, Fenchel’s theorem states
that if K is a knot, then Tx = 2 if and only if K is a planar convex curve. In
Exercise 6.6, we indicate one strategy for proving this result. O

Corollary 1.37 Milnor). If Tx < 4m, then K is not knotted.

Proof. We deduce that jix < 4. Thus, there exists v € § such that ug(v) < 4.
Since ug(v) is a positive even number, we deduce that pg(v) = 2. Thus the
function &, has only two critical points on K: a global minimum and a global
maximum. We leave to the reader as an exercise* to show that this implies that
K is not knotted. O

We can turn the above result on its head and conclude that if the knot K is not the
trivial knot, then its total curvature must be >4. In other words, a nontrivial knot
must be twice twisted than a planar convex curve.

Remark 1.38. The results in this section can be given a probabilistic interpretation.
More precisely, equip the three-dimensional Euclidean space E with a Gaussian
probability measure

i
dy(v) = (2n)_%e_%dv.

The function
Es>sve ugx(v) ez

4See Exercise 6.22 and its solution on page 304.
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is a random variable and one can prove that

/ @)y (o) = fik = o / jik (v) dA(v), (1.16)
E T Js

i.e., the expectation of this random variable is equal to the crookedness of K.
We refer to [Ni3] for a generalization of this probabilistic equality. O






Chapter 2
The Topology of Morse Functions

The present chapter is the heart of Morse theory, which is based on two fundamental
principles. The “weak” Morse principle states that as long as the real parameter ¢
varies in an interval containing only regular values of a smooth function f : M —
R, the topology of the sublevel set { f < ¢} is independent of /. We can turn this
on its head and state that a change in the topology of { f < t} is an indicator of the
presence of a critical point.

The “strong” Morse principle describes precisely the changes in the topology of
{f <t} ast crosses a critical value of f. These changes are known in geometric
topology as surgery operations or handle attachments.

The surgery operations are more subtle than they first appear, and we thought it
wise to devote an entire section to this topic. It will give the reader a glimpse at the
potential “zoo” of smooth manifolds that can be obtained by an iterated application
of these operations.

2.1 Surgery, Handle Attachment, and Cobordisms

To formulate the central results of the Morse theory, we need to introduce some
topological terminology. Denote by ID* the k-dimensional, closed unit disk and by
D its interior. We will refer to D as the standard k-cell. The cell attachment
technique is one of the most versatile methods of producing new topological spaces
out of existing ones.

Given a topological space X and a continuous map ¢ : dD* — X, we can attach
a k-cell to X to form the topological space X U, ID*. The compact spaces obtained
by attaching finitely many cells to a point are homotopy equivalent to finite C W -
complexes. We would like to describe a related operation in the more restricted
category of smooth manifolds.

L. Nicolaescu, An Invitation to Morse Theory, Universitext, 33
DOI 10.1007/978-1-4614-1105-5_2, © Springer Science+Business Media, LLC 2011
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We begin with the operation of surgery. Suppose that M is a smooth
m-dimensional manifold. The operation of surgery requires several additional data:

* Anembedding S <> M of the standard k-dimensional sphere S¥, k < m, with
trivializable normal bundle Ts M
* A framing of the normal bundle Ts M, i.e., a bundle isomorphism

@:TsM — R % =R" kx5,
Equivalently, a framing of S’ defines an isotopy class of embeddings
@ D" % x S¥ > M suchthat ¢({0} x §¥) = S.

SetU := go(D’"‘" x §%). Then, U is a tubular neighborhood of S in M. We can
now define a new fopological manifold M (S, @) by removing U and then gluing
instead U = S" %=1 x D+ along dU = d(M \ U) via the identifications

a0 59U = oM\ U).

For every ey € 0" % = §”k=1 the sphere ¢(ey x S¥) € M will bound the disk
eo x Dl in M(S, ¢). Note that ey x S* can be regarded as the graph of a section
of the trivial bundle D" x Sk — Sk,

To see that M (S, ¢) is indeed a smooth manifold, we observe that

U\S = D%\ 0)x s
Using spherical coordinates, we obtain diffeomorphisms

D"\ 0) x $* = (0.1) x $" 77" x ¥,
S"HFx (0.1) x SF = 7T (DM 0).

Now, attach (§” %=1 x D¥*1) to U along U \ S using the obvious diffeomorphism
(0,1) x S™F1 5 §k 5 §m=*=1 5 (0, 1) x S*.

The diffeomorphism type of M (S, ¢) depends on the isotopy class of the embedding
S <> M and on the regular homotopy class of the framing ¢. We say that M (S, ¢)
is obtained from M by a surgery of type (S, ¢).

Example 2.1 (Zero-dimensional surgery). Suppose M is a smooth m-dimensional
manifold consisting of two connected components M. A zero-dimensional sphere
SO consists of two points p+. Fix an embedding S O < M such that p+ € M. Fix
open neighborhoods U+ of p+ € M diffeomorphic to D" andsetU = U_ U U,.
Then,

M\ U) = dU_UUy = S x sm1,
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If we now glue D' x 77! = [—1,1] x S"~! such that {£1} x $”~! is identified
with dUx, we deduce that the surgery of M_ U My along the zero sphere
{p+} is diffeomorphic to the connected sum M_#M_ . Equivalently, we identify
(—=1,0) x S~ ¢ D! x $”™~! with the punctured neighborhood U_ \ {p_} (so that
for s € (—1,0) the parameter —s is the radial distance in U_) and then identify
(0,1) x §™! with the punctured neighborhood Uy \ {p4} (so that s € (0,1)
represents the radial distance). O

Example 2.2 (Codimension two surgery). Suppose M™ is a compact, oriented
smooth manifold m > 3 and i : §” 2 < M is an embedding of a (m — 2)-
sphere with trivializable normal bundle. Set S = i (5”"~2). The natural orientation
on S™2 (as boundary of the unit disk in R”~!) induces an orientation on S. We
have a short exact sequence

0—>TS —>TM|s > TsM — 0

of vector bundles over S.

The orientation on S together with the orientation on M induce via the above
sequence an orientation on the normal bundle 75 M. Fix a metric on this bundle
and denote by Dg M the associated unit disk bundle. Since the normal bundle has
rank two, the orientation on Ts M makes it possible to speak of counterclockwise
rotations in each fiber. A trivialization is then uniquely determined by a choice of
section

e: S — dDgM.

Given such a section e, we obtain a positively oriented orthonormal frame (e, f) of
TsM , where f is obtained from e by a /2 counterclockwise rotation. In particular,
we obtain an embedding

Qe 1 D? x S"2 =~ DgM — M.
Once we fix such a section ey : S — dDgM, we obtain a trivialization
DsM =~ S' xS,

and then any other framing is described by a smooth map S”~2 — S'. We see
that the homotopy classes of framings are classified by 7,,—>(S!). In particular, this
shows that the choice of framing becomes relevant only when m = 3.

The surgery on the framed sphere (S, ep) has the effect of removing a tubu-
lar neighborhood U = ¢, (D> x $™72) and replacing it with the manifold
U=S"x D"~!, which has identical boundary.

The section ey of dDg — S traces a submanifold Ly C dDgM diffeomorphic to
S$™=2_ Via the trivialization @, it traces a sphere ¢, (Lo) C dU called the attaching
sphere of the surgery. After the surgery, this attaching sphere will bound the disk
{(}xD" ! cU. O
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Example 2.3 (Surgery on knots in S3). Suppose that M = S* and that K is a
smooth embedding of a circle S' in S3. Such embeddings are commonly referred
to as knots.

A classical result of Seifert (see [Rolf, 5.A]) states that any such knot bounds an
orientable Riemann surface X smoothly embedded in S3. The interior-pointing unit
normal along X = K defines a nowhere vanishing section of the normal bundle
Tk S? and thus defines a framing of this bundle. This is known as the canonical
framing" of the knot. It defines a diffeomorphism between a tubular neighborhood
U of the knot and the solid torus D> x S'.

The canonical framing traces the curve

L=Lg={1}xS'caD? xS

The curve £ is called the longitude of the knot, while the boundary dD? x {1} of a
fiber of the normal disk bundle defines a curve called the meridian of the knot and
is denoted by u = k.

Any other framing of the normal bundle will trace a curve ¢ on dU == 9D? x S’
isotopic inside U to the axis K = {0} x S! of the solid torus U. Thus in
H, (0D, x S, Z), it has the form

[p] = plul + [£],

where the integer p is the winding number of ¢ in the meridional plane D?. The
curve ¢ is called the attaching curve of the surgery.

The integer p completely determines the isotopy class of ¢. Thus, every surgery
on a knot in $3 is uniquely determined by an integer p called the coefficient of
the surgery, and the surgery with this framing coefficient will be called p-surgery.
We denote by S3(K, p) the result of a p-surgery on the knot K.

The attaching curve of the surgery ¢ is a parallel of the knot K. By definition,
a parallel of K is a knot K’ located in a thin tubular neighborhood of K with the
property that the radial projection onto K defines a homeomorphism K/ — K.
Conversely, every parallel K’ of the knot K can be viewed as the attaching curve of
a surgery. The surgery coefficient is then the linking number of K and K', denoted
by Ik(K, K').

When we perform a p-surgery on K, we remove the solid torus U = D? x S
and we replace it with a new solid torus U = S' x D?, so that in the new manifold
the attaching curve K, = £ + pu will bound the disk {1} x D* C U.

Let us look at a very simple yet fundamental example. Think of S as the round
sphere

{(z0.21) € C% zo* + |z|* =2}

'Tts homotopy class is indeed independent of the choice of the Seifert surface X.
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Fig. 2.1 The Hopf link

Consider the closed subsets U; = {(z0.21) € S*; |z| < 1},i = 0, 1. Observe that
U, is a solid torus via the diffeomorphism

Uy 3 (z0,21) — (Zo, é—l|) eD?>x S
gl

Denote by K; the knot in S* defined by z; = 0. For example, Ky admits the
parametrization

[0,1]51 (0, «/Eez’fif) e s°,

The knots Ky, K; are disjoint and form the Hopf link. Both are unknotted (see
Fig.2.1).
For example, K, bounds the embedded 2-disk

Xo:={teC: [t =2} o {@.z) = (V2= [EP.¢) e 5}

Observe that Uy is a tubular neighborhood of Ky, and the above isomorphism
identifies it with the trivial 2-disk bundle, thus defining a framing of Ky. This
framing is the canonical framing of Uy. The longitude of this framing is the curve

by = 03Uy N Xo = {(1,e*™); 1 €0, 1]}.

The meridian of Kj is the curve zp = ¢>*¥,z; = 1,¢ € [0, 1]. Via the diffeomor-
phism

1
U —D?*xS', U > (z,2) (Zl,mm) eD*x S,
0

this curve can be identified with the meridian pu, of K;.
Set M, := S*(K, p). The manifold M, is obtained by removing Uy from S°*

and gluing back a solid torus Uy = S' x D? to the complement of Uy, which is the
solid torus U, so that,

U D o = {1} x 8D* +— pluo] + [Lo] = plso] + [1u1].

For p = 0, we see that the disk {1} x dD? € S! x D? = Uy bounds a disk in Uy
and a meridional disk in U;. The result of zero surgery on the unknot will then be
St x S2.
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If p # 0, we can compute the fundamental group of M, using the van Kampen
theorem. Denote by 7" the solid torus a0, by jo the inclusion induced morphism
o (T) - m (Uo), and by j; the inclusion induced morphism 7y (T) — m;(Uy).
As generators of 7r1(T"), we can choose [y and the attaching curve of the surgery
@ = ul €y because the intersection number of these two curves is &1. As generator
of 1(U;), we can choose £; = po because the longitude of K is the meridian
of K. As generator of 7| (Uo) we can choose jy(1p) because jj is surjective and
¢ € ker jo. Thus, 1 (M)) is generated by 1o, ¢ with the relation

1 = jo(fo) = jp(io) = pglo. Lo = jo(lo) = jp(€o). Jjp(1o) = jo(ro).

Hence, 71(M,) = Z/p. In fact, M, is a lens space. More precisely, we have an
orientation preserving diffeomorphism

S (Ko, £[pl) = L(lpl,Ipl £ 1), o

Example 2.4 (Surgery on the trefoil knot). Suppose that K is a knot in S3. Choose
a closed tubular neighborhood U of K. The canonical framing of K defines a
diffeomorphism U = D? x S!. Denote by Ex the exterior

Ex = S\ int (V).

Let T = dEx = 0U, and denote by iy : m(T) — m(Eg) the inclusion induced
morphism. Let K’ C T be a parallel of K, i.e., a simple closed curve that intersects
each meridian 1 = dD? x { pt} of the knot exactly once.

The parallel K’ determines a surgery on the knot K with surgery coefficient
p = Ik(K, K’). To compute the fundamental group of S3(K, p), we use as before
the van Kampen theorem.

Suppose 71 (Eg) has a presentation with the set of generators Gx and relations
Ri.Let U = S! x D? and denote by j the natural map

AU =o' x S!' - S'xD? =U.

Then, m(U) is generated by (= Jx«() and we deduce that S*(K, p) has a
presentation with generators G U {£} and relation

(K =1, €= ju(p).

Equivalently, a presentation of S3(K, p) is obtained from a presentation of 7| (E)
by adding a single relation



2.1 Surgery, Handle Attachment, and Cobordisms 39

Fig. 2.2 The (left-handed) trefoil knot and its blackboard parallel

The fundamental group of the complement of the knot is called the group of the
knot, and we will denote it by Gg. Let us explain how to compute a presentation of
Gk and the morphism 7.

Observe first that 71 (7) is a free Abelian group of rank 2. As basis of 7;(T), we
can choose any pair (¢, y), where y is a parallel of K situated on 7. Then, we can
write

K' =ap + by.

If w denotes the linking number of y and K , and £ denotes the longitude of K, then
we can write y = wi + £,

K=pu+l=au+bwu+0)=b=1, a=p—w, K =(p-—wu+y.

Thus, i, is completely understood if we know i, (u) and i.(y) for some parallel y
of K.

The group of the knot K can be given an explicit presentation in terms of the
knot diagram. This algorithmic presentation is known as the Wirtinger presentation.
We describe the special case of the (left-handed) trefoil knot depicted in Fig. 2.2 and
we refer to [Rolf, III.A] for proofs.

The Wirtinger algorithm goes as follows.

* Choose an orientation of the knot and a basepoint * situated off the plane of the
diagram. Think of the basepoint as the location of the eyes of the reader.
* The diagram of the knot consists of several disjoint arcs. Label them by

alaaZ""’a\)’

in increasing cyclic order given by the above chosen orientation of the knot. In
the case of the trefoil knot, we have three arcs, ay, a», as.

* To each arc ay, there corresponds a generator x; represented by a loop starting
at x and winding around a; once in the positive direction, where the positive
direction is determined by the right-hand rule: if you point your right-hand thumb
in the direction of ay, then the rest of your palm should be wrapping around ay
in the direction of xj (see Fig. 2.3).



40 2 The Topology of Morse Functions

)\ a ajq
Xi-1
< —_— | —
xl
Pl .
X
AN
e A\
| | 1
x} | |
«— _ i
v
aj.q a
positive crossing negative crossing

Fig. 2.3 The Wirtinger relations

e For each crossing of the knot diagram we have a relation. The crossings are
of two types, positive (+) (or right-handed) and negative (—) (or left-handed)
(see Fig.2.3). Label by i the crossing, where the arc a; begins and the arc a;_,
ends. Denote by ay(; the arc going over the i th crossing and set

€(i) = £1 ifi is a £-crossing.
Then, the relation introduced by the ith crossing is

X; = xk_(jg’)xi_lxlig.)).
The knot diagram defines a parallel of K called the blackboard parallel and denoted
by K. It is obtained by tracing a contour parallel and very close to the diagram of
K and situated to the left of K with respect to the chosen orientation. In Fig. 2.2 the
blackboard parallel of the trefoil knot is depicted with a thin line.

The linking number of K and Ky, is called the writhe of the knot diagram and
it is denoted by w(K). It is not an invariant of the knot. It is equal to the signed
number of crossings of the diagram, i.e., the difference between the number of
positive crossings and the number of negative crossings. One can show that

in(Kop) = [ [ 55 in(p) = x0. 2.1)

i=1

Set G = Gk, where K is the (left-handed) trefoil knot. In this case all the crossings

in the diagram depicted in Fig.2.2 are negative and we have w(K) = —3. The
group G has three generators x1, X,, X3, and since all the crossings are negative, we
conclude that (i) = —1, Vi = 1,2, 3, so that we have three relations

X = XQX3)C2_1 Xy = x;x1x3_1, X3 = X]szl_l, 2.2)

k(1) =2, k() = 3, k(3) = 1. (2.3)
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From the equalities (2.3) we deduce
¢ = iw(Kup) = x; ' x5 ' dep) = x3. (2.4)
For x € G we denote by T, : G — G the conjugation g — xgx~!. We deduce

Xi = TyunXi-1, Vi=123= x3=T, 1 x3 = Texs,

) ¥k) k)
i.e., x3 commutes with ¢ = x5 'x3x7!. Set for simplicity
a=x1, b=x2, x3=T,b= aba™".
We deduce from (2.2) that G has the presentation
G = (a,b| aba = bab).

Consider the group
H = (xy| x*=y%).

We have a map
H — G, x+—ab, y+ aba.

1 1,2

It is easily seen to be a morphism with inverse ¢ = x~'y, b = a~ X~, SO
that G =~ H.
If we perform —1 surgery on the (left-handed) trefoil knot, then the attaching

curve of the surgery is isotopic to

X =y

K =-1- wi + Ky, w= lk(Kbb,E) = -3,
and we conclude
ix(Kpp) =c = xz_lx;lxl_l =btab a7 la = b7 ab™!, ik(p) = aba™'.

The fundamental group ( S3(K, —1)) is obtained from G by introducing a new
relation

w=-=3
() = < ab*a”! = ba'b.

Hence, the fundamental group of S3(K, —1) has the presentation
(a.b| aba=bab,ab*a "'=ba'b) <= (a,b| aba = bab, a*b*> = aba™'ba).

Observe that its abelianization is trivial. However, this group is nontrivial. It has
order 120 and it can be given the equivalent presentation

(x,y| x* =y = (xy)*).
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Fig. 2.4 A 1-handle of dimension two, a 0-handle of dimension two and a 2-handle of dimension
three. The midsection disks are the cores of these handles

It is isomorphic to the binary icosahedral group /*. This is the finite subgroup
of SU(2) that projects onto the subgroup I C SO(3) of isometries of a regular
icosahedron via the 2 : 1 map SU(2) — SO(3).

The manifold S*(K,—1) is called the Poincaré sphere, and it is traditionally
denoted by X'(2, 3, 5) because it is diffeomorphic to

{z=(20.21.22) € Ch Z2+4+5=0, |z =¢).

It is a Z-homology sphere, meaning that its homology is isomorphic to the
Z-homology of S3. o

Suppose that X is an m-dimensional smooth manifold with boundary. We want
to describe what it means to attach a k-handle to X. This operation will produce a
new smooth manifold with boundary.

A k-handle of dimension m (or a handle of index k) is the manifold with corners

Hy,, = DF x D"k,

The disk D¥ x {0} C Hy,, is called the core, while the disk {0} x D% C Hy,, is
called the cocore. The boundary of the handle decomposes as

aHk,m = a—Hk,m ) a+Hk,m»

where
0_Hg,, := oDk x Dk, 0+Hy = DF x gDF .

The operation of attaching a k-handle (of dimension m) requires several addi-
tional data (Figs. 2.4 and 2.5).

* A (k — 1)-dimensional sphere ¥ <— 0X embedded in 0X with trivializable
normal bundle T'sdX . This normal bundle has rank m — k = dimdX — dim X.
* A framing ¢ of the normal bundle 750X .

The framing defines a diffeomorphism from I ~% x S*~! to a tubular neigh-
borhood N of ¥ in dX. Using this identification, we detect inside N a copy of
0_Hy,, = ¥ x D% Now attach Hy ,, to 0X by identifying d_H;, with its copy
inside N and denote the resulting manifoldby X+ = X(X, ¢).
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Fig. 2.5 Attaching a 2-handle of dimension three

Xt

.
SR

\ H
)
Fig. 2.6 Attaching a 1-handle of dimension two and smoothing the corners

The manifold X ™ has corners, but they can be smoothed out (see Fig.2.6). The
smoothing procedure is local, so it suffices to understand it in the special case

X = (—00,0] x dDF x R™* 39X = {0} x DF x R" ¥ (= N).
Consider the decomposition
R" = RF x R" %, R™ 5 x = (x_,x4) € RF x R"7*,
We have a homeomorphism

(—00,0] x ADF x R"F—{x e R": |xyf? —|a-f < —1},
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Fig. 2.7 Smoothing corners

defined by
(=00, 0] x IDF xR™™* 5 (1,0, x1) > ((e™ + x4 )+ 0, x1 ) e REx R,
The manifold X ™ obtained after the surgery is homeomorphic to
{x eR"; x> — |x_]* < 1},
which is a smooth manifold with boundary.
This homeomorphism is visible in Fig. 2.6, but a formal proof can be read from
Fig.2.7.
Let us explain Fig. 2.7. We set r+ = |x4| and observe that
X x~ {r_ > 1}, Hi,, ={r_,ry <1}.
After we attach the handle, we obtain
X+={r_zl}U{r_§l, r+§1}.
Now, fix a homeomorphism
X+—>Y:{r+§1},

which is the identity in a neighborhood of the region {r_ - r4+ = 0}. Clearly Y is
homeomorphic to the region 73 — r2 < 1 via the homeomorphism

Y 5 (x_,xyp) — (x_, (1+ ri)l/2 x+).

Let us analyze the difference between the topologies of 3X ™ and 0X .
Observe that we have a decomposition

oxX+t = (0X \ 0—Hg ) Uy 0+ Hy py.
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Above, (30X \ d_Hy_,) is a manifold with boundary diffeomorphic to 9" % x Sk=1,
which is identified with the boundary of 94 Hy,, = D x 9D"* via the chosen
framing ¢. In other words, dX T is obtained from X via the surgery given by the
data (S, ¢).

In general, if M is obtained from M, by a surgery of type (S, ¢), then M, is
cobordant to M. Indeed, consider the manifold

X =0, 1] x M.
We obtain an embedding S < {1} x My < 0X and a framing ¢ of its normal

bundle. Then,
0X(S,p) = Mo(S. ) U M.

The above cobordism X (S, ¢) is called the trace of the surgery.

2.2 The Topology of Sublevel Sets

Suppose M is a smooth connected m-dimensional manifold and f : M — Ris an
exhaustive Morse function, i.e., the sublevel set

M¢={xeM; f(x)=<c}

is compact for every ¢ € R. We fix a smooth vector field X on M that is gradient-
like with respect to f. This means that

X-f>0on M\Cry,

and for every critical point p of f there exist coordinates adapted to p and X, i.e.,
coordinates (x') such that

)
X=-2) x0+2) x/0,. A=A(fp).
i=1 j>A
In these coordinates near p the flow I'; generated by —X is described by
I(x) =ex_ 4+ e xy,

where x = x_ + x4,
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To see that there exist such vector fields, choose a Riemannian metric g adapted
to f,i.e., a metric with the property that for every critical point p of f there exist
coordinates (x') adapted to p such that near p we have

m A
g= Y (@), f=[f(p)+ > (/)= (")

i=1 ji=1 k>A

We denote by V f = V¢ f € Vect(M) the gradient of f with respect to the metric
g, i.e., the vector field g-dual to the differential d f. More precisely, V f is defined
by the equality

g(VEX)=df(X)=X-f VX € Vect(M).

In local coordinates (x'), if
af . . o
df = —dx', g= ;idxtdx’,
F= gl 5= s

then

V=) &"duf,
J

where (g")1<; j<m denotes the matrix inverse to (gij)1<i,j<m. In particular, near a
critical point p of index A the gradient of f in the above coordinates is given by

A
Vf= —2Z)Ci3x[ + Zfoax,-.
i=1 J>A
This shows that X = V f is a gradient-like vector field.

Remark 2.5. As explained in [Sm, Theorem B], any gradient-like vector field can
be obtained by the method described above. O

Notation. In the sequel, when referring to f _1((a,b)), we will use the more
suggestive notation {a < f < b}. The same goes for {a < f < b}, etc. O

Theorem 2.6. Suppose that the interval [a,b] € R contains no critical values
of f. Then the sublevel sets M and M" are diffeomorphic. Furthermore, M*
is a deformation retract of M", so that the inclusion M* — MP is a homotopy
equivalence.

Proof. Since there are no critical values of f in [a, b] and the sublevel sets M ¢ are
compact, we deduce that there exists ¢ > 0 such that

fa—e< f<b+seCM\Cry.
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Fix a gradient-like vector field ¥ and construct a smooth function

p:M — [0, 00)
such that
[YfI™'. a< f(x)<b
p(x) =
0, f(x) € (a—eb+e).
We can now construct the vector field X := —pY on M, and we denote by

O :RxM—> M, (t,x) — D(x)

the flow generated by X. If u(r) is an integral curve of X, i.e., u(¢) satisfies the
differential equation

= X(u),

then differentiating f along u(¢), we deduce that in the region {a < f < b} we
have the equality

df B _
” =Xf= ——fyf

In other words, in the region {a < f < b}, the function f decreases at a rate of one
unit per second. This implies

By (MP) = M®, ®,_y(M*) = M?,

so that @;_, establishes a diffeomorphism between M b and M.
To show that M ? is a deformation retract of M?, we consider

H : [0, 1] X Mb g Mb, H(t,x) = (Dt~(f(x)—a)+ (x),

where for every real number 7 we set ¥ := max(r, 0). Observe that if f(x) < a,
then

H(t,x) =x, Vte]0,1],
while for every x € M” we have
H(l,x) = (p(f(x)—a)"' (X) (S Ma.

This proves that M ¢ is a deformation retract of M?. O

Theorem 2.7 (Fundamental structural theorem). Suppose c is a critical value
of f containing a single critical point p of Morse index A. Then for every ¢ > 0,
sufficiently small the sublevel set { f < ¢ + ¢} is diffeomorphic to { f < ¢ — &} with
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a A-handle of dimension m attached. If x = (x—, x4+) are coordinates adapted to
the critical point, then the core of the handle is given by

ex(p)i={xy = 0. [x P <e}.

In particular, { f < ¢ + €} is homotopic to { f < ¢ — &} with the A-cell e, attached.

Proof. We follow the elegant approach in [M3, Sect.1.3]. There exist ¢ > 0 and
local coordinates (x') in an open neighborhood U of p with the following
properties.

¢ The region { |f—c|] < 8} is compact and contains no critical point of f other
than p.
« x'(p) =0, Vi, and the image of U under the diffeomorphism
(x',....x") U —>R"

contains the closed disk

D = {Xz(xi)2 < 28}.
flo=c=Y (") +) (x)

i<A j>A
We set
x_ = (x', ..., x%0,...,0), u_:= Z(xi)z,
i<\
xp = (0,...,0,x XM, uy o= Z(xj)z.
j>A
We have

flp=c—u_+uy.

We fix a smooth function p : [0,00) — R with the following properties (see
Fig.2.8).

p(0) > e, u(@) =0, Vi=2e, (2.5)
1<y (@) <0, Vt>0. (2.6)

Now let (see Fig.2.8)
h:= ) >e, r:=min{t; wu() =0} <2e.

Define
F:M—>R, F=f-—puu-+2uy),
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1

h

Fig. 2.8 The cutoff function p

so that along D we have
Fly=c—u_+uy — p(u— + 2uy),

while on M \ D we have F = f.
Lemma 2.8. The function F satisfies the following properties.

(a) F is a Morse function,

Crr =Cry, F(p)<c—e, and F(q) = f(q), Yq € Crs\{p}.

(b) {f <alC{F<al,VaeR{F<c+8 ={f<c+8,V¥6>e

Proof. (a) Clearly Crr N(M \ D) = Cry N(M \ U). To show that Crr N D =
Cry N D, we use the fact that along D we have

F=f—uu_+2uy), dF = —(1 + p/)du— + (1 — 2 )du.
The condition (2.6) implies that du_ = 0 = du at every critical point g of F in
U,sothatx_(q) = 0,x4+(q) = 0,i.e.,q = p.Clearly F(p) = f(p)—pn(0) <
¢ — ¢. Clearly p is a nondegenerate critical point of F.
(b) Note first that
F<f={f<a}C{F <a}, YaekR
Again we have
{(F<c+8n (M\D)={f=c+8nM\D),
so we have to prove
{F<c+déNDC{f<c+d6;ND.
Suppose g € {F < c¢ + 8} N D and set ux+ = u4(g). This means that

u— +uy <2¢ ugp <u_~+8+ pu(u—+ 2uy).
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Using the condition —1 < u’, we deduce
w() = pu(t) —pnRe) <2e—t <25—t, Vt <2e.
If u_ + 2uy < 2¢, we have

u—+ 8+ p(u—+2uq) <36 —2uy = uq <94
=uy—u_<8§= f(q) <c—+5é.

Ifu_ + 2uy > 2¢,then f(q) = F(q) <c +e. |

The above lemma implies that F is an exhaustive Morse function such that the
interval [¢ — &, ¢ + €] consists only of regular values. We deduce from Theorem 2.6
that { F < ¢ + ¢} is diffeomorphic to { F < ¢ — &}. Since

[F<ct+el={f<c+e},

it suffices to show that { F < ¢ — ¢} is diffeomorphic to { f < ¢ — ¢} with a
A-handle attached.
Denote by H the closure of

{F<c—e}\{f<c—g}={F=<c—e}n{f>c—e}
Observe that
H={F§c—s}ﬂ{f26—s}CD.

The region H is described by the system of inequalities

u— + uy <2e,
f=—u_+up > —e, po= p(u— + 2uy).
F=—-u_+4uy —pn<-sg

Its boundary decomposes as 0H = d_ H U 04 H, where

9 H — u— +uy <2 f =—u_~+uy = —¢,
T | F=—u_+uy—p<—e

and
Uu— + uy < 2e,

0+H =1 f=-u_+uy>—s
F=—-u_ 4uy—p=-—e
Let us analyze the region R in the Cartesian plane described by the system of
inequalities

X, >0, x+y<2 —x4+y—pux+2y)<—e —x+4+y>-—c
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Fig. 2.9 A planar convex region

The region
{(y—x=>—-e, x+y<2, x,y=>0}

is the shaded polygonal area depicted in Fig.2.9. The two lines y —x = —¢ and

X + y = 2¢ intersect at the point Q = (3—25, 7). We want to investigate the equation

—x+y—pulx+2y)+e=0.

Set
Ne(y) = —x +y—pulx +2y) +e

Observe that since p(x) > ©(0) — x, we have
Nx(0) = —x — pu(x) + & < —p(0) + & <0,
while
lim 7.(y) = oo.
y—>00

Since y + n,(y) is strictly increasing there exists a unique solution y = s(x) of
the equation 7, (y) = 0. Using the implicit function theorem, we deduce that s(x)
depends smoothly on x and

d 1 !
d _ 1+ e [0, 1].
dx  1-2u

The point Q lies on the graph of the function y = s(x), s(0) > 0, and since s'(x) €
[0, 1], we deduce that the slope-1 segment AQ lies below the graph of s(x). We now

see that the region R is described by the system of inequalities

x,y>0, y<s(x), y—x>—¢.
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Fix a homeomorphism ¢ from R to the standard square
S={(-ty)eR} 0=ty <1}
such that the vertices O, A, P, Q are mapped to the vertices
0,0), (1,0), (1,1), (0,1)

(see Fig.2.9). Denote by /; and v; the horizontal and vertical edges of S (see
Fig.2.9). Observe that we have a natural projection

u:H—>R, H>3qm (x.y) = (-(q).us(q)).

Its image is precisely the region R, and we denote by ¢ = (¢_, 7+) the composition
@ o u. We now have a homeomorphism

H—H, =D"xD"*,

H 3 g+ (t-(9)0-(q). 14+(q)0+(q) ) € D* x D",
where

0+(q) = uy"*(9)x+(q)

denote the angular coordinates in
S ={u_=1 x4 =0} ="

and

Sy={ur =1 x_=0}=85""".

Then d.+ H corresponds to the part of H mapped by u onto /,, and d— H corresponds
to the part of H mapped by u onto v,. The core is the part mapped onto the
horizontal segment /1, while the cocore is the part of H mapped onto vy. This
discussion shows that indeed {F <c-— s} is obtained from { f <c- 8} by
attaching the A-handle H. O

Remark 2.9. Suppose that ¢ is a critical value of the exhaustive Morse function
f : M — Rand the level set f~!(c) contains critical points py, ..., py with Morse
indices A1, ..., Ax. Then the above argument shows that for ¢ > 0 sufficiently small
the sublevel set { f < ¢ + ¢} is obtained from { f < ¢ — &} by attaching handles
H,,..., H; ofindices Ay, ..., Ak. O

Corollary 2.10. Suppose M is a smooth manifold and f: M — R is an exhaustive
Morse function on M. Then M is homotopy equivalent to a C W -complex that has
exactly one A-cell for every critical point of f of index A. O
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Fig. 2.10 Planar pentagons

Example 2.11 (Planar pentagons). Let us show how to use the fundamental struc-
tural theorem in a simple yet very illuminating example. We define a regular planar
pentagon to be a closed polygonal line in the plane consisting of five straight-line
segments of equal length 1. We would like to understand the topology of the space
of all possible regular planar pentagons.

Consider one such pentagon with vertices Jy, J1, J, J3, J4 such that

dist (Jl', Ji+1) =1.

There are a few trivial ways of generating new pentagons out of a given one. We can
translate it, or we can rotate it about a fixed point in the plane. The new pentagons
are not that interesting, and we will declare all pentagons obtained in this fashion
from a given one to be equivalent. In other words, we are really interested in orbits
of pentagons with respect to the obvious action of the affine isometry group of the
plane.

There is a natural way of choosing a representative in such an orbit. We fix a
cartesian coordinate system and we assume that the vertex J is placed at the origin,
while the vertex Jy lies on the positive x-semiaxis, i.e., J4 has coordinates (1, 0)
(Fig.2.10).

Note that we can regard such a pentagon as a robot arm with four segments such
that the last vertex Jy is fixed at the point (0, 1). Now recall some of the notation in
Example 1.5.

A possible position of such a robot arm is described by four complex numbers,

2,24, |z =1, Vi =1,2,3,4.

Since all the segments of such a robot arm have length 1, the position of the vertex
Ji is given by the complex number z; + -+ + z.

The space C of configurations of the robot arm constrained by the condition that
J4 can only slide along the positive x-semiaxis is a three-dimensional manifold. On
C we have a Morse function

h:C —R, h(z) =Re(zi + 20 + 23 + 24),

which measures the distance of the last joint to the origin. The space of pentagons
can be identified with the level set {h = 1}.
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o o ° e 0
Jo J4
o——6—8——
Jo Ja
o0— —=38 =
Jo Jo g, s

o—F——6— o

Jo Ja

Fig. 2.11 Ceritical positions

Consider the function f = —h : C — R. The sublevel sets of f are compact.
Moreover, the computations in Example 1.10 show that f has exactly five critical
points, a local minimum

(1,1, 1, 1),

and four critical configurations of index 1
(L L L=, (ILL=1L1, (I,=1L11), (-1, 1,1,1),

all situated on the level set {h = 2} = {f = —2}. The corresponding positions of
the robot arm are depicted in Fig. 2.11.

The level set { f=-1 } is not critical, and it is obtained from the sublevel set
{f < —3} by attaching four 1-handles.

The sublevel set { f < —3} is a closed three-dimensional ball, and thus the
sublevel set { f < —1} is a 3-ball with four 1-handles attached. Its boundary,
{ f=- } is, therefore, a Riemann surface of genus 4. We conclude that the
space of orbits of regular planar pentagons is a Riemann surface of genus 4. For
more general results on the topology of the space of planar polygons, we refer to
the very nice papers [FaSch, KM]. We will have more to say about this problem
in Sect. 3.1. O

Remark 2.12. We can use the fundamental structural theorem to produce a new
description of the trace of a surgery. We follow the presentation in [M4, Sect. 3].

Consider an orthogonal direct sum decomposition R” = R* @ R"~*. We denote
by x the coordinates in R* and by y the coordinates in R”~*. Then identify

D* = {x eR*; |x| < 1}, D"t = {y eR": |y < 1},
Hy = {(x,y) €R™; |x|.|y| = 1}.

Consider the regions (see Fig.2.12)
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Fig. 2.12 A Morse theoretic picture of the trace of a surgery

Byi={(x.7) €R" —l<—xP+ P <1 0= x| |yl <r}.

By ={(x.y) € By |x|-|y| >0}
The region Bj has two boundary components (see Fig.2.12)

3+ By = {(x,y) € By; —|x|*+|y|* = £1}.
Consider the functions
LhiR" >R, f(x,y) =—xP+ |y hx,y) = Ix]-]yl,
so that
By={-1=<f<1 0<h<r}, 3+Bi={f==%1, O<h<r}.

Denote by U the gradient vector field of f. We have

U=-U+Uy, U =2) x0,. U=2) y/d,.
i J

The function £ is differentiable in the region 2 > 0, and

Vh = ll'x + my.
Xl 1yl
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We deduce
U-h=(Vh,U)=0.

Define V = U#_fU.We have
V-f=1, V-h=0.

Denote by I; the flow generated by V. We have
d I d I
Ef(]“,z)z 1, VzeR", and 5h(1}z) =0, VzeR", h(z) > 0.

Thus, & is constant along the trajectories of V, and along such a trajectory f
increases at a rate of one unit per second. We deduce that for any z € d_B, we
have

f(hz) = =141, h(Ii2) = h(z) € (0, 1).

We obtain a diffeomorphism
W [=1,1]x 0-B) — By, (t,2) —> [1+1(2).

Its inverse is
By wi— (fW). I syw).

This shows that the pullback of f : B, — R to [-1,1] x d_B) via ¥ coincides
with the natural projection

[-1,1] x 0_B) — [-1,1].
Moreover, we have a diffeomorphism
(1} x 9_B; —> 9. B;.
Now observe that we have a diffeomorphism
@ (D" 4\ {0}) x S*! — _B;,

(D"*\{0}) x §*7" 5 (u,v) > (cosh(|ul)v, sinh(|u))6, ) € R* x R"™*,
L u
ol

Suppose M is a smooth manifold of dimension /77 — 1 and we have an embedding
o D" s s M.

Consider the manifold X = [—1, 1] x M and set

X' =X \¢([—1, 1] x {0} x SH).
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Denote by W' the manifold obtained from the disjoint union X U B, by identifying
B C B) with an open subset of [—1, 1] x M via the gluingmap y = po® oW,
—1

—1 .
By Lo 1 1) x 0By T 1 1] x (D" {0}) x $P71 S 1, 1] x M.

Via the above gluing, the restriction of f to B, is identified with the natural
projection i : X’ — [—1,1], i.e.,

v (f18) = 7lys)-
Gluing 7 and y* f we obtain a smooth function
F:W —[-1,1]

that has a unique critical point p with critical value F(p) = 0 and Morse index A.
Set
W = {we W: F(w) Sa}.

We deduce from the fundamental structural theorem that W'/2 is obtained

from W~/2 =~ M by attaching a A-handle with framing given by ¢. The

region {—1 < F < 1} is, therefore, diffeomorphic to the trace of the surgery

M—M(S*, p). O

2.3 Morse Inequalities

To formulate these important algebraic consequences of the topological facts
established so, far, we need to introduce some terminology.

Denote by Z[[t,t™'] the ring of formal Laurent series with integral coefficients.
More precisely,

Y ay" €Zf[t.17] <= a, =0 Yn K0, ay €Z, Vm.
nez
Suppose F is a field. A graded [F-vector space
4. =P 4,
nez

is said to be admissible if dim A" < oo, Vn, and 4, = 0, Vn < 0. To an admissible
graded vector space A, wWe associate its Poincaré series

Pa (1) := ) (dimg A)1" € Z[[1.17"].

n
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We define an order relation > on the ring Z[[¢,7~'] by declaring that
X(t) = Y(t) <= there exists Q € Z[[t,t~'] with nonnegative coefficients

such that
X)) =Yt)+ (A +1)0(). 2.7

Remark 2.13. (a) Assume that
X@) =) xat" €Z[[t.17'], Y(@) =D yut" € Z[[t.17"]
are such that X > Y. Then there exists Q € Z[[¢,7~!] such that
XO)=YO) +(1+00@), Q@)=Y qut", ¢.=0.
n

Then we can rewrite the above equality as

I+0)7'X(0) =1 +0)7"'Y(0) + Q@).

Using the identity
A+07" =) (="
n>0
we deduce
DDk =Y (D ek = a2 0.

k>0 k>0

Thus the order relation > is equivalent to the abstract Morse inequalities

n
X>Y <= (s =) (D yus, Vn=o0. (2.8)
k=0 k>0

Note that (2.7) implies immediately the weak Morse inequalities
Xn = Yn, Yn>0. 2.9)
(b) Observe that > is an order relation satisfying
X>Y << X+R>Y+R, VYReZ[t.17"],

X>Y Z>0—=X-Z>Y- -Z. |
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Lemma 2.14 (Subadditivity). Suppose we have a long exact sequence of
admissible graded vector spaces Ae, Be, Co

ik Jk g
---—)Ak—>Bk—>Ck—>Ak_1—>--'.

Then,
Pa, + Pc, > Pg,. (2.10)
Proof. Set
i = dim Ak, bk = dim Bk, C = dim Ck,
ax = dimkeriy, Bx = dimker ji, yx = dimker 0.
Then,

ar = o + Pk
b =P+ = ar—Dbp+ck=ap+ o
Ck = Yk + Qg—1

= Y (ax = b+ et =Y Mo + o)
k k

—> Pa, (1) = Pp, (1) + Pe, () = (1 +0)01), Q1) = ) axt. .
k

For every compact topological space X, we denote by by (X) = by (X, ) the kth
Betti number (with coefficients in )

bk(X) ;= dim Hk(X, IF),

and by Px(t) = Pxr(t) the Poincaré polynomial

Pygp(t) =Y be(X.F)it.
k

If Y is a subspace of X then the relative Poincaré polynomial Py y (¢) is defined in
a similar fashion. The Euler characteristic of X is

A(X) = (=D bi(X),

k>0

and we have the equality
x(X) = Px(=1).
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Fig. 2.13 Slicing a manifold by a Morse function

Corollary 2.15 (Topological Morse inequalities). Suppose f:M — R is a
Morse function on a smooth compact manifold of dimension M with Morse
polynomial

Pr(t) =Y prM)t.
A
Then, for every field of coefficients F we have

Pf(l) > PM,[F(I).

In particular,

D (=Drup(A) = Py(=1) = Pyp(=1) = x(M).
A>0

Proof. Letc) < ¢y < --- < ¢, be the critical values of f. Set (see Fig.2.13)

Ck + Ck+1

h=c—11,=c,+1, = 2

, k=1,...,v—1,

M; ={f <t}, 0<i<v.

For simplicity, we drop the field of coefficients from our notations.

From the long exact homological sequence of the pair (M;, M;_;) and the
subadditivity lemma, we deduce

PM,-_1 + PMi-,Mi—l > PM..

i

Summing overi = 1,...,v, we deduce

v v v v
ZPMi—l +ZPM;\M1‘—1 > ZPMi - ZPMk,Mk—l > Py
k=1

i=1 i=1 i=1
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Using the equality M, = M, we deduce

vV
E PM[,M[_I > PM.

i=1

Denote by Cr; C Cr/ the critical points on the level set { f = c¢;}. From the
fundamental structural theorem and the excision property of the singular homology,
we deduce

H.(M,',Mi_l;F) = @ H.(Hl(p),a_HW);IF) = @ H.(eMP),BeMp);IF).

peCr; p€ECr;

Now observe that Hy (ey, de,;F) = 0, Vk # A, while H) (e;, dey;F) =~ IF. Hence

PMi»Mi—l(Z) = Z tk(p)-

pECr;

Hence,

Pr(t) =Y Py, (1) = Py. 8]

i=1
Remark 2.16. The above proof yields the following more general result. If
Xic---CcX,=X

is an increasing filtration by closed subsets of the compact space X, then

> Pyx, (1) = Px(1). o
i=1

Suppose F is a field and f is a Morse function on a compact manifold. We
say that a critical point p € Cry of index A is F-completable if the boundary
of the core e, (p) defines a trivial homology class in Hy—; (M ‘7%, F), ¢ = f(p),
and 0 < & < 1. We say that f is F-completable if all its critical points are
F-completable.

We say that f is an F-perfect Morse function if its Morse polynomial is equal to
the Poincaré polynomial of M with coefficients in F, i.e., all the Morse inequalities
become equalities.

Proposition 2.17. Any F-completable Morse function on a smooth, closed, com-
pact manifold is F-perfect.

Proof. Suppose f:M — R is a Morse function on the compact, smooth
m-dimensional manifold. Denote by ¢; < -+ < ¢, the critical values of M and
set (see Fig.2.13)

Ci + Ciyl

th=c1—1,t,=c, +1, t; ;.= — i=1,...,v—1.
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Denote by Cr; C Cr/ the set of critical points on the level set { f/ = ¢;}. Set
M; :={f < t;}.From the fundamental structural theorem and the excision property
of the singular homology, we deduce

Ho(M;, M;_;;F) = @ He(Hj (), 0-Hj(p): F) = EB He(en(p), 0ex(p): ).
p€eCr; PECr;

Now, observe that Hy(e;,dey;F) = 0, Vk # A, while H)(ey,de;;F) = F.
This last isomorphism is specified by fixing an orientation on e; (p), which then
produces a basis of H,(H,,d_H,;F) described by the relative homology class
[ek, aek].

The connecting morphism

9
Ho(M;. M;—:F) — He—1(M;-1,F)
maps [ey, dey(p)] to the image of [de;] in Hj(p)—1(M;—1,F). Since f is F-

completable, we deduce that these connecting morphisms are trivial. Hence for
every 1 <i < v we have a short exact sequence

0— Ho(M;—1.F) > Ho(M;.F) > @ Huler(p). den(): F) — 0.

pGCr,'
Hence,
Py (1) = Py p(1) + Y M7
p€eCr;
Summing over i = 1,...,v and observing that My = @ and M, = M, we
deduce
Pyrp(t) = Z Z M) = Pr(t). O

i=1 peCr;
Let us describe a simple method of recognizing completable functions.

Proposition 2.18. Suppose f : M — R is a Morse function on a compact manifold
satisfying the gap condition:

A(p) —A(@)| #1. Vp.q€Cry.

Then, f is F-completable for any field F.

Proof. We continue to use the notation in the proof of Proposition 2.17. Set

A= {Ap); peCrs}, A ={AMp): peCri|CL
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The gap condition shows that
Ae A= At e€Z\ A. (2.11)
Note that the fundamental structural theorem implies
H(M; Mi_;F) =0 keZ\ A, (2.12)

since M,/ M;_, is homotopic to a wedge of spheres of dimensions belonging to A.
We will prove by induction over i > 0 that

kGZ\A:>Hk(M,',F):O, (A4)
and that the connecting morphism
0 He(M;, Mi—; F)—> Hj—1 (M; -1, F) (Bi)

is trivial for every k > 0.

The above assertions are trivially true for i = 0. Assume i > 0. We begin by
proving (B;).

This statement is obviously true if Hy(M;, M;—_;;F) = 0, so we may assume
Hy(M;, M;_;F) # 0. Note that (2.12) implies k € A, and thus the gap condition
(2.11) implies thatk — 1 € Z \ A.

The inductive assumption (A4;_;) implies that H;,_{(M;—1,F) = 0, so that the
connecting morphism

0: Hi(Mj, M;—1;F) — Hy—1(M;—,F)
is zero. This proves (B;). In particular, for every k > 0 we have an exact sequence
0— Hy(Mi—,F) - Hy(M;,F) > H(M;, M;—; F).

Suppose k € Z\ A. Then Hy, (M;, M;_1;F) = 0,so that Hy(M;,F) =~ H(M;_,F).
From (A;_), we now deduce Hy(M;_;,[F) = 0. This proves (4;) as well.

To conclude the proof of the proposition observe that (B;) implies that f is
[F-completable. O

Corollary 2.19. Suppose f: M — R is a Morse function on a compact mani-
fold whose critical points have only even indices. Then, f is a perfect Morse
function. ]

Example 2.20. Consider the round sphere

S"=1(0 ) e R Y P =1}.
i
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The height function
h,:S" - R, (xO,...,x") — x°

is a Morse function with two critical points: a global maximum at the north pole
x° = 1 and a global minimum at the south pole x° = —1.
For n > 1, this is a perfect Morse function, and we deduce

Psu(t) = Py, (1) = 1 +1".
Consider the manifold M = S™ x S". For [n —m| > 2 the function
Rpn : ST xS" >R, S"xS"> (x,y) > hp(x) + h,(y),
is a Morse function with Morse polynomial
Py, (t) = Py, (1) Py, (t) = 1+ 1" + 1" + "7,

and since |[n —m| > 2, we deduce that it is a perfect Morse function. O

Example 2.21. Consider the complex projective space CP" with projective coordi-
nates [z, . . . , Z,] and define

Z’l‘=1j|zj|2
:(C]P)n—)R, 205215+ 52r :J—
f f([ 0 1 1]) |Z0|2 + ...+ |Zn|2

We want to prove that f is a perfect Morse function.
The projective space CPP” is covered by the coordinate charts

Ve={z#0}, k=01,....n,

with affine complex coordinates

U:ﬂ@:%Jewmmmﬂ%}

Fix k and set
o] = o) =) |
iF#k
Then,
=(k+ o/ 12) (1 + o)7L
Fln=(k+ 200/ R) 0+ P

J#k —:b(v)

=:k+a(v)
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Observe that db = —b2d|v|? and

df [y, = bda — (k + a)b*dv]> = b> > (j(1 + [v]*) = (k + @) )d|o/ |
Jj#k
=Y (G =k + (vP —a))dl/|.
Jj#k
Since A o o
djv/ |? = v/ dv’ + v/ dv/,

and the collection {dv/,d%/; Jj # k} defines a trivialization of T*V; ® C we
deduce that v is a critical point of f |y, if and only if

(jA+ ) —(k+a))v/ =0, Vj#k

Hence, f |y, has only one critical point p; with coordinates v(k) = 0. Near this
point we have the Taylor expansions

A+ ) =1=]of +--,
fln=&+a@)Q =P+ )=k+ > =P/ P+
J#i

This shows that Hessian of f at py is

Hyp = 2Z(j —k)(x? —i—y?), v/ = x; + yji.
j#k

Hence, py is nondegenerate and has index A(py) := 2k. This shows that f is a
Q-perfect Morse function with Morse polynomial:

1— tZ(rrH)
1—12

Pepi(1) = Py(t) = Y 17 =

Jj=0

Let us point out an interesting fact which suggests some of the limitations of the
homological techniques we have described in this section.

Consider the perfect Morse function /1, 4 : S? x S* — R described in Example
2.20. Its Morse polynomial is

Poy=1+1"+1"+1°

and thus coincides with the Morse polynomial of the perfect Morse function
f:CP? — R investigated in this example. However, S x S* is not even homotopic
to CP?, because the cohomology ring of S? x S*% is not isomorphic to the
cohomology ring of CP3. ]
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Remark 2.22. The above example may give the reader the impression that on any
smooth compact manifold, there should exist perfect Morse functions. This is not
the case. In Exercise 6.20, we describe a class of manifolds which do not admit
perfect Morse functions. The Poincaré sphere is one such example. O

2.4 Morse-Smale Dynamics

Suppose f : M — R is a Morse function on the compact manifold M and £ is a
gradient-like vector field relative to f. We denote by &; the flow on M determined
by —&. We will refer to it as the descending flow determined by the gradient, like
vector field .

Lemma 2.23. For every py € M the limits
Pioo(po) := lim P (po)
t—+o0

exist and are critical points of f. O

Proof. Set y(t) = @;(po). If y(¢) is the constant path, then the statement is
obvious. Assume that y(¢) is not constant.
Since £ - f > 0and y (1) = —&£(y()), we deduce that

fo= S ) = afG) =& £ <0

From the condition £ - f > 0 on M \ Cr; and the assumption that y(¢) is not
constant, we deduce

f(t) <0, Vi

Define 24+ to be the set of points ¢ € M such that there exists a sequence ¢, —
+o00 with the property that

lim y(t,) =gq.
n—>o0

Since M is compact, we deduce 2+~ 7# @. We want to prove that 24, consist of
a single point which is a critical point of f. We discuss only 2, since the other
case is completely similar.

Observe first that

W, (200) C 200, ¥t > 0.

Indeed, if ¢ € 20 and y(t,) — ¢, then

V(tn + t) = 'I/I(V(l”)) g "I/t(q) € £2c0.
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Suppose qo, g1 are two points in §2.,. Then there exists an increasing sequence
t, — oo such that

Y(tanti) = qi. 1 =0,1, trq1 € (tan, ant2).
We deduce

fy(t2)) > f(y(tant1) > f(y(t2ng2)).

Letting n — oo, we deduce f(qo0) = f(q1), Vq0,91 € 200, SO that there exists
¢ € R such that

200 C [7H(e).
If g € 200 \ Cry, thent — ¥;(q) € 2« is a nonconstant trajectory of —§
contained in a level set f~!(c). This is impossible since f decreases strictly on
such nonconstant trajectories. Hence,

.QOOCCI‘f.

To conclude it suffices to show that 2o, is connected. Denote by € the set of
connected components of £24,. Assume that #C > 1. Fix a metric d on M and set

§ := min{dist (C,C"); C,C' €€, C#C'}>0.

Let Cy # C; € Cand ¢; € C;,i = 0, 1. Then, there exists an increasing sequence
t, — oo such that

Y(tanti) = qis 1 =0,1, tryq1 € (t2n, Lant2).
Observe that

limdist (y(t24), Co ) = dist (g0, Co) = 0,
limdist (¥ (f2n+1). Co ) = dist (g1, Co) > §.

From the intermediate value theorem we deduce that for all n > 0 there exists
Sn € (t2i’ls Z‘2n+1) such that

)
dist (y(s,,), Co) =5

A subsequence of y(s,) converges to a point ¢ € 2 such that dist (¢, Cp) = %
This is impossible since g € 2.0 C Cry\Cy. This concludes the proof of
Lemma 2.23. O
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Suppose f : M — R is a Morse function and py € Cry, co = f(po). Fix a
gradient-like vector field £ on M and denote by @, the flow on M generated by —£.
We set

Wi =Wy (6) 1= @Li(po) = {x € M: lim &(x) = py

W;OE (&) is called the stable/unstable manifold of p, (relative to the gradient-like
vector field £). We set

+ +
SE@)=Won{f=cxe}
Proposition 2.24. Let m = dim M, A = A(f. po). Then W, is a smooth manifold

homeomorphic to R, while W;O' is a smooth manifold homeomorphic to R" .

Proof. We will only prove the statement for the unstable manifold, since —£ is
a gradient-like vector field for — f* and W;g (&) = W, (=§). We will need the
following auxiliary result.

Lemma 2.25. For any sufficiently small ¢ > 0, the set S, (¢) is a sphere of
dimension A — 1 smoothly embedded in the level set { f = co — &} with trivializable
normal bundle.

Proof. Pick local coordinates x = (x_, x4+) adapted to p,. Fix & > 0 sufficiently
small so that in the neighborhood

U= {|)c_|2 +x_)? < r
the vector field £ has the form

—2x_0y_ + x40y, = —2inaxf + 2fo'a_x;.

i<A j>A

A trajectory @;(gq) of —&, which converges to pg as t — —oo must stay inside U
for all t < 0. Inside U, the only such trajectories have the form e* x_, and they are
all included in the disk

D, (r) = {x+ =0, |x_|*< r}.

Moreover, since f decreases strictly on nonconstant trajectories, we deduce that if
g < r, then

S, (e) = oD, (e). O
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Fix now a diffeomorphism u : S*~' — S (¢). If (r,6), 6 € S*7', denote the
polar coordinates on R*, we can define

F:R'—> W, F(r.0)= ¢%logr(u(9))'

The arguments in the proof of Lemma 2.25 show that F is a diffeomorphism. O

Remark 2.26. The stable and unstable manifolds of a critical point are not closed
subsets of M . In fact, their closures tend to be quite singular, and one can say that
the topological complexity of M is hidden in the structure of these singularities. O

We have the following fundamental result of Smale [Sm].

Theorem 2.27. Suppose f : M — R is a Morse function on a compact manifold.
Then there exists a gradient-like vector field & such that for any po, p1 € Cry the
unstable manifold W, (§) intersects the stable manifold WPT (&) transversally.

Proof. For the sake of clarity we prove the theorem only in the special case when
f is nonresonant, i.e., every level set of f contains at most one critical point. The
general case is only notationally more complicated. Let

Ap={ey<-<e)

be the set of critical values of f. Denote by p; the critical point of f on the level
set { f = ¢;}. Clearly W, intersects WpJr transversally at p, Vp € Cry.
In general, Wp*i' N Wp; is a union of trajectories of —& and

W W, #0= f(p) < f(p;) <i <.

Note that if r is a regular value of f, then the manifolds Wpi (&) intersect the level

set { f = r} transversally, since £ is transversal to the level set and tangent to W*.
For every regular value r we set

W), = WrE) N{f =r}

Observe that
Wy (6) h W,E(§) <= W, (©)r h W, (©),,

for some regular value f(p;) <r < f(p;).
For any real numbers ¢ < b such that the interval [a, b] contains only regular
values and any gradient-like vector field &, we have a diffeomorphism

@, f =a}—{f = b}
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obtained by following the trajectories of the flow of the vector field

1
= 2.13
(6) = 78 (2.13)

along which f increases at a rate of one unit per second. We denote by CDE p 1ts
inverse. Note that

WEE)a =0, (WEE). WEE©H = 0, (WE®)).

Foreveryr e R,weset M, .= {f =r}.

Lemma 2.28 (The main deformation lemma). Suppose a < b are such that [a, b]
consists only of regular values of f. Suppose h : My — My, is a diffeomorphism of
M), isotopic to the identity. This means that there exists a smooth map

H:[0,1] x My — My, (t,x) = hi(x),

such that x w— h;(x) is a diffeomorphism of My, ¥Vt € [0, 1], hg = 1, and hy = h.
Then, there exists a gradient-like vector field n for f which coincides with & outside
{a < f < b} and such that the diagram below is commutative:

h

Proof. For the simplicity of exposition we assume thata = 0, b = 1, and that the
correspondence ¢ +— h, is independent of ¢ for ¢ close to 0 and 1. Note that we have
a diffeomorphism

W0, 1] x My - {0 < f <1}, (1,x) > & (x) € {f =1}.

Its inverse is
y = (f(J’)7 @f,f(y)(y)).
Using the isotopy H we obtain a diffeomorphism

H:=1[0,1] x M; — [0,1] x My, H(t,x) = (¢, h:(x)).

It is now clear that the pushforward of the vector field (§) in (2.13) via the
diffeomorphism

F=WoHoUu {0 f<l}>{0<f=<1}
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is a vector field 7, which coincides with (§) near My, M|, and satisfies 7j - f = 1.
The vector field

n=&-/)n
extends to a vector field that coincides with £ outside {0 < f < 1} and satisfies
(n) = 7. Moreover, the flow of (n) fits in the commutative diagram

MI_F’MI

n
¢1S,0‘ ‘d’m

My —— Mo

Now, observe that F'|y, = 1, and
Fy = @5 @ =h =h |
M, L1711 1 :

Lemma 2.29 (The moving lemma). Suppose X and Y are smooth submanifolds
of the compact smooth manifold V, and X is compact. Then, there exists a
diffeomorphism of h : V. — V isotopic to the identity* such that h(X) intersects Y
transversally. O

We omit the proof which follows from the transversality results in [Hir, Chap. 3]
and the isotopy extension theorem [Hir, Chap. 8].

We can now complete the proof of Theorem 2.27. Let | < k < v. Suppose we
have constructed a gradient-like vector field & such that

WEE) D W ©). Vi< <k

We will show that for ¢ > 0 sufficiently small there exists a gradient-like vector
field n which coincides with £ outside the region {cx4+; — 26 < f < cx4+1 — €} and
such that

—_ + .
W (Wi, Vj <k

For ¢ > 0 sufficiently small, the manifold W (6) ¢4, —e 18 a sphere of dimension

A(pr+1) — 1 embedded in { f = cj41 — €}. We set
a:=cg+1—2¢, bi=cry1—e,
and

X, = J W, .

J=<k

2The diffeomorphism / can be chosen to be arbitrarily C°-close to the identity.
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Prs1

W_(pk+1/§)

et
g

W*(p, )

Pk
Fig. 2.14 Deforming a gradient-like flow

Using the moving lemma, we can find a diffeomorphism & : M, — M, isotopic to
the identity such that (see Fig.2.14)

h(Xy) D W, (€. (2.14)

Using the main deformation lemma we can find a gradient-like vector field 7,
which coincides with & outside {a < f < b} such that

§
@Zﬂ =ho Dy -
Since 7 coincides with £ outside {a < f < b}, we deduce
WEma =W, e Vi <k, Wy (=W, (s
Now observe that

W)y = &) W, (e = hdy W, (E)a = AW, (),

J

and we deduce from (2.14) that
W, me D W, (s, Vi <k

Performing this procedure gradually, from k = 1 to k = v, we obtain a gradient-
like vector field with the properties stipulated in Theorem 2.27. O

Definition 2.30. (a) If f : M — R is a Morse function and £ is a gradient like
vector field such that

W, (&) h W (). ¥p.qeCry,
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then we say that (f, &) is a Morse—Smale pair on M and that £ is a Morse—Smale
vector field adapted to f.

Remark 2.31. Observe that if (f, &) is a Morse—-Smale pair on M and p,q € Cry
are two distinct critical points such that A s (p) < A r(g), then
Wy ) N W) = 0.
Indeed, suppose this is not the case. Then
dim W, (§) + dim W, (§) = dim M + (A(p) — A(g)) < dim M,
and because W, () intersects WqJr (&) transversally, we deduce that
dim(W, (&) N W5 (§)) = 0.
Since the intersection W, (§) N WqJr (&) is flow invariant and p # ¢, this zero

dimensional intersection must contain at least one nontrivial flow line. O

Definition 2.32. A Morse function f : M — R is called self-indexing it

f(p) =As(p), VpeCry.

Theorem 2.33 (Smale). Suppose M is a compact smooth manifold of dimension
m. Then there exist Morse—Smale pairs (f, &) on M such that f is self-indexing.

Proof. We follow closely the strategy in [M4, Sect.4]. We begin by describing
the main technique that allows us to gradually modify f to a self-indexing Morse
function.

Lemma 2.34 (Rearrangement lemma). Suppose f : M — R is a Morse function
such that 0, 1 are regular values of f and the region {0 < f < 1} contains precisely
two critical points po and p,. Furthermore, assume that £ is a gradient-like vector
field on M such that

W(po.§) N W(p1.5)N{0 = f =1} =0,

where we have used the notation W(p;) = W;l_' Uw,.
Then for any real numbers ag,a; € [0,1] there exists a Morse function
g . M — R with the following properties:

(a) g coincides with f outside the region {0 < f < 1}.
(b) g(pl) =a;, Vi =0,1.

(c) f — g is constant in a neighborhood of { po, p1}.
(d) & is a gradient-like vector field for g.
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Fig. 2.15 Decomposing a Morse flow

Proof. Let

W= (W@ UWL®UWH@UW,©)n{os £ =<1},
My = {f =0}, M{=My\ (W;() UW5(®)),
W, (©)o := Wy (§) N Mo,

Denote by (&) the vector field ﬁé on {0 < f <1}\ W and by <1§f its flow. Then,

Q)f defines a diffeomorphism
W0, 1] x My —{0< f <1\ W, (1,x) > & (x).

Its inverse is

ye Ty = (f (). 95 ) (y))-

Choose open neighborhoods U; of W, (§)o in M such that U N U’ = @. This is
possible since W(po) N W(p1) N My = 0.

Now, fix a smooth function u : My — [0, 1] such that u = i on U;. Denote by
U; the set of points y in {0 < f < 1} such that either y € Wplf (&), or the trajectory
of —¢& through y intersects My in U;, i = 0, 1 (see Fig.2.15). We can extend u to a
smooth function i on {0 < f < 1} as follows.

Ifyéd (Uo u Ul), then ¥~!(y) = (1, x), x € My \ (Up U Uy), and we set

A(y) == p(x).

Then, we set fi(y) =i, Vy € U.
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Now, fix a smooth function G : [0, 1] x [0, 1] — [0, 1] satisfying the following
conditions:

e ¥(s,1)>0,V0<s,1=1.

e G(s,0)=0,G(s,1) = 1.

e G(s,t) = t near the segments ¢ = 0, 1.

* G(@,1)—t =(a; — f(p:)) fort near f(p;).

We can think of G as a one-parameter family of increasing diffeomorphisms
G, :[0,1] = [0, 1], s+ G(t) = G(s,1)

such that Go(f(po)) = ao and G1(f(p1)) = a.
Now define

h:{0=<f =13 = [0.1]. h(y) =G(@(y). f(¥).

It is now easy to check that g has all the desired properties. O

Remark 2.35. (a) To understand the above construction it helps us to think of the
Morse function f as a clock, i.e., a way of indicating the time when a flow line
reaches a point. For example, the time at the point y is f(y).

We can think of the family s — Gy as one-parameter family of “clock
modifiers.” If a clock indicates time ¢ € [0, 1], then by modifying the clock
with Gy it will indicate the time Gy(t).

The function & can be perceived as a different way of measuring time,
obtained by modifying the “old clock” f using the modifier G,. More precisely,
the new time at y will be G, (f()).

(b) The rearrangement lemma works in the more general context, when instead of
only two critical points, we have a partition Cy LI C, of the set of critical points
in the region {0 < f < 1} such that f is constant on Cy and on Cj, and
W(po.&) N W(p1,§) =0,V po € Co, Vp1 € Cy. o

We can now complete the proof of Theorem 2.33. Suppose that ( f, £) is a Morse—
Smale pair on M such that f is nonresonant. Remark 2.31 shows that

p#q and A(p) < A(q) => W, (§) N W, () = 0.

We say that a pair of critical points p, g € Cr is an inversion if

A(p) < A(g) and f(p) > f(q).

We see that if (p, ¢) is an inversion, then

Wy (6 NW;HE) = 0.
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Using the rearrangement lemma and Theorem 2.27 we can produce inductively a
new Morse—Smale pair (g, n) such that Cr, = Cr/, and g is nonresonant and has
no inversions.

To see how this is done, define the level function

Ly :Cry — Zso. Lp):=#{geCrs: flg) < [f(p)}.

denote by v( f) the number of inversions of f, and then set

n(f) = max{ Lr(q); (p,q) inversion off}.

If v(f) > 0, then there exists an inversion (p, ¢) such that £ s (p) = pu(f) + 1 and
Ls(q) = u(f). We can then use the rearrangement lemma to replace f with f’
such that v( /') < v(f).

This implies that there exist regular values rop < r; < --- < 1y, such that all the
critical points in the region {ry < g < r)+;} have the same index A.

Using the rearrangement lemma again (see Remark 2.35(b)) we produce a new
Morse—Smale pair (h, t) with critical values ¢y < -+ < ¢, and all the critical
points on {# = ¢, } have the same index A.

Finally, via an increasing diffeomorphism of R we can arrange thatc; = A. 0O

Observe that the above arguments prove the following slightly stronger
result.

Corollary 2.36. Suppose (f,&) is a Morse—Smale pair on the compact mani-
fold M. Then, we can modify f to a smooth Morse function g : M — R with
the following properties:

(a) Cry = Cryand A(f,p) = A(g.p) = g(p), Vp € Cry = Cr,.
(b) & is a gradient-like vector field for g.

In particular, (g, §) is a self-indexing Morse—Smale pair. O

Here is a simple application of this corollary. We define a handlebody to be
a three-dimensional manifold with boundary obtained by attaching one-handles
to a three-dimensional ball. A Heegard decomposition of a smooth, compact,
connected 3-manifold M is a quadruple (H—, H4, f, @) satisfying the following
conditions.

e H_ are handlebodies.

e f is an orientation reversing diffeomorphism f : dH_ — dH .

e & is a homeomorphism from M to the space H_ U,y H, obtained by gluing
H_ to H, along their boundaries using the identification prescribed by f.

Theorem 2.37. Any smooth compact connected 3-manifold admits a Heegard
decomposition.
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Proof. Fix a self-indexing Morse—Smale pair ( f, ) on M. The critical values of f
are contained in {0, 1,2, 3}. To prove the claim in the theorem it suffices to show
that the manifolds with boundary

H(f)i={f§%§ and H+(f);={fz%§

are handlebodies. We do this only for H_. The case H4(f) is completely similar
since Hy (f) = H-(3— f).

Observe first that H_ is connected. Indeed, the connected manifold M is
obtained from H_ by attaching 2 and 3-handles and these operations do not change
the number of connected components.

The sublevel set { f < e}, ¢ € (0,1), is the disjoint union of a collection of
three-dimensional balls, one ball for every minimum point of f. The manifold H_
is obtained from this disjoint union of balls by attaching 1-handles, one for each
critical point of index 1.

We can encode this description as a graph I". The vertices of I" correspond to
the connected components of { f < e}, while the edges correspond to the attached
one-handles. The endpoint(s) of an edge indicate how the attaching is performed.
The graph I" may have loops, i.e., edges that start and end at the same vertex. To
such a loop it corresponds a 1-handle attached to a single component of { f < &}.

Since H_ is connected, so is I". Let T be a spanning tree of I', i.e., a simply
connected subgraph of I" with the same vertex set as I". By attaching first the
I-handles corresponding to the edges of 7" we obtain a manifold H(T) diffeo-
morphic to a three-dimensional ball. This shows that H_ is obtained by attaching
1-handles to the three-dimensional ball H(T), so that H_ is a handlebody. O

2.5 Morse-Floer Homology

Suppose that ( £, £) is a Morse—Smale pair on the compact m-dimensional manifold
M such that f is self-indexing. In particular, the real numbers k + % are regular
values of f. We set

1 1 1
M = <k+-¢, ie={k—=<f<k+-;.
Then, Y is a smooth manifold with boundary (see Fig.2.16)

1
8Yk=3_YkU8+Yk, aiYkZ{kaﬂ:E}
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Fig. 2.16 Constructing the Thom—Smale complex

Set
Ck(f) = Hk(Mk,Mkfl;Z), Cl’ﬁk = {p € Cl’f; /\(p) = k} C {f = k}
Finally, for p € Cr 4 denote by D;'E the unstable disk
+ . +
Dy =W, (§) N Y.

Using the excision theorem and the fundamental structural theorem of Morse
theory, we obtain an isomorphism

C(f) = @ Hi(D,.0D;,:Z).

p€ECry

By fixing an orientation or™ (p) on each unstable manifold W~ we obtain isomor-
phisms
Hk(D;, BD;;Z) —Z, p€Cry.

We denote by (p| the generator of Hyx( D, ,dD,;Z) determined by the choice of
orientation or™ (p).

Observe that we have a natural morphism d : Cp — Cj_; defined as the
composition

Hi( My, My—;Z) = Heot (M1, Z) — Hi(Mix—1, My 5; 7). (2.15)
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Arguing exactly as in the proof of [Ha, Theorem 2.35] (on the equivalence of cellular
homology with the singular homology)? we deduce that

o Cf) = G (f) > (2.16)

is a chain complex whose homology is isomorphic to the homology of M. This is
called the Thom—Smale complex associated to the self-indexing Morse function f.
We would like to give a more geometric description of the Thom-Smale
complex. More precisely, we will show that it is isomorphic to a chain complex
which can be described entirely in terms of Morse data.
Observe first that the connecting morphism

Ok« Hie (M, My—1) — Hi—1 (My—1)

can be geometrically described as follows. The relative class (p| € C is represented
by the fundamental class of the oriented manifold with boundary (D;, 8D;).
The orientation or, induces an orientation on aD;, and thus the oriented closed
manifold 9D, defines a homology class in Hyx—i (M1, Z) which represents d(p|.
Assume for simplicity that the ambient manifold M is oriented. (As explained in
Remark 2.40 (a), this assumption is not needed.) The orientation ory; on M and the
orientation or, on D determine an orientation orj; on D;r via the equalities

T,M =T,D, & T,D;. or, Aor] =ory.

Since £ is a Morse—Smale gradient-like vector field, we deduce that BD; and Dj
intersect transversally. In particular, if p € Cry, and g € Cr i1, then

dimdD, +dim D = (k — 1) + dim M — (k — 1) = m,

so that 9D, intersects D ;l" transversally in finitely many points. We denote by (p|q)
the signed intersection number

(plg) :=# (aD; N D;_) , DE Cl‘f;k, q € Cl'f;k_1 .

Observe that each point s in 9D, N D; corresponds to a unique trajectory y(t)
of the flow generated by —¢ such that y(—oo0) = p and y(co) = ¢. We will refer

3For the cognoscienti. The increasing filtration « -+ C My—_; C My C --- defines an increasing
filtration on the singular chain complex Co (M, Z). The associated (homological) spectral sequence
has the property that E;, .= 0 for all ¢ > 0 so that the spectral sequence degenerates at E2 and
the edge morphism induces an isomorphism H,(M) — E }2,.0, The E! term is precisely the chain
complex (2.16).
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to such a trajectory as a tunneling from p to g. Thus (p|q) is a signed count of
tunnelings from p to gq.

Proposition 2.38 (Thom-Smale). There exist ¢, € {£1} such that

Npl=e Y (pla)-(ql. YpeCrpy. (2.17)

qurﬁk_l

Proof. We have

(pl € Hi—y (My—1, My—2:Z) = Hy—y(Yi—1,0-Yi—1; Z).
From the Poincaré—Lefschetz duality theorem, we deduce

Hi—1 (Yem1. 0-Yi—1: Z) = H" 5DV, 11,04 Yi13 Z).

Since Hj(Yik—1,04Yx—1;Z) is a free Abelian group nontrivial only for j = m —
(k — 1), we deduce that the canonical map

H"™ (Y, 04 Yi1; Z)— Hom(Hp—e—1y (Yi—1, 04 Yi1: Z), Z)

given by the Kronecker pairing is an isomorphism.
The group H,,——1)(Yk—1, 04 Yk—1: Z) is freely generated by*

) :=[D.8D . or}]. g €Crpy.

If we view d{p| as a morphism H,——1)(Yk—1, 04+ Yi—1; Z)—>Z, then its value on
lg) is given (up to a sign €; which depends only on k) by the above intersection
number (p|q). O

Given a Morse—Smale pair ( f, &) on an oriented manifold M and orientations of
the unstable manifolds, we can form the Morse—Floer complex

(Co().0). C(f)= P Z-(pl.

PECri(f)

where the boundary operator has the tunneling description (2.17). Note that the
definitions of Cy (f) and d depend on & but not on f.

In view of Corollary 2.36 we may as well assume that f is self-indexing. Indeed,
if this is not the case, we can replace f by a different Morse function g with the
same critical points and indices such that g is self-indexing and £ is a gradient-like
vector field for both f and g.

“There is no typo! |¢) is a ket vector and not a bra vector {q]|.
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We conclude that d is indeed a boundary operator, i.e., 9% = 0, because it
can alternatively be defined as the composition (2.15). We have thus proved the
following result.

Corollary 2.39. For any Morse—Smale pair ( f, &) on the compact oriented mani-
fold M there exists an isomorphism from the homology of the Morse—Floer complex
to the singular homology of M. O

Remark 2.40. (a) The orientability assumption imposed on M is not necessary. We

(b)
(©

M

used it only for the ease of presentation. Here is how one can bypass it.

Choose for every p € Cry orientations of the vector subspaces T, M C
T, M of spanned by the eigenvectors of the Hessian of f corresponding to
negative eigenvalues. The unstable manifold W,” is homeomorphic to a vector
space and its tangent space at p is precisely 7, M . Thus, the chosen orientation
on Tp_ M induces an orientation on Wp_. Similarly, the chosen orientation on
T, M defines an orientation on the normal bundle TWp*M of the embedding
WM.

Now observe that if X and Y are submanifolds in M intersecting transver-
sally, such that 7X is oriented and the normal bundle 7y M of ¥ — M is
oriented, then there is a canonical orientation of X N Y. Indeed, the normal
bundle of X N'Y < X is naturally isomorphic to the restriction to X N Y of
the normal bundle of Y in M, i.e., we have a natural short exact sequence of
bundles

0->TXNY) = (TX)|xny = (ITyM)|xny — 0.

Hence, if A(p) — A(g) = 1, then W, N Wq+ is an oriented one-dimensional
manifold.

On the other hand, each component of W,” N Wq+ is a trajectory of the
gradient flow and thus comes with another orientation given by the direction of
the flow.

We conclude that on each component of W,” N Wq+, we have a pair of
orientations which differ by a sign €. We can now define n(p, ¢) to be the sum
of all these €’s. We then get an operator

3: Ce(f) = Ceer(f). d(pl =D n(p.g)ql.

q

One can prove that it coincides, up to an overall sign, with the previous
boundary operator.

For different proofs of the above corollary we refer to [BaHu, Sal, Sch].
Corollary 2.39 has one unsatisfactory feature. The isomorphism is not induced
by a morphism between the Morse—Floer complex and the singular chain
complexes and thus does not highlight the geometric nature of this construction.

For any homology class in a smooth manifold M, the Morse—Smale flow &, on
selects a very special singular chain representing this class. For example, if a
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14 b,

Fig. 2.17 The polyhedral structure determined by a Morse function on a Riemann surface of
genus 2

homology class is represented by the singular cycle ¢, then it is also represented
by the cycle @;(c) and, stretching our imagination, by the cycle @oo(c) =
lim; 00 @ (c).

The Morse—Floer complex is, loosely speaking, the subcomplex of the singular
complex generated by the family of singular simplices of the form @ (o), where
o is a singular simplex. The supports of such asymptotic simplices are invariant
subsets of the Morse—Smale flow and thus must be unions of orbits of the flow.

The isomorphism between the Morse—Floer homology and the singular homol-
ogy suggests that the subcomplex of the singular chain complex generated by
asymptotic simplices might be homotopy equivalent to the singular chain complex.
For a rigorous treatment of this idea we refer to [BFK], [Lau], or [HL].

There is another equivalent way of visualizing the Morse flow complex, which
goes back to Thom [Th]. Think of a Morse-Smale pair (f,£) on M as defining a
“polyhedral structure,” and then the Morse—Floer complex is the complex naturally
associated to this structure. The faces of this “polyhedral structure” are labeled by
the critical points of f, and their interiors coincide with the unstable manifolds of
the corresponding critical point.

The boundary of a face is a union (with integral multiplicities) of faces of one
dimension lower. To better understand this point of view, it helps to look at the
simple situation depicted in Fig. 2.17. Let us explain this figure.

First, we have the standard description of a Riemann surface of genus 2 obtained
by identifying the edges of an octagon with the gluing rule

alblal_lbl_lazbzaz_lbz_l.

This poyhedral structure corresponds to a Morse function on the Riemann surface,
which has the following structure.

* There is a single critical point of index 2, denoted by F, and located in the center
of the two-dimensional face. The relative interior of the top face is the unstable
manifold of F, and all the trajectories contained in this face will leave F and end
up either at a vertex or in the center of some edge.
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e There are four critical points of index one, ay, by, by, located at the center of
the edges labeled by the corresponding letter. The interiors of the edges are the
corresponding one-dimensional unstable manifolds. The arrows along the edges
describe orientations on these unstable manifolds. The gradient flow trajectories
along an edge point away from the center.

e There is a unique critical point of index 0 denoted by V.

In the picture there are two tunnelings connecting F with a;, but they are counted
with opposite signs. In general, we deduce

(Flai) = (F|bj) =0, Vi, .

Similarly,
(a;|V) = (b;|V) =0, Vi, .

The existence of a similar polyhedral structure in the general case was recently
established in [Qin]. We refer to Chap. 4 for more details.

(d) The dynamical description of the boundary map of the Morse—Floer complex in
terms of tunnelings is due to Witten [Wit] (see the nice story in [B3]), and it has
become popular through the groundbreaking work of Floer [F1]. In Sect. 4.5 we will
take a closer look at this dynamical interpretation.

The tunneling approach has been used quite successfully in infinite dimensional
situations leading to various flavors of the so-called Floer homologies.

These are situations when the stable and unstable manifolds are infinite dimen-
sional yet they intersect along finite dimensional submanifolds. One can still form
the operator 9 using the description in Proposition 2.38, but the equality > = 0 is
no longer obvious, because in this case an alternative description of d of the type
(2.15) is lacking. For more information on this aspect, we refer to [ABr, Sch]. O

2.6 Morse-Bott Functions

Suppose f : M — R is a smooth function on the m-dimensional manifold M.

Definition 2.41. A smooth submanifold S < M is said to be a nondegenerate
critical submanifold of f if the following hold.

e § is compact and connected.
e S C Cl‘f.
* Vs € S wehave T,S = ker Hy,, ie.,

H;(X,Y)=0, VY € ,M < X € T,S(C T,M).

The function f is called a Morse—Bott function if its critical set consists of
nondegenerate critical submanifolds. O
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Suppose S < M is a nondegenerate critical submanifold of f. Assume for
simplicity that f |g= 0. Denote by Ts M the normal bundle of S — M, TsM =
(TM)|s/TS.Forevery s € S and every X,Y € TS we have

Hyo(X,Y) =0,

so that the Hessian of /" at s induces a quadratic form Q sy on Ty,M /TS = (TsM);.
We thus obtain a quadratic form Q r on Ts M, which we regard as a function on the
total space of Ts M, quadratic along the fibers.

The same arguments in the proof of Theorem 1.12 imply the following Morse
lemma with parameters.

Proposition 2.42. There exist an open neighborhood U of S — E = TsM and a
smooth open embedding @ : U — M such that ®|s = 1s and

>*f =30

If we choose a metric g on E, then we can identify the Hessians Q s with a
symmetric automorphism Q : E — E. This produces an orthogonal decomposition

E=Et®E",

where E+ is spanned by the eigenvectors of H corresponding to positive/negative
eigenvalues. If we denote by r+ the restriction to E 1 of the function

u(v,s) = gs(v,v),
then we can choose the above @ so that
O f =—u_ + ug.

The topological type of E¥T is independent of the various choices, and thus it is
an invariant of (S, f) denoted by E*(S) or EX(S, f). We will refer to E~(S) as
the negative normal bundle of S. In particular, the rank of E™ is an invariant of S
called the Morse index of the critical submanifold S, and it is denoted by A(f, S).
The rank of E is called the Morse coindex of S, and it is denoted by ;X(f S). 0O

Definition 2.43. Let IF be a field. The F-Morse—Bott polynomial of a Morse—Bott
function f : M — R defined on the compact manifold M is the polynomial

Pr(t) = Pr(t;F) = Y 1" Pspv),
S
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where the summation is over all the critical submanifolds of f. Note that the Morse—
Bott polynomial of a Morse function coincides with the Morse polynomial defined
earlier. |

Arguing exactly as in the proof of the fundamental structural theorem, we obtain
the following result.

Theorem 2.44 (Bott). Suppose f : M — R is an exhaustive smooth function and
¢ € Ris a critical value such that Cry N f ~1(c) consists of finitely many critical
submanifolds Sy,...,Sx. Fori = 1,...,k denote by DS_i the (closed) unit disk
bundle of E~(S;) (with respect to some metric on E~(S;)). Then for ¢ > 0 the
sublevel set Mt = { f < ¢+ &} is homotopic to the space obtained from M ¢ =
{f = c¢—e} by attaching the disk bundles D, to M “~* along the boundaries 0D, .
In particular, for every field F we have an isomorphism

k
Ho(M . M F) = D Ho(D™(57). 9D (8;): F). (2.18)
i=1

|

Let F be a field and X a compact C W-complex. For a real vector bundle 7 :
E — X of rank r over X, we denote by D(E) the unit disk bundle of £ with
respect to some metric. We say that E is F-orientable if there exists a cohomology

class
t € H (D(E),dD(E);F)

such that its restriction to each fiber (D(E),, dD(E),), x € X defines a generator
of the relative cohomology group H” (D(E),, dD(E),; ). The class 7 is called the
Thom class of E associated to a given orientation.

For example, every vector bundle is Z/2-orientable, and every complex vector
bundle is Q-orientable. Every real vector bundle over a simply connected space is
Q-orientable.

The Thom isomorphism theorem states that if the vector bundle 7 : £ — X is
F-orientable, then for every k > 0 the morphism

HX(X,F) > a —> 15 Un*a € H*Y(D(E), dD(E); F)
is an isomorphism for any k € Z. Equivalently, the transpose map

Hy . (D(E),0D(E);F) > Hi(X,F), ¢+ mx(cN1E)
is an isomorphism. This implies

Pp(e).ap(e)(t) = t" Px(1). (2.19)
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Definition 2.45. Suppose F is a field, and f : M — R is a Morse-Bott function.
We say that f is F-orientable if for every critical submanifold S the bundle £~ (S)
is [F-orientable. O

Corollary 2.46. Suppose [ : M — R is an F-orientable Morse—Bott function on
the compact manifold. Then, we have the Morse—Bott inequalities

Py(t) = Pyr(t).

In particular,
D =DM (S) = Pr(=1) = Pu(=1) = x(M).
S

Proof. Denote by ¢ < --- < ¢, the critical values of f and set

cr +c¢
rk:%, k=1v—1, to=ci—1, ty=c, +1, My ={f <}

As explained in Remark 2.16, we have an inequality

Z PMk,Mk—l > PM.
k

Using the equality (2.18), we deduce
Z Pyyomy_, = Z Pp;aps
k s

where the summation is over all the critical submanifolds of f. Since E~(S) is
orientable for every S, we deduce from (2.19) that

Ppsapy = 29 pg. O

Definition 2.47. Suppose f : M — R is a Morse-Bott function on a compact
manifold M. Then f is called F-completable if for every critical value ¢ and every
critical submanifold S C f~'(c) the inclusion

0Dy - {f <c—¢}

induces the trivial morphism in homology. O
Arguing exactly as in the proof of Proposition 2.17 we obtain the following result.

Theorem 2.48. Suppose [ : M — R is a F-completable, F-orientable, Morse—
Bott function on a compact manifold. Then, f is F-perfect, i.e., Pr(t) = Py ().
O
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Corollary 2.49. Suppose f : M — R is an orientable Morse—Bott function such
that for every critical submanifold M we have A(f, S) € 27 and Ps(t) is even, i.e.,

bi(S) # 0 = k € 27Z.

Then, f is Q-perfect and thus Py (t) = Py (t).

Proof. Using the same notation as in the proof of Corollary 2.46, we deduce by
induction over k from the long exact sequences of the pairs (M, My—;) that
bj(My) = 0if j is odd, and we have short exact sequence

0 — Hj(My—) — H;(My) — H;(My, My—1) — 0

if j is even. O

2.7 Min-Max Theory

So far we have investigated how to use information about the critical points of a
smooth function on a smooth manifold to extract information about the manifold
itself. In this section we will turn the situation on its head. We will use topological
methods to extract information about the critical points of a smooth function.

To keep the technical details to a minimum so that the geometric ideas are as
transparent as possible, we will restrict ourselves to the case of a smooth function
f on a compact, connected smooth manifold M without boundary equipped with a
Riemannian metric g.

We can substantially relax the compactness assumption, and the same geometri-
cal principles we will outline below will still apply, but that will require additional
technical work.

Morse theory shows that if we have some information about the critical points
of f we can obtain lower estimates for their number. For example, if all the
critical points are nondegenerate, then their number is bounded from below by
the sum of Betti numbers of M. What happens if we drop the nondegeneracy
assumption? Can we still produce interesting lower bounds for the number of critical
points?

We already have a very simple lower bound. Since a function on a compact
manifold must have a minimum and a maximum, it must have at least two critical
points. This lower bound is in some sense optimal because the height function
on the round sphere has precisely two critical points. This optimality is very
unsatisfactory since, as pointed out by Reeb in [Re], if the only critical points of
f are (nondegenerate) minima and maxima, then M must be homeomorphic to a
sphere.
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Min-max theory is quite a powerful technique for producing critical points that
often are saddle type points. We start with the basic structure of this theory. For
simplicity we denote by M ¢ the sublevel set { f < c}.

The min—-max technology requires a special input.

Definition 2.50. A collection of min—max data for the smooth function
f:M—->R

is a pair (H, 8) satisfying the following conditions.

e J is a collection of homeomorphisms of M such that for every regular value a
of M there exist ¢ > 0 and & € H, such that

h(Ma-i-S) c M°¢,
¢ §is a collection of subsets of M, such that

h(S)es8, VheH, VS eSs. O

The key existence result of min—max theory is the following.

Theorem 2.51 (Min-max principle). If (I, 8) is a collection of min—max data for
the smooth function f : M — R, then the real number

c=c(H,9) = ;relg sup f(x)

X€S

is a critical value of f.

Proof. We argue by contradiction. Assume that ¢ is a regular value. Then, there
exist e > 0 and & € H, such that

h(Mc-i-s) c M,

From the definition of ¢, we deduce that there exists S € §, such that sup, ¢ f(x) <
¢ + &, that is,
Sc Mt

Then, §" = h(S) € S and h(S) C M“*. It follows that sup, g/ f(x) < ¢ —¢, so
that

inf sup f(x) <c—e.

S’€S yes/
This contradicts the choice of ¢ as a min—max value. O

The usefulness of the min—max principle depends on our ability to produce

interesting min—max data. We will spend the remainder of this section describing
a few classical constructions of min—max data.
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Fig. 2.18 A mountain pass from x to x|

In all these constructions, the family of homeomorphisms JH will be the same.
More precisely, we fix gradient-like vector field £ and we denote by @, the flow
generated by —&. The condition (a) in the definition of min—max data is clearly
satisfied for the family

Hy={D;; t >0}

Constructing the family 8 requires much more geometric ingenuity.

Example 2.52. Suppose 8§ is the collection
8 = {{x}; xeM}.
The condition (b) is clearly satisfied, and in this case we have
¢(37.8) = min £(x).
This is obviously a critical value of f. O

Example 2.53 (Mountain-Pass points). Suppose X is a strict local minimum of f,
i.e., there exists a small, closed geodesic ball U centered at xo € M, such that

co = f(xo) < f(x), VxeU\{xo}.

Note that
/ .
¢y := min f(x) > cp.
0 XEan() 0

Assume that there exists another point x; € M \ U such that (see Fig. 2.18)

c1 = f(x1) < f(xo0).
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Now denote by P, the collection of smooth paths y : [0, 1] — M, such that
y(0) = xo, y(1) e M\ U.

The collection P, is nonempty, since M is connected and x; € M \ U. Observe
that for any y € P,, and any ¢ > 0, we have

¢[ oy € :PX()'

Now define
s={r(@.1); vePy|.

Clearly the pair (J{/,8) satisfies all the conditions in Definition 2.50, and we
deduce that

¢ = inf max f(y(s))
y€Py, s€[0,1]

is a critical value of f such that ¢ > ¢ > ¢y (see Fig.2.18).

This statement is often referred to as the mountain-pass lemma and critical points
on the level set { f = ¢} are often referred to as mountain-pass points. Observe that
the Mountain Pass Lemma implies that if a smooth function has two strict local
minima, then it must admit a third critical point.

The search strategy described in the mountain-pass lemma is very intuitive if we
think of f as a height function. The point x( can be thought of as a depression and
the boundary dU as a mountain range surrounding xo. We look at all paths y from
Xo to points of lower altitude, and on each of them we pick a point x, of greatest
height. Then, we select the path y such that the point x, has the smallest possible
altitude.

It is perhaps instructive to give another explanation of why there should exist
a critical value greater than c,. Observe that the sublevel set M is disconnected
while the manifold M is connected. The change in the topological type in going
from M to M can be explained only by the presence of a critical value greater
than cy. |

To produce more sophisticated examples of min—-max data we will use a
technique pioneered by Lusternik and Schnirelmann. Denote by €, the collection
of closed subsets of M . For a closed subset C C M and ¢ > 0 we denote by N,(C)
the open tube of radius ¢ around C, i.e., the set of points in M at distance < ¢
from C, with respect to a fixed Riemann metric on M .

Definition 2.54. An index theory on M is a map

Y :Cuy — Zso:={0,1,...} U{oc}
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satisfying the following conditions.

e Normalization. Forevery x € M, there exists r = r(x) > 0 such that
y({x}) = 1 = V(Ns(x))7 V-x € Mv VS € (Ovr)'
» Topological invariance. If / : M — M is a homeomorphism, then

y(C) =y(f(C)), VC € Cy.

¢ Monotonicity. If Cy, C; € Cy and Cy C Cy, then y(Cyp) < y(C)).
 Subadditivity. y(Co U C}) < y(Co) + y(C)).
O

Suppose we are given an index theory y : Cpy — Zzo- For every positive integer
k we define

I = {c €Cy: y(C)= k).

The axioms of an index theory imply that for each k the pair (J{ 7, I'}) is a collection
of min—max data. Hence, for every k the min—max value

¢ = inf max f(x)

Cely xeC
is a critical value. Since
nNnolr,o---,
we deduce that
Cl=C =:--.

Observe that the decreasing family I} D [, D --- stabilizes at [},, where m =
y(M). If by accident it happens that

Clp > Cy > > CyM),

then we could conclude that f has at least (M) critical points. We want to prove
that this conclusion holds even if some of these critical values are equal.

Theorem 2.55. Suppose that for some k, p > 0 we have
Ck = Ck+1 =+ = Ck+p = C,

and denote by K. the set of critical points on the level set c. Then either ¢ is an
isolated critical value of f and K. contains at least p + 1 critical points or ¢ is an
accumulation point of Cry, i.e., there exists a sequence of critical values d,, # c
converging to c.
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Proof. Assume that ¢ is an isolated critical value. We argue by contradiction.
Suppose K. contains at most p points. Then, y(K.) < p. At this point we need
a deformation result whose proof is postponed. Set

T,(Kc) := N,(Ko).

Lemma 2.56 (Deformation lemma). Suppose c is an isolated critical value of f
and K. = Cry N{f = c} is finite. Then for every § > 0, there exist 0 < &,1 < §
and a homeomorphism h = hs ., of M such that

h(Mete\T,(K.)) € M.

Consider ¢, r sufficiently small as in the deformation lemma. Then the normal-
ization and subadditivity axioms imply

y(T:(Ko)) < y(Ke) = p.
We choose C € Iy, such that
macxf(x) SCktpte=c+e.
X€

Note that
C C T, (Ko) UC\T,(Ko),

and from the subadditivity of the index we deduce

V(C\ T (Ke)) = y(C) — y(TH(Ke)) = k.

Hence
Y(h(C\T,(K.)) = y(C\ T,(Ko)) = k,
so that
C':=h(C\T,(K.)) € I}.
Since

C\T,(Ke) C M\ T.(Ky),

we deduce from the deformation lemma that
c'cM*
Now observe that the condition C’” € I}, implies
¢ = ¢ < max f(x),
xeC’

which is impossible since C' C M7, O
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Proof of the deformation lemma. The strategy is a refinement of the proof of
Theorem 2.6. The homeomorphism will be obtained via the flow determined by a
carefully chosen gradient-like vector field.

Fix a Riemannian metric g on M. For r sufficiently small, N.(K.) is a finite
disjoint union of open geodesic balls centered at the points of K.. Let ro > 0 such
that N,,(K.) is such a disjoint union and the only critical points of f in N,,(K,)
are the points in K.. Fix gy such that ¢ is the only critical value in the interval
[c — &0, ¢ + &]. For r € (0, ry) define

b =b(r):=inf{|Vf(x), x €M\ (MTUN,;(Kc))} > 0.
Choose ¢ = &(r) € (0, &) satisfying.

b(r)r
g

2¢e
b(r)

2¢
<
min(1,b(r)?) —

2 < min( b(r)?, 1) — < % 1. (220

Define smooth cutoff functions
a:M—[0,1], B: M —[0,1]

such that

e a(x) =0if | f(x) —c| = grand a(x) = 1if | f(x) —c| < &;
e B(x) = lifdist(x, K.) > r/4and B(x) = 0if dist (x, K.) < r/8.

Finally, define a rescaling function

1 selo1]

¢ :[0,00) = [0,00), @(s) =1 _|
S s> 1.

We can now construct the vector field £ on M by setting

£(x) =~ Bo(|VEfP)VES.
Observe that £ vanishes outside the region {¢ — &y < f < ¢ — o} and also vanishes

in g—neighborhood of K.. This vector field is not smooth, but it still is Lipschitz
continuous. Note also that (Fig.2.19)

EX)| <1, Vx e M.

The existence theorem for ODEs shows that for every x € M there exist T+ (x) €
(0, 00] and a C '-integral curve y, : (—T—(x), T+ (x)) — M of £ through x,

Yx(0) = x, pu(t) = E(yx (1)), V1 € (=T-(x), T1(x)).
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J=ctey

\_/—\

/\f:c_eo/

Fig. 2.19 A gradient-like flow

The compactness of M implies that the integral curves of £ are defined forall # € R,
i.e., T+ (x) = oo. In particular, we obtain a (topological) flow @, on M. To prove
the deformation lemma it suffices to show that

D (MT\ N (Ke)) C M.
Note that by construction we have
d
@) <0, Vxe M,
so that

@1 (MC—S) C MC_S.

Letx € M¢te\ (Nr (K)U M= ) We need to show that @, (x) € M“~¢. We will
achieve this in several steps.
For simplicity we set x; := @, (x). Consider the region

Z={c—e<f<c+e}\NpKo).

and define
Te={t>0; x,€Z, Vse[0,1]}.
Clearly T, # @.

Step 1. We will prove that ift € T, then

dist (x, x5) < % Vs € [0,1].
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In other words, during the time interval T, the flow line ¢ + Xx; cannot stray too far
from its initial point.

Observe that o and f are equal to 1 in the region Z and thus for every ¢ € T, we
have

26> (1) — fx) = /0 (Vf (). E(xy) ) ds
- / IV £GP (1Y £ ()P )ds

dx;
— | ds
d

> b(r) /0 IV )l ((V £ ()2 )ds = b(r) /0

> b(r) - dist (x, x;).

From (2.20) we deduce
r
g.
Step 2. We will prove that there exists t > 0 such that @,(x) € M. Loosely
speaking, we want to show that there exists a moment of time ¢ when the energy
f(x;) drops below ¢ — ¢. Below this level the rate of decrease in the energy f will
pickup.

We argue by contradiction, and thus we assume f(x;) > ¢ — ¢, V¢t > 0. Thus

2
dist (x, x;) < Fj) <

0< f(x)— f(x;) <2, Vt>0.

Since x; € {c —e < f <c + ¢}, Vs >0, we deduce

To={120; dist(x, K) = o, Vs e[0.1]}.

r
5 5
Hence

dist (x;, K¢) > dist (x, K.) — d(x,x;) >r — %, vVt € T,

This implies that T = sup Ty = oo. Indeed, if T < oo, then

~

’
dist (x7, K¢) > r — 3 > —

[\

— dist (x;, K) > g Vi sufficiently close to 7.
This contradicts the maximality of 7. We deduce

X €Z < c—e< f(x;) <c+se, dist(xt,KC)>%, Vit > 0.
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This is impossible, since there exists a positive constant v such that
E(x)| > v, Vxe Z,

which implies that

df(x;)
dt

= —b(r)jy = lim f(x) = —oo,

which is incompatible with the condition 0 < f(x) — f(x;) < 2¢ forevery t > 0.

Step 3. We will prove that @;(x) € M“~¢ by showing that there exists ¢ € (0, 1]
such that x, € M“7¢, Let

fo:=inf{r > 0; x, € M}
From Step 2 we see that fy is well defined and f(x,,) = ¢ — e. We claim that the

path
[0,20] > 5 > Xx;

does not intersect the neighborhood N, ,»(K,), i.e.,
. r
dist (x,, Kc) > 7 Vs € [0, 1]
Indeed, from Step 1 we deduce
. r
dist (xg, Kc) > r — 3’ Vs € [0,1).
Now observe that

) 19 1P9 P = —max(1, b)),

Thus, for every s € [0, 7] we have
f(x) = f(xy) = smax(1,b(r)?) = f(x,) < ¢ + & —smax(1,b(r)%).

If we let s = f in the above inequality and use the equality f(x;,) = ¢ — ¢, we
deduce

2¢ (2.20)

c—e<cH4+e—tomax(1,b(r)?) =1, < max(1, b(r)?) =

This completes the proof of the deformation lemma. O
We now have the following consequence of Theorem 2.55.
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Corollary 2.57. Suppose y : Cpy — 220 is an index theory on M. Then any
smooth function on M has at least y(M) critical points. O

To complete the story we need to produce interesting index theories on M.
It turns out that the Lusternik—Schnirelmann category of a space is such a theory.

Definition 2.58. (a) A subset S C M is said to be contractible in M if the
inclusion map S < M is homotopic to the constant map.

(b) For every closed subset C C M we define its Lusternik—Schnirelmann category
of C in M and denote it by catys (C), to be the smallest positive integer k such
that there exists a cover of C by closed subsets

Si,....85.CcM
that are contractible in M . If such a cover does not exist, we set

caty (C) := oo. O

Theorem 2.59 (Lusternik—Schnirelmann). If M is a compact smooth manifold,
then the correspondence
Cy 3 C  caty (C)

defines an index theory on M. Moreover, if R denotes one of the rings Z/2,7,Q
then
cat(M) :=caty (M) > CL(M,R) + 1,

where CL (M, R) denotes the cuplength of M with coefficients in R, i.e., the largest
integer k such that there exist

ay, ..., € H* (M, R)

with the property that

k
Hdegaj #£0, oU---Ua #0.
j=I
Proof. Ttis very easy to check that caty, satisfies all the axioms of an index theory:
normalization, topological invariance, monotonicity, and subadditivity, and we leave
this task to the reader. The lower estimate of cat(M ) requires a bit more work. We
argue by contradiction. Let

{:=CL(M,R)
and assume that cat(M) < £. Then, there exist oy, ...,0¢ € H®*(M, R) and closed
sets S1,...,S8¢ C M, contractible in M, such that

¢ k
M:USk, apU---Uay #0, l_[degozj;zéO.
k=1 j=1

Denote by ji the inclusion Sy — M.
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Since Sj is contractible in M, we deduce that the induced map
Je tH*(M,R) — H*(Sk,R)

is trivial. In particular, the long exact sequence of the pair (M, Si) shows that the
natural map
i : H*(M, Sk; R) — H*(M)

is onto. Hence there exist 8y € H®(M, Si) such that

ix(Br) = .

Now we would like to take the cup products of the classes By, but we hit a technical
snag. The cup product in singular cohomology,

H*(M.Si:R) x H*(M.S;:R) — H*(M.S; US;:R).

is defined only if the sets S;, S; are “reasonably well behaved” (“excisive” in the
terminology of [Spa, Sect.5.6]). Unfortunately, we cannot assume this. There are
two ways out of this technical conundrum. Either we modify the definition of caty,
to allow only covers by closed, contractible, and excisive sets, or we work with a
more supple concept of cohomology. We adopt this second option and we choose to
work with Alexander cohomology H *(—, R), [Spa, Sect. 6.4].

This cohomology theory agrees with the singular cohomology for spaces which
are not too “wild.” In particular, we have an isomorphism H *(M,R) = H*(M, R),
and thus we can think of the o ’s as Alexander cohomology classes.

Arguing exactly as above, we can find classes B € H *(M, Sk; R), such that

ik (Br) = a.
In Alexander cohomology there is a cup product
U:H*(M,A;R)x H*(M,B;R) — H*(M, AU B;R),
well defined for any closed subsets of M . In particular, we obtain a class
BiU---UB € H*(M,S;U---USi; R)
that maps to oy U - - - U ot via the natural morphism
H*(M,S,U---US;;R) - H*(M, R).

Now observe that I:I°(M, SiU--- ,US;;R) = 0, since S;U---US; = M.
We reached a contradiction since o¢; U - -+ U oty # O. O
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Example 2.60. Since CL (RP",Z/2) = CL((S")",Z) = CL(CP",Z) = n, we
deduce

cat(RP") > n + 1, cat((S")")>n+1, cat(CP") >n + 1. O

Corollary 2.61. Every even smooth function f : S" — R has at least 2(n + 1)
critical points.

Proof. Observe that f descends to a smooth function f_ on RP", which has at least
cat(RP") > n + 1 critical points. Every critical point of f is covered by precisely
two critical points of f. O






Chapter 3
Applications

It is now time to reap the benefits of the theoretical work we sowed in the previous
chapter. Most applications of Morse theory that we are aware of share one thing in
common. More precisely, they rely substantially on the special geometric features
of a concrete situation to produce an interesting Morse function, and then squeeze
as much information as possible from geometrical data. Often this process requires
deep and rather subtle incursions into the differential geometry of the situation at
hand. The end result will display surprising local-to-global interactions.

The applications we have chosen to present follow this pattern and will lead
us into unexpected geometrical places that continue to be at the center of current
research.

3.1 The Moduli Space of Planar Polygons

We want to investigate in greater detail the robotics problem discussed in Example
1.5, 1.10, and 2.11. More precisely, consider a robot arm with arm lengths
ri,...,r,, where the initial joint Jy is fixed at the origin. As explained in
Example 1.5, a position of the robot arm is indicated by a collection angles
0 =(6,...,60,) € (SH", so that the location of the kth joint is

k
Jip = Z rkeigk.

i=1

We will refer to the vector r = (ry,...,r,) € R, as the length vector of the
robot arm.

We declare two positions or configurations of the robot arm to be equivalent if
one can be obtained from the other by a rotation of the plane about the origin. More
formally, two configurations

6 =(91,...,9n), ¢=(¢17---7¢n)

L. Nicolaescu, An Invitation to Morse Theory, Universitext, 101
DOI 10.1007/978-1-4614-1105-5_3, © Springer Science+Business Media, LLC 2011
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are equivalent if there exists an angle w € [0, 27) such that
¢ — O = w mod 27w, Vk=1,...,n.

We denote by [0y, . . ., 6,] the equivalence class of the configuration (6, ..., 6,) and
by W, = W, (r) the space of equivalence classes of configurations. Following [Fa],
we will refer to W, as the work space of the robot arm. We denote by W,* the set
of equivalence classes of configurations such that J, # Jy, and by M, the set of
equivalence classes of configurations such that J, = Jy. Note that M, is nonempty

if and only if
ri < er, Vi=1,...,n.
J#i
The work space W, is a quotient space of the n-torus and as such it has an induced
quotient topology. In particular, we can equip M, with a topology as a closed
subspace of W,.

Note that any configuration of the robot arm such that J, # Jy = 0 is equivalent
to a unique configuration such that J, lies in on the positive side of the x-axis. This
shows that the configuration space C, discussed in Example 1.5 can be identified
with W*.

A configuration such that J, = Jj is uniquely determined by requiring that
the joint J,—; lies on the positive part of the x-axis at a distance r, from the
origin. Observe that the configurations in M, can be identified with 7-gons whose
side lengths are ry, ..., r,. For this reason, the topological space M, is called the
moduli space of planar polygons with length vector r. In this section we want show
how clever Morse theoretic techniques lead to a rather explicit description of the
homology of M,. All the results in this section are due to Farber and Schiitz [FaSch].

Proposition 3.1. The work space W, is homeomorphic to a (n — 1)-torus.

Proof. Consider the diagonal action of S! on T = (§')" given by

oo (em‘ eie”) — (ei(01+w) ei(Gn-‘rw))'
The natural map

(S 5 (&%, ... %) 5 [0),....0,] € W,

is invariant with respect to this action and the induced map (S')"/S! — W, is a
homeomorphism. On the other hand, the map

. . 4 . .
(Sl)n > (6191 o el@,l) N (61(02701)! o, e1(6,,761)) e (Sl)nfl

is also invariant under the above action of S' and induces a homeomorphism
(SHr/st — T O
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For any permutation ¢ of {1,...,n} and any length vectorr = (ry,...,r,), we
setor := (7o(1), - - - » T'o(n)). Note that we have a homeomorphism

Wn(l') > [91,... ,9,1] = [90(1),... 790(}1)] € Wn(UI')

that maps M, homeomorphically onto M,,. Thus, in order to understand the
topology of M, we can assume that r is ordered, i.e.,

rp>rp>->r,>0.

The computations in Example 1.5 allow us to extract some information about
M;, where r = (ry,...,r,) is ordered. We will also assume that the genericity
assumption (1.1) is satisfied, i.e.,

n
D e #£0. Yer.....e €{l.—1}

k=1

Consider the a robot arm with (n — 1)-segments of lengths ry, ..., r,—; and consider
again the set C,,_; of all configurations of this robot arm such that Jj, is fixed at the
origin, while the endpoint J,_ lies on the positive part of the positive x-axis.

We have a smooth function /,,—; : C,,—; — (0, 00) that associates to a configura-
tion at the location of the joint J,,—; on the x-axis. Observe that M, can be identified
with the level set {h7171 = rn}.

The genericity assumption implies that r, is a regular value of h. The manifold
C,—1 has dimension (n — 2) so that the level set {hn,l = r,l} is a smooth manifold
of dimension (n — 3). We have thus established the following result.

Proposition 3.2. If the length vector r satisfies the genericity assumption (1.1),
then the moduli space M, is homeomorphic to a smooth manifold of dimension

(n=3). O
Fix an ordered length vector r = (ry,...,r,) satisfying (1.1). For any subset
I C{l,...,n}, weset
r(/) := Zri —er.
iel €I

The subset I is called r-short (or short if r is understood from the context) if
r(/) < 0. A subset is called long if r(I) > 0. Due to the genericity assumption,
we see that r(/) # 0 for any subset [, so that [ is either long, or short. Moreover,
a set is long/short if and only if its complement is short/long. We denote by Lf
the collection of r-long/short subsets. For any k = 0,1,...,n — 3, we denote by
ayp = a(r) the number of r-short subsets of cardinality k 4 1 that contain 1, i.e.,

ar(®):=#{I €Ly 1€l, #] =k +1}.

We have the following result.
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Theorem 3.3 (Farber-Schiitz). Suppose r=(ry,...,r,) is an ordered length
vector satisfying the genericity assumption (1.1). Then, foranyk =0,1,...,n —3
we have the equality

dim H,(M,, Q) = ar (r) + an—3—i (r).

Proof. Let us briefly outline the strategy which at its core is based on a detailed
analysis of a Morse function on W,. The work space W, is equipped with a natural
continuous function

hy » W, — [0, 00)

that associates to every equivalence class of configurations, the distance from Jj
to J,. This is not a smooth function but its restriction to W,* is a smooth function
that we have encountered before in Example 1.5 and 1.10. Namely, if we identify
W with the space C, of configurations of the robot arm such that the endpoint J,
lies on the positive side of the x-axis, then £, associates to such a configuration,
the location of J, on the x-axis. Using /,, we can construct the smooth function
f=F Wy — (—00,0]

2
= —dist (Jo, J,,)>.

£(0) = —h,(0)* = _‘ 3 el
k=1

Observe that M, coincides with the top level set { f = 0}. Define
No:={f > —¢}, ¢>0.

If ¢ is sufficiently small, then the space M, is homotopy equivalent to its
neighborhood N.. Hence it suffices to understand the (co)homology of N,. For
simplicity we will denote by He(X') the homology of X with integral coefficients.

On the other hand, N, is an oriented (7 — 1)-dimensional manifold with boundary,
and the Poincaré-Lefschetz duality implies that for any j = 0,...,n — 1 we have
isomorphisms

H/(N,) = Hy—1—;(N;,0N,), H;(N,) = H" "7/ (N,,0N,).

Thus it suffices to understand the (co)homology of the pair (N, dN,).

From the excision isomorphism we see that this is isomorphic to the
(co)homology of the pair (W, W~¢), where W = W,, W= = {f < —e}. We will
determine the cohomology of the pair (W, W ™¢) in two steps.

A. Produce a description of the homology of W ~¢ using the Morse function f.
B. Obtain detailed information about the morphisms entering into the long exact
sequence of the pair (W, W™°).
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Lemma 3.4. The restriction of f to W* ={f # 0} is a Morse function, and there
exists a natural bijection between the set of critical points of f on W* and the
collection of long r-sets. Moreover, if I is such a long set, then the Morse index of
the corresponding critical point isn — #1.

Proof. As we have explained before, the open set W* = W,* can be identified
with the configuration space C, in Example 1.5. For simplicity we write /1 instead
of h,. The function f = —h? is not equal to zero on this set, so it must have
the same critical points of 4. We know that these points correspond to collinear
configurations, 6y = 0, 7, such that the last joint is located on the positive part of
the x-axis. For such configurations we set ¢, := el and we deduce ¢, = +1,
Vk, and

n
Z €l > 0.
k=1

We see that there exists a bijection between long subsets of {1,...,n} and the
critical points of f on W*. For such a collinear configuration the corresponding
long set is

{k; e > 0}.

For any long set / we denote by 6; the corresponding critical configuration, and we
denote by ¢; the corresponding critical value, c; := f(6;).
Denote by H; the Hessian of f at §;. Then, for any X, Y € Ty W we have

H/(X.Y) =—-XYh0)).

where X, Y are smooth vector fields on W such that X 6) =X, I?(OI) =Y. We
have

Yh>=2hYh and XYh> =2(Xh)(Yh) —2hXYh.
The function (X )(Y h) vanishes at 6; and we deduce
H; = —2hHyy,.

Since the function 4 is positive, we deduce that H; is nondegenerate. Denote by A;
the Morse index of f at 6;. The computations in Example 1.10 show that

Ay = dimW —A(h.6) 2y

—#{k; ek=1}=n—#l. O
For every subset I C {1,...,n} we set

Wi = {[61,....0, € W; 6, =6, Yiiirell.
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Observe that Wy is a torus of dimension n — #I. In particular, when I is a long
subset we have

0, € W;, dimW; = A;.
We have the following key result.

Lemma 3.5. Suppose I is a r-long subset. Then, the restriction of f to Wy is a
Morse function that achieves its absolute maximum at 6;. O

To keep the flow of arguments uninterrupted we will present the proof of this
lemma after we have completed the proof of Theorem 3.3. For ¢ € R we set
Wh={f <1}
For every critical value ¢ < 0 of f we define
LHe)y={Ielf: ¢ =c}.
In other words, £ (c) can be identified with the set of critical points of f on the

level set { f = c¢}. Lemma 3.5 implies that for any / € £ (c) the following holds.

¢ The torus W, is contained in the sublevel set W€ and intersects the level set
{f = c} only at the point ;.

e For ¢ > 0 sufficiently small, the torus W; intersects the level set { f = ¢ — &}
transversally, and Wy := W; N {c —e < f < c} is diffeomorphic to a disk of
dimension A;. We fix an orientation p; on W; so that we get a relative homology
class,

ur(e) := [Wf, 0WS, wy] € Hy, (W, wee),
and a homology class
W1(8) = [W],[,L]] S H)“ (WC+£).

Lemma 3.6. Let ¢ be a critical value of f, ¢ < 0. Then, for ¢ > 0 sufficiently small
the following hold.

(a) The collection {u;(e);1 € LF(c)} forms an integral basis of the relative
homology He(WETe, WE¥),
(b) If
i* . H.(WC+S) - H.(WC+S, WC—E)

denotes the inclusion induced morphism and

a . H.(WC+S, Wc—a) N H'il(Wc—s)
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denotes the connecting morphism in the long exact sequence of the pair
(Wete Wee), then

ixs(wr) =u;, du; =0, VI € LT (c).

Proof. (a) We choose a Riemann metric g on W with the following property: for
any critical point §; € {f = c}, there exist local coordinates (x',...,x" ') in a
neighborhood N; of 6; such that the following hold.

« xK(6;) =0, Vk.

o g=(dx"H?+ -+ (dx""H% on N;.

© f=e= YL 4 X, () on Ny

* The tangent space Ty, W; C Ty, W coincides with the coordinate plane P;
spanned by the tangent vector d,.;, 1 < j < A;.

Let £ denote the vector field —V¢ /. Denote by W, the unstable manifold of 6;
with respect to £. Note that W, N N; can be identified with an open neighborhood
O; of 0 in the plane P;, and thus W; has a natural orientation induced from the
orientation of W;.

For ¢ > 0 sufficiently small the intersection

Wi(e) =W, N{c—e< f<cH+e}

is a A; dimensional oriented disk, the unstable disk as constructed in Sect.?2.5.
We get a homology class

vi(e) = [W;(S), aW;(S),ﬂI] € Hy, (Wcha.cfa).

Arguing as in Sect.2.5, we see that for ¢ > 0 sufficiently small, the collection
{ur(e); 1 € L£F(c)} is an integral basis of He(W ¢, W™, Z). The class v;(¢) is
none other than the class (;| as defined in Sect. 2.5.

To prove (a) it suffices to show that u; (¢) = v;(¢) for ¢ sufficiently small. Given
our local coordinates, we can identify N; with some open convex neighborhood of
0 in the tangent space P := Ty, W. Under this identification 6; corresponds to the
origin. We let y denote the vectors in P; and z denote the vectors in P so that any
x € N; C P admits a unique orthogonal decomposition x = y + z. In this notation
we have

f(r.2) ==yl +Iz%

Since W; is tangent to P; we can find an even smaller neighborhood N’, of the
origin in P such that the portion W; NN/, can be described as the graph of a smooth
map

¢:B CP; — CP},

where B; C Oy is a tinny open ball of radius ry on P; centered at 0, and the
differential of ¢ at O is trivial. In other words

WinN, ={x=y+z |yl<r z=9¢0)}.
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Fix § € (0, ro) sufficiently small, so that the function

{y[<8sy—>g) =l -Ip(I* R

is nonnegative and convex, with a unique critical point at the origin. Such a choice
is possible since ¢ (0) = 0 and the differential of ¢ at 0 is trivial.
For ¢ > 0 sufficiently small, we have W; C N’I and

Wi=f{x=y+z IyI<é z2=¢0). 0= —Ig»I’ ¢
={x=y+z yI<r, 2=60), g0 <&}

The set
Oge =ty ePr; |y =4, gy) <¢}

is a compact convex neighborhood of the origin with smooth boundary. It defines
a relative homology class [Og ., d0, ] that coincides with the class v; (). It also
coincides with u; (¢) as can be seen using the homotopy

[0,1] x Oge =P, (t,y) >y +16(2).

(b) The equality ixw; = u; follows directly from the definition of i, using a
triangulation of Wj. The equality du; = 0 is then a consequence of the identity

Remark 3.7. (a) If we form the Floer complex of f |+, then the result in Lemma
3.6 and the considerations in Sect.2.5 imply that the boundary maps of this
complex are trivial.

(b) The results in Lemma 3.6 are manifestations of a more general phenomenon.
Suppose f : M — R is a proper Morse function on a smooth manifold M,
and p is a critical point of f of index A, and f(p) = 0. We say that p is of
Bott—Samelson type if there exist a compact oriented manifold X of dimension
A and a smooth map @ : X — M such that

o(X) Cif =0}, o(X)N{f =0} ={p},

and the point xo = @~!(p) is a nondegenerate maximum of f o @ : X — R.
Using unstable disks as in Sect. 2.5, we obtain a homology class

(pl € Hy(M*, M~).
Then (see [PT, Sect. 10.3])

(P = ix®u[X],
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where [X] € H), (X ) is the orientation class and
ix 1 Ho(M®) — Ho(M*®, M~°)

is the natural morphism. In particular, d(p| = 0. Note that Lemma 3.5 states
that the critical points 6; of f are of Bott—Samelson type. O

Lemma 3.6 implies that for any critical value ¢ < 0 of f, and any sufficiently
small ¢ > 0, the connecting morphism

0: Ho(WHe, W) — He (W)
is trivial. Thus for any k > 0, we have short exact sequences,
0— Hy (W) > H (W) > H (W, wee) - 0. (3.1
while for k = 0 we have an exact sequence
0 — Ho(W ™) — Ho(WH) — Ho(WHe, we).

Letc; < ¢y < --- < ¢, be all the critical values of f|y=. Set ¢,+1 = 0. Fix
L i ( )
& < — min (Cka1 — Ck).
5, min k+1 — Ck

Observe that f has a unique local minimum corresponding to the critical point 0 ;,,
I, = {1,...,n}. Thus W¥¢ has the homotopy type of a point, and its homology
is generated by the point W;, . Using (3.1) inductively we deduce that He (W ~°, Z)
is a free Abelian group and the collection of homology classes [W;] € Hy, (W ™°),
I € L is an integral basis of He(W ~¢). This completes Step A of our strategy.

Consider the diffeomorphisms q and ¥ that we used in the proof of
Proposition 3.1,

Tn—l — (Sl)n—l i (Sl)n/Sl _q) W,
where we recall that
UOr,....0,) = W, ..., ¥, € (R/2xZ)"™", Yy = 6 — 6, mod 2.
Forevery J C {2,...,n}, we set

Ty = {(Wz,---,llfn); ¥; =0mod 2x, Vj eJ}_

Then, 7; C T"!is atorus of dimension (n—1)—#J and, upon fixing an orientation,
we obtain a homology class [T;] € H,——4;(T"~', Z). The collection

(7)) J C2,....n}),



110 3 Applications

is an integral basis of He(7"~', Z). Note that
Qv (T)) =W;, J=JU{l}.
This proves that the collection
{w;]; J C {2,...,n}} (3.2)
is an integral basis of He(W,Z).
A subset I C {2,...,n} defines a homology class [W;] € H,—s;(W,Z) and

thus can be written as a linear combination of classes [W;], J C {2,...,n}. More
precisely, we have the following result.

Lemma 3.8. Ler I C {2,...,n}. Then,

Wil=) +W;], I =1\{i}.

iel
Proof. Consider the diffeomorphism ® = W oq™' : W — T"!
[91,...,9,1] [ad (wz,...,wn) = (92—91,...,9,,—91).

Thus,

QW) ={(W2e....¥u) €T Yy, =Y. Virsin €1},

Denote by /¢ the complement of / in {2,...,n}. Then the torus 7; has angular
coordinates () jesc, while the torus T has angular coordinates (¥;);e;. Denote
by A the “diagonal” simple closed curve on T;c given by the equalities

Vi, = Vi, Vi, ipel.
We have a canonical diffeomorphism F : Tje x T — 7"~ and we observe
(D(W]) = F(A X T]).

We fix an orientation on C and we denote by [C] the resulting cohomology class.
We leave to the reader as an exercise (Exercise 6.25) to verify that in H(7jc) we
have the equality

[A] =) +[E], (3.3)

iel

where E; is the simple closed curve in 7}« given by the equalities

wj =0, V]EI,
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Using Kiinneth theorem we deduce that
u[Wi] =Y E£F(E]x[T}]) =) £[Ty]. o
iel iel
The group He(W ~°) admits a direct sum decomposition

Ho(W™) = Ae @ B,

where

* A, is spanned by the classes [W;], I € L}, 1 51
* B, is spanned by the classes [W;], J € £, J #1

Similarly, we have a direct sum decomposition
H,(W,Z) = Ae @ C,,

where A, is as above, and
e C, is spanned by the classes [Wj], J C{2,...,n}, Je Lo

Thus, the inclusion induced morphism jx : He(W ™) — Ho(W) has a block
decomposition

o ﬁ Ao A.
Y 1 B. Co

Lemma 3.9.
a=14, y=0, §=0.

Proof. Clearly js|4, = 14,, which implies® = 14, and y = 0.
Let J € £}, and 1 ¢ J, so that [W,] € B.. Lemma 3.8 implies that

JeWal = £ 1.
jeJ

Observe that since r is ordered we have
r(fj) =r(J)—rj+nrn=r({J)>0.

Hence all of the subsets J jand j € J are long. The above equality implies that
jx[W)] € Ae,ie., §[W,] = 0. .
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Lemma 3.9 implies that the range of the morphism j : Hy (W ™%) — Hy (W) is
the free Abelian group Ay. Hence

coker ji =~ Cj, rankker jr = rank By.
Consider now the long exact sequence of the pair (W, W™°),

Jk—1

S HWE o S movowy S B S
This yields a short exact sequence (kK > 1)
0— Cy > Hy(W,W™*) — ker jx—; — 0.
Hence Hj (W, W™¢) is a free Abelian group and its rank is
rank Hy (W, W™°) = rank Cy + rank Bj_1.

From the excision theorem we deduce that Hy (N, ON,) =~ Hi (W, W™¢), so that
Hy (N;, ON,) is free Abelian and

rank Hy (N,, dN,;) = rank Cy + rank Bj_;.

The Poincaré —Lefschetz duality and the universal coefficients theorem now imply
that for VO < £ < n — 3 we have

rank Hj, (Mr) = rank Hy(N,) = rank C,__j + rank B,,_»_.

Observe that rank C,,—1—; can be identified with the number of subsets J of
{2,...,n} such that

feLr_, n—#J=n—k—1.
In other words, rank C,,——x = a(r).

Similarly, rank B,—»— can be identified with the number of long subsets J C
{2,...,n} such that n — 2 — k = n — #J. The complement of such a subset
in {1,...,n} is a short subset of cardinality n — 2 — k that contains one, i.e.,

rank B,_,_x = a,—3— (r). This concludes the proof of Theorem 3.3. |

Proof of Lemma 3.5. On W;, we have 6;, = 6,,, Vi1,i € I. Denote by 6, the
common value of these angular coordinates. The restriction f; of f to W; can now
be rewritten as

2

i0 i0;
fr=—roe® + Y |

jere
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where /¢ denotes the complement of 7 in {1,...,n} and ro = ), ri. Suppose
I¢ = {ji < --+ < ji}. Form a new robot arm with arm lengths ro,7;,,...,7j,.
The torus W; can be identified with the work space of this robot arm. Note that
since [ is a long subset we have

ro>Tjt e+

so that the end joint of this arm can never reach the origin. Thus W; can be identified
with the configuration space of this robot arm as defined in Example 1.5 and f; < 0
on Wj. Arguing as in the proof of Lemma 3.4 we deduce that f; is a Morse function.
The minimum distance from the origin to the end joint is realized for a unique
collinear configuration, namely, 6y = 0, 8; = x, j € I¢. Thus

I%Xfl = —(rorj, —---—r;)* = f(0).

This maximum is nondegenerate because f; is Morse. O

Example 3.10. (a) Suppose n is an odd number, n = 2v + 1. Then, the length
vectorr = (1,...,1) € R" is ordered and satisfies the genericity condition
(1.1). In this case a subset [ is long if and only if #/ > v 4 1. We deduce that

g WO k=v—r NG5 kzv—d
0, k>v—1, 0, k<v—1,
so that
(2}:) k<v—1
bk(Mr) = (vz—vl) + (vz-i‘-)l)’ k=v-1
(k2+”2), k>v—1.

Forn = 5and v = 2, the moduli space M, is two-dimensional and its Poincaré
polynomial is 1 + 8¢ + ¢2. This agrees with the conclusion of Example 2.11.
(b) At the other extreme suppose n > 5 is arbitrary and

r=(r,r,....,rm—1,m)=m—-1—¢1,1,...,1), 0<e<1.

Then r is ordered and satisfies (1.1). A subset I C {I,...,n} is r-short if and
only if either / = {1}, or 1 & I. Then the Poincaré polynomial P(t) of M, is
1+ "3,

(c) Suppose

r=,...,rp)=Mm—=2j+¢1,...,1), 0<e<k 1, 2j <n-3.

Consider a subset I C {1,...,r} of cardinality kK + 1 that contains 1. Then, /
is r-short if and only if k < j. Hence,

0’ k>-, n—l’ k 3
ZJ  dpai (r) = (k+2) >n J

r) =
2% (x) . k<. 0. k<n—3—j
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We deduce

Pr(t):§<n—l>tk+ S (n_l)t". O
= k k+2

k=n—2—j

3.2 The Cohomology of Complex Grassmannians

Denote by Gy, the Grassmannian of complex k-dimensional subspaces of an
n-dimensional complex vector space. The Grassmannian Gy, is a complex manifold
of complex dimension k(n — k) (see Exercise 6.29) and we have a diffeomorphism
Grn — Gu—k, which associates to each k-dimensional subspace its orthogonal
complement with respect to a fixed Hermitian metric on the ambient space. Denote
by Pk, (t) the Poincaré polynomial of G, with rational coefficients. In this section
we will present a Morse theoretic computation of Py, (¢).

Proposition 3.11. Forevery 1 < k < n the polynomial Py ,(t) is even, i.e., the odd
Betti numbers of Gy, are trivial. Moreover,

Pini1(t) = Pip(t) + 200 p 1 (0), Y1<k <n.

Proof. We carry out an induction on v = k 4 n. The statement is trivially valid for
v=21e, (k,n)=(1,1).

Suppose that U is a complex n-dimensional vector space equipped with a
Hermitian metric (e, ®). Set V := C @ U and denote by ¢ the standard basis of C.
The metric on U defines a metric on V, its direct sum with the standard metric
on C. For every complex Hermitian vector space W, we denote by Gy (W) the
Grassmannian of k-dimensional complex subspaces of W and by S(W) the linear
space of Hermitian linear operators 7' : W — W. Note that we have a natural map

Gi(W)y—> S(W), L+ P,
where P; : W — W denotes the orthogonal projection on L. This map is a smooth
embedding. (See Exercise 6.29.)
Denote by A : C @ U — C & U the orthogonal projection onto C. Then,
A € S(V) and we define
f:8(V)—>R, f(T)=Retr(AT).

This defines a smooth function on G (1),

L+ f(L)=Retr(APr) = (Prey, ep).
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Equivalently, (L) = cos® £(eg, L). Observe that we have natural embeddings
Gk(U) — Gk(V) and

Gi—1(U) = Gr(V), Ge—i(U)> L+ Cey® L.

Lemma 3.12.
0< f =1, YLeGi(V),
F7H0) =G (U), f7'(1) = G (U).

Proof. If L C V is a k-dimensional subspace, we have 0 < (Pprep,ep) < 1.
Observe that

(Preg,ep) =1 < ep€ L,
(Preg.eg) =0 < eg e LT < L C (eg)t = U.

Hence fori = 0,1 we have S; = {f =i} = Gy—; (U). O
Lemma 3.13. The only critical values of f are 0 and 1.
Proof. Let L € G (V) suchthat 0 < f(L) < 1. This means that

0 < (Ppeg, eg) = cos® £L(ep, L) < 1.
In particular, L intersects the hyperplane U C V transversally along a (k — 1)-

dimensional subspace L' C L. Fix an orthonormal basis ey, ..., ex—; of L’ and
extend it to an orthonormal basis ey, ..., e, of U. Then,

L=L+Cv, v=coeo+ Y cjej. leol* + D e =1

jzk =k

and (Preg, eq) = |co|*. If we choose

V(1) = ao(t)eo + ) _a;(t)e;, lao@) = 1= la; ()P,

=k =k

such that ao(¢) and a; () depend smoothly on ¢, d“é‘;lz lr=0 # 0, ao(0) = ¢y, then

t—> L, =L +Cv()

is a smooth path in G¢ (V) and %(L,)h:o # 0. This proves that Ly = L is a
regular point of f. O



116 3 Applications

Lemma 3.14. The level sets S; = f_l(i), i = 0,1, are nondegenerate critical
manifolds.

Proof. Observe that Sy is a complex submanifold of Gy (V') of complex dimension
k(n — k) and thus complex codimension

codimg (So) =k(n +1—k) —k(n —k) = k.
Similarly,
codimc(S)=m+1-kk—-n+1-k)yk—1)=m—-k+1).

To prove that Sy is a nondegenerate critical manifold, it suffices to show that for
every L € Sy = Gy (U) there exists a smooth map @ : C¥ — G, (V) such that

@(0) = L, @ is an immersion at 0 € C¥,

and

f o @ has a nondegenerate minimum at 0 € C¥.
For every u € U denote by X, : V' — V the skew-Hermitian operator defined by
Xu(eo) = u, X,(v) =—(v,u)eg, Yv e U.

Observe that the map U > u — X, € Homg(V, V) is R-linear. The operator X,
defines a one-parameter family of unitary maps e’*« : V' — V. Set

D(u) :=eX L, P(u):= Pou.

Then,
_ dP(tu)
o dr

P(u) = eXMPLe_XMa Pu |t=0 = [Xua PL]

and
(Pueo,u) = —(Pr X, (e0),u) = —|ul’,

so that if u € L we have )
P,=0=—u=0.

This proves that the map,
L — Gk(V), Lo>ur— Cb(u) € Gk(V),

is an immersion at u = 0. Let us compute f(®(u)). We have
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f( @) = (P(weo. e) = (Pre ¥ eq.e ¥ ep)

1 2 1 2
= P{1= Xt 5 X0 = Jeo (1= X0 S X7 = ) e

= (PLXueOqueo) + o= |u|2+ s

where at the last step we used the equalities X,eg = u, Pru = u and Prey = 0.
Hence,

d? £ (D(tu)
Eitz )|t:0 = 2(PLX14€07 Xue()) = 2|u|2

This shows that 0 € L is a nondegenerate minimum of L > u — f(®(u)) € R, and
since dim¢ L = codimc Sy, we deduce that S is a nondegenerate critical manifold.

Let L € S;. Denote by L, the intersection of L and U and by L;, the orthogonal
complement of Ly in U. Observe that

dim¢ Ly =n —k + 1 = codimc S,
and we will show that the smooth map
DLy — Gp(V), urs> ®u) =e*L

is an immersion at 0 € L{ and that /" o @ has a nondegenerate maximum at 0.
Again we set P(u) = Py, and we have

. dP(t
B — (tu)
dr
Pue() = X,Preog— PrX,e0 = Xye0 = u — (Pueo,u) = |I/l|2

|[=0 = [Xu7 PL]’

Now observe that

f(@(u)) = (PLe_X“eo,e_X“eO)

1 1
= (PL(l_Xu'FEXMZ"')eOv (I_XM+§X3+)80)

(Xue() =Uu, PLXME() = 0)

1 2 1 2
= 60+§XM30+"' ,eo—u‘l'zxueo

1 1
leol” + E(Xfeo,eo) + z(eo,Xfeo) + .-
(X: = _Xu) =1 _(XueOqueO) +.e=1- |M|2+ .

This shows that S is a nondegenerate critical manifold. O
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Remark 3.15. The above computations can be refined to prove that the normal
bundle of Sy = G¢(U) — G (V') is isomorphic as a complex vector bundle to the
dual of the tautological vector bundle on the Grassmannian G (U'), while the normal
bundle of S| = Gx—1(U) — G (V) is isomorphic to the dual of the tautological
quotient bundle on the Grassmannian G_;(U). O

We have
A, So) =0, A(f,S1)=2(n+1—k).

The negative bundles £~ (S;) are orientable since they are complex vector bundles

E=(So) =0, E7(S1) =Ts,Gk(V).

Since Sy = Gk, S1 == Gk—1.,, we deduce from the induction hypothesis that the
Poincaré polynomials Ps, (¢) are even. Hence the function f is a perfect Morse—Bott
function, and we deduce

PG, vy = Ps,(1) + >0 Pg (1),

or
Prent1(t) = Preu(@) + 2" TPy, (1), o
Let us make a change in variables
Okt = Prp, £=n—k).

The last identity can be rewritten

Okit1 = Qre + 12001141,

On the other hand, Qr¢ = Q¢ , and we deduce

k
Oki+1 = 41k = Qugrh—1 + 17 O0pp.

Subtracting the last two equalities, we deduce

(1 =) Que = (1 =)0 1.

We deduce

(1— ,2(€+1)) (1— lZ(n—k—H))

Okye = WQ/«—LZH = P, = 1= %) Pr_ip.

Iterating, we deduce that the Poincaré polynomial of the complex Grassmannian
Gk.n is
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[Tj—ptn (1 =) _ [T=,(1—¢*)
H§=1(1 —1%) ]_[I;zl(l — 1) ]‘[;’;’1‘(1 _ lzi)'

Pk.n(t) =

Remark 3.16. The above analysis can be further refined and generalized. We leave
most of the details to the reader as an exercise (Exercise 6.32).

Suppose E is a finite dimensional real Euclidean space, and A € End(E) is a
symmetric endomorphism. Denote by Gry (E) the Grassmannian of k-dimensional
subspaces of E. For every L € Gry(E) we denote by P, the orthogonal projection
onto L. The map

Gry(E)> L+ Pp € End E

embeds Gry (E) as a (real algebraic) submanifold of End(E). On End(E) we have
and the inner product is given by

(S,T) = tr(ST*).

We denote by | e | the corresponding Euclidean norm on End(E). This inner product
induces a smooth Riemann metric on Gry (E).
The function

fa:Gr(E) > R, fa(L) =tr APL = (A, P1). (3.4)

This is a Morse—Bott function whose critical points are the k-dimensional invariant
subspaces of A. Its gradient flow has an explicit description,

Gri(E) 5 L+ L € Gy (E) (3.5)

We want to point out a simple application of these facts that we will need later.
Suppose U is a subspace of E, dimU < k, and define

A= PUJ_ = lE—PU.

Then,

fA(L) ZtF(PL—PLPU) :dimL—tr(PLPU).
On the other hand, we have

|Py — Py P> = te(Py — Py PL)(Py — PLPy) = tr(Py — Py PLPy)
= trPU —tI'PUPLPU = dimU—trPUPL.
Hence,
fa(L) = |Py — Py Pr|* +dimL —dimU,

so that
fa(L) > dim L —dim U,
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with equality if and only if L D U. Thus, the set of minima of f4 consists of all
k-dimensional subspaces containing U. We denote this set with Gry (E)y. Since f4
is a Morse—Bott function, we deduce that

Vj <k, YU e€Gr;(E), 3C =C{U) > 1, YL € Gry(E):
1
rel dist(L,Gry(E)y )? < |Py — Py Pr|? < Cdist(L,Gri(E)y )>.  (3.6)

In a later section, we will prove more precise results concerning the asymptotics of
this Grassmannian flow. O

3.3 The Lefschetz Hyperplane Theorem

A Stein manifold is a complex submanifold M of C” such that the natural inclusion
M < C" is a proper map. Let m denote the complex dimension of M and denote
by ¢ = (¢',..., ") the complex linear coordinates on C". We seti = +/—1.

Example 3.17. Suppose M C CV is an affine algebraic submanifold of C", i.e.,
there exist polynomials Py, ..., P, € C[¢!, ..., "] such that

M={teC’ P()=0, Vi=1,...r}
Then M is a Stein manifold. O

Suppose M < C" is a Stein manifold. Modulo a translation of M we can
assume that the function f : C* — R, f(¢) = |¢|? restricts to a Morse function
which is necessarily exhaustive because M is properly embedded. The following
theorem due to Andreotti and Frankel [AF] is the main result of this section.

Theorem 3.18. The Morse indices of critical points of f |y are not greater than m.
O

Corollary 3.19. A Stein manifold of complex dimension m has the homotopy type
of an m-dimensional CW complex." In particular,
Hy(M,Z) =0, Yk >m. O

Before we begin the proof of Theorem 3.18 we need to survey a few basic facts
of complex differential geometry.

Suppose M is a complex manifold of complex dimension m. Then, the (real)
tangent bundle TM is equipped with a natural automorphism

J:TM - TM

"With a bit of extra work one can prove that if X is affine algebraic, then f has only finitely
many critical points, so X is homotopic to a compact C W complex. There exist, however, Stein
manifolds for which f has infinitely many critical values.
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satisfying J2 = —1 called the associated almost complex structure. If (z°) 1<y <p are
complex coordinates on M, z5 = x* +iyk, then

JOk =0k, JOu = —0u.
We can extend J by complex linearity to the complexified tangent bundle,
J. :°TM — °TM, ‘TM :=TM Qg C.
The equality J? = —1 shows that i are the only eigenvalues of J... If we set
TM' :=ker(i— J.), TM®! :=ker(i+ J,),
then we get a direct sum decomposition
‘TM =TM" & TM"".

Locally, TM ' is spanned by the vectors
1 .
311« = E(axk —18yk), k=1,...,m,
while TM ! is spanned by
1 .
0z = E(axk +18yk), k=1,...,m.

We denote by Vect® (M) the space of smooth sections of “T'M , and by Vect(M ) the
space of smooth sections of 7 M, i.e., real vector fields on M.
Given V' € Vect(M) described in local coordinates by

Vo= (a*0u +b50).
k

and if we set v¥ = a* + ib*, we obtain the (local) equalities

V=" 0u 4+ 002), JV = (Fox —itFoz). (3.7)
k k

The operator J induces an operator J' : T*M — T*M that extends by complex
linearity to “T* M . Again we have a direct sum decomposition

CT*M — T*MI,O @ T*MO,I’

T* MO0 — ker(i — ch)’ T*MO! = ker(i + Jct)
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Locally, T*M'? is spanned by dz¥ = dx¥ + idy¥, while T*M"! is spanned by
dz¥ = dx* —idy*. The decomposition

CT*M — T*MI,O @ T*MO,I
induces a decomposition of A" “T*M,

AT CT*M = EB APIT* M, APIT*M = APT*M"° @c AIT* MO,
ptq=r

The bundle A”9T*M is locally spanned by the forms dz’ A dz’, where I, J are
ordered multi-indices of length |/| = p, |J| = ¢,

I =G <ir<---<ip), J=1<:<]jg),
and
dzf =dF' Ao Adr, A7 =dP A AdTR.

We denote by £279(M) the space of smooth sections of A”4T*M and by
£2"(M, C) the space of smooth sections of A" “T* M. The elements of 279(M)
are called (p, q)-forms.

The exterior derivative of a (p, ¢)-form « admits a decomposition

do = (do)?™H + (de)P7T

We set
da := (d)? ™1, Ba := (da)? T

If f isa (0,0)-form (i.e., a complex valued function on M), then locally we have
of =D (0uf)dF. 3f = (9 f)dZ.
k k

In general, if

o = Z Ol]]dzl /\dZJ, oy € .QO"O,
[T=p.,|J]=q

then

do = Z do;; AdZ AdZ, o = Z dayy Adz AdZ.
[1=p,J]=q [1=p,J]=q

We deduce that for every f € £2%°(M), we have the local equality

00f = 0,0 fde/ AdZ. (3.8)
J.k
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IfU =3 (a8 +b73y)and V = 3, (c*d,x + d*d,x) are locally defined real
vector fields on M and we set

W = (a’ +ib’), o = (* +id"),

then using (3.8) we deduce

90 f(U.V) = (00u /) 0" —id0). (3.9)

ik

Lemma 3.20. Suppose f : M — R is a smooth real valued function on the
complex manifold M and py is a critical point of M. Denote by H the Hessian
of [ at py. We define the complex Hessian of [ at pg to be the R-bilinear map

Cr:TyyM xTyyM — R,

Cr(U,V):=HUV)+ HJU,JV), YU,V € TyM.
Then,
Cr(U,V)=1idd f(U, JV).

Proof. Fix complex coordinates (z',...,z") near po such that z/(pg) = 0. Set
fo = f(po). Near py we have a Taylor expansion

1 . . o
f@=fots Y lapd & +bpF? +epdZ) 4o
ik

Since f is real valued, we deduce
bjk = ﬁjk, Cjk = Ekj = (azjazkf)(()).
Given the real vectors

U= (o, +iudz)€TyM, V=" ( 0u+0"0).
J k

we set H(U) := H(U, U), and we have

HU) =Y (ajcu u* + byt d® + cjpul i)
jk

Using the polarization formula

HU,V) = i(H(U +V)—HU-V))
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we deduce

. . 1 . .
HU.V) = (ajuv* + bt/ i) + 3 > el i 4 il o).
Jk Jk

Using (3.7), we deduce

. . 1 . .
HJU.JV) = =Y (apuwv* + b/ %) + 5 D el vt 4 i o),
ik jik

so that

C/(U.V)=HU.V)+HJU.JV) =Y cpt* +u/v").
j.k

Using (3.7), again we conclude that

CWU.JV) = cpp(—in/t* + i v*)
jk

=i Y el i — i) ) i, v).
j.k

Replacing V by —J V in the above equality we obtain the desired conclusion. O

Lemma 3.21 (Pseudoconvexity). Consider the function

1
fC =R, f(O)= EICIZ.
Then for every q € C" and every real tangent vector U € T,C”, we have
i(00f)g(U.JU) = |UJ.
Proof. We have
1 k7k 93 1 k Tk
f= EXk:g ¢k, 88f=§2k:d§ A dZk.

If
U= Z(ukagk + 0y ) € T,CY,
k
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then
JU =i) (u0p — " 05)
k
and

(@0 ) (U TU) = 3 32424 £ aE (U, JU)
k

Iy ' d¢t(U) dg*(JU)
247 AN U) dEt (I U)

= Y (W)t ) — et GUIE W) )

k
=iy Wit = iU
k
O

Proof of Theorem 3.18. Let M — CV be a Stein manifold of complex dimension
m and suppose f : C" — R, f({) = %|§|2 restricts to a Morse function on M.
Suppose py is a critical point of f|y and denote by H the Hessian of f|j at
po- We want to prove that A(f, po) < m. Equivalently, we have to prove that if
S C Ty, M is areal subspace such that the restriction of H to S is negative definite,
then

dimg S < m.

Denote by J : TM — TM the associated almost complex structure. We will first
prove that
SNJS =0.

We argue by contradiction. Suppose that S N JS # 0. Then, there exists U € S\ 0
such that JU € S. Then,

HUU)<0, HJUU,JU)<0=Cs(U,U)=HWUU)+ HJU,JU) <0.
Lemma 3.20 implies
0> Cr(U,U) =i(03f M) py (U, JU) = (3.1 ), (U, JU),
while the pseudoconvexity lemma implies
0> (33 f),, (U, JU) = U,
which is clearly impossible. Hence S N JS = 0 and we deduce

2m = dimg TpyM > dimg S + dimg JS = 2dimg S. O
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Let us discuss a classical application of Theorem 3.18. Suppose that V' C CP" is
a smooth complex submanifold of complex dimension m described as the zero set
of a finite collection of homogeneous polynomials?

01.....0,€C[Z,....2"].

Consider a hyperplane H C CP". Modulo a linear change in coordinates, we can
assume that it is described by the equation z° = 0. Its complement can be identified

with C¥ with coordinates ¢¥ = i—z Denote by M the complement of Voo :=V N H
inV,
M=V \ V.

Let us point out that Vo, need not be smooth. Notice that M is a submanifold of C”
described as the zero set of the collection of polynomials

Pi¢h .. 8 = 0L 8,

and thus it is an affine algebraic submanifold of C". In particular, M is a Stein
manifold. By Theorem 3.18, we deduce

Hypr(M,Z) =0, Vk > 0.

On the other hand, we have the Poincaré—Lefschetz duality isomorphism [Spa,
Theorem 6.2.197°

Hj(V\Veo.Z) = H" (V. Vo Z),

and we deduce
H" XV, Voo:Z) =0, Yk > 0.

The long exact sequence cohomological sequence of the pair (V, Vo),
8
voo > H" MV Voo Z) > H" ¥ (V. Z) - H" " (Vio: Z) —
—H" Y, Voi;Z) > -+
implies that the natural morphism

H" ™ (V,Z) - H"™*(Voo: Z)

2By Chow’s theorem, every complex submanifold of CP” can be described in this fashion
[GH, 1.3].

3This duality isomorphism does not require Vo to be smooth. Only V' \ Vs, needs to be smooth;
Voo 1s automatically tautly embedded, since it is triangulable.
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is an isomorphism if k > 1, and it is an injection if k = 1. Note that
1 . L.
k>l m—k< §d1mRVoo, k=1l m—k= EdlmRVoo.

We have obtained the celebrated Lefschetz hyperplane theorem.
Theorem 3.22 (Lefschetz). If V is a projective algebraic manifold and Vs is the
intersection of V with a hyperplane, then the natural restriction morphism

H'(V,Z) - H’ (Voo.Z)

is an isomorphism for j < % dimp Vs and an injection for j = % dimg Veo. O

3.4 Symplectic Manifolds and Hamiltonian Flows

A symplectic pairing on a finite dimensional vector space V is, by definition, a
nondegenerate skew-symmetric bilinear form @ on V. The nondegeneracy means
that the induced linear map

I,:V >V v wv,e),

is an isomorphism. We will identify a symplectic pairing with an element of A2V *
called a symplectic form. A symplectic space is a pair (V,®), where Vis a finite
dimensional vector space and w a symplectic form on V.

Suppose w is a symplectic pairing on the vector space V. An almost complex
structure tamed by o is an R-linear operator J : V — V such that J?> = —1 and
the bilinear form

g§=8ws: VXV >R, guv)=ow,Jv)

is symmetric and positive definite. We denote by J, the space of almost complex
structures tamed by w.

Proposition 3.23. Suppose that (V,w) is a symplectic space. Then, J, is a
nonempty contractible subset of End(V). In particular, the dimension of V is
even, dimV = 2n, and for every J € §,, there exists a g, j-orthonormal basis
(e1, fis.-.ren, fn) of V such that

Je; = fi, Jfi = —e;i, Vi and w(u,v) = g(Ju,v),Yu,v € V.

We say that the basis (e;, f;) is adapted to w.
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Proof. Denote by My the space of Euclidean metrics on V, i.e., the space of positive
definite, symmetric bilinear forms on V. Then, My is a contractible space.
Any h € My defines a linear isomorphism A4, : V — V uniquely determined by

w(u,v) = h(Apu,v).

We say that  is adapted to w if A2 = —1y. We denote by M, the space of metrics
adapted to w. We have thus produced a homeomorphism

M(I) - 30)3 h = Aha

and it suffices to show that M,, is nonempty and contractible. More precisely, we
will show that M, is a retract of My .

Fix a metric 1 € My . For every linear operator B : V' — V, we denote by B*
the adjoint of B with respect to /. Since w is skew-symmetric, we have

Af = —A),.

Set T}, = (AZA;,)I/2 = (—Aﬁ)l/z. Observe that A, commutes with 7j,. We define a
new metric

h(u, v) = h(Thu,v) <= h(u,v) = (T u,v).
Then,
o(u,v) = h(Apu,v) = h(T, " Apu,v) = A; = T, ' Ay,
We deduce that
AL =T A5 = —1y,

sothath € My, and therefore M, # @. Now we observe thath = h <= h € M,,.
This shows that the correspondence i > £ is a retract of My onto M,,. O

If w is a symplectic pairing on the vector space V and (e;, f;) is a basis of V

adapted to w, then
w= Zei A fi,
i

where (e’, f') denotes the dual basis of V' *. Observe that

1

—‘a)" =e'AfIAcne A S

n!

Definition 3.24. (a) A symplectic structure on a smooth manifold M is a 2-form
w € 2°T*M satisfying the following conditions.

e do =0.
* For every x € M, the element w, € A?T*M is a symplectic pairing on
M.
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We will denote by I, : TM — T*M the bundle isomorphism defined by w
and we will refer to it as the symplectic duality.

(b) A symplectic manifold is a pair (M, ®), where @ is a symplectic form on the
smooth manifold M. A symplectomorphism of (M, w) is a smooth map f :
M — M such that

ffo =w. O

Observe that if (M, w) is a symplectic manifold, then M must be even dimen-
sional, dim M = 2n, and the form dv,, := %a)” is nowhere vanishing. We deduce
that M is orientable. We will refer to dv,, as the symplectic volume form, and we
will refer to the orientation defined by dv,, as the symplectic orientation. Note that

if f: M — M is symplectomorphism, then
¥ (dvy) = du,.

In particular, f is a local diffeomorphism.

Example 3.25 (The standard model). Consider the vector space C" with Euclidean
coordinates z; = x/ +iy/. Then,

n . n
: . i B . .
Q= Zldxf Ady! = Ezdz, Adzj = —Iij:dzf ® dz/
J= J= .

defines a symplectic structure on C". We will refer to (C", ) as the standard model.
Equivalently, the standard model is the pair (R?", ), where € is as above. 0O

Example 3.26 (The classical phase space). Suppose M is a smooth manifold. The
classical phase space, denoted by @(M ), is the total space of the cotangent bundle
of M. The space @(M) is equipped with a canonical symplectic structure. To
describe it denote by & : @(M) — M the canonical projection. The differential
of 7 is a bundle morphism

Dr :T®(M) — n*TM.
Since 7 is a submersion, we deduce that D is surjective. In particular, its dual
(D) :a*T*M — T*®(M)
is injective, and thus we can regard the pullback 7*T*M of T*M to ®(M) as a
subbundle of T*®(M).
The pullback 7*T*M is equipped with a tautological section 6 defined as

follows. If x € M and v € T M, so that (v, x) € (M), then

O(v,x) =veTIM = (n"T"M) (..
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Since 7*T*M is a subbundle of T*® (M), we can regard 6 as a 1-formon T*M.
We will refer to it as the rautological 1-form on the classical phase space.

If we choose local coordinates (x‘, ...,Xx") on M, we obtain a local frame
(dx',...,dx") of T*M. Any point in ¢ € T*M is described by the numbers
(&1..... &, x', ..., x"), where x = (x') are the coordinates of 7(¢) and Y & dx’

. . "
describes the vector in Tn( )

described in the coordinates (&;, x/) by

0= &dx'.

M corresponding to ¢. The tautological 1-form is

Set w = —df. Clearly w is closed. Locally,
w = Z dx’ A d§;,

and we deduce that w defines a symplectic structure on @ (M ). The pair (®(M ), w)
is called the classical symplectic phase space.

Let us point out a confusing fact. Suppose M is oriented, and the orientation
is described locally by the n-form dx' A --- A dx”. This orientation induces an
orientation on 7* M, the topologists orientation or., described locally by the fiber-
first convention

dEy Ao AdE, Adx! Ao AdX".

This can be different from the symplectic orientation orgymy, defined by

dx' AdEj Ao AdX" A dE,.

This discrepancy is encoded in the equality

nn+1)
org, = (—=1)" 2 OFgymp. ]

Example 3.27 (Kdhler manifolds). Suppose M is a complex manifold. A Hermitian
metric on M is then a Hermitian metric / on the complex vector bundle 7M ', At
every point x € M, the metric & defines a complex valued R-bilinear map

he : oM"Y x T.M'Y — C,

such that for any X, Y € T, M " and z € C we have

th(X7 Y) = hx(ZXv Y) = hx(szY)s
ho(Y, X) = i (X, Y), ho(X,X)>0, if X #0.
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We now have an isomorphism of real vector spaces T, M — T, M given by
o _ 1 . 1,0
T"M>X— X" =§(X—1JX)€TM -

where J € End(TM) denotes the almost complex structure determined by the
complex structure. Now define

g0y : TM xT:M — R
by setting
g(X,Y) =Reh (X', Y'") and w0 (X,Y) = —Imh (X", ¥"?),

where g, is symmetric and wy is skew-symmetric. Note that

w (X, JX) = —Imh, (X', (J X))

=—Imh (X", iX'%) =Reh, (X', x10).

Thus, w, defines a symplectic pairing on 7y M, and the almost complex structure J
is tamed by w;.

Conversely, if @ € 22(M) is a nondegenerate 2-form tamed by the complex
structure J, then we obtain a Hermitian metric on M .

A Kdhler manifold is a complex Hermitian manifold (M, h) such that the
associated 2-form w;, = —Imh is symplectic.

By definition, a Kihler manifold is symplectic. Moreover, any complex subman-
ifold of a Kéhler manifold has an induced symplectic structure.

For example, the Fubini-Study form on the complex projective space CP”
defined in projective coordinates z = [z9, 21, - - - , Zu] by

n
» =iddlogz”, |zI> =) |zl
k=0

is tamed by the complex structure, and thus CP” is a Kéhler manifold. In particular,
any complex submanifold of CPP" has a symplectic structure. The complex subman-
ifolds of CIP" are precisely the projective algebraic manifolds, i.e., the submanifolds
of CPP" defined as the zero sets of a finite family of homogeneous polynomials in
n + 1 complex variables. O

Remark 3.28. A symplectic structure on a manifold may seem like a skew-
symmetric version of a Riemannian structure. As is well-known, two Riemann
structures can be very different locally. In particular, there exist Riemann metrics
which cannot be rendered Euclidean in any coordinate system. The Riemann
curvature tensor is essentially the main obstruction.
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The symplectic situation is dramatically different. More precisely, if (M %", w) is
a symplectic manifold, then a theorem of Darboux shows that for any point py € M,
there exist local coordinates xi, ..., Xy, V1, .- ., Vi on a neighborhood U of py such
that in these coordinates @ has the canonical form

m
oy = dek Adyy.
k=1

For a proof of this and much more general results, we refer to [Au, II.1.c]. O

Example 3.29 (Codajoint orbits). To understand this example, we will need a few
basic facts concerning homogeneous spaces. For proofs and more information we
refer to [Helg, Chap. II].

A smooth right action of a Lie group G on the smooth manifold M is a
smooth map

MxG—->M, GxM>(x,g)— R(x):=x-g,
such that
Ri=1y, (x-g)-h=x-(gh), Vxe M, g,hed.

The action is called effective if Ry # 1y, Vg € G\ {1}.

Suppose G is a compact Lie group and H is a subgroup of G that is closed as
a subset of G. Then, H carries a natural structure of a Lie group such that H is a
closed submanifold of G. The space H\G of right cosets of H equipped with the
quotient topology carries a natural structure of a smooth manifold. Moreover, the
right action of G on H\G is smooth, transitive, and the stabilizer of each point is a
closed subgroup of G conjugated to H.

Conversely, given a smooth and transitive right action of G on a smooth manifold
M, then for every point my € M, there exists a G-equivariant diffeomorphism
M — G, \G, where G, denotes the stabilizer of m. Via this isomorphism the
tangent space of M at m, is identified with the quotient 7'G/ T1 G, .

Suppose G is a compact connected Lie group. We denote by L the Lie algebra
of G, i.e., the vector space of left invariant vector fields on G. As a vector space
it can be identified with the tangent space 71G. The group G acts on itself by
conjugation,

C,:G—G, hghg™".
Note that C,(1) = 1. Denote by Ad, the differential of C, at 1. Then, Ad, is a

linear isomorphism Ad, : L5 — L. The induced group morphism

Ad: G — Autg(Lg), g+ Adg,
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is called the adjoint representation of G. Observe that Ady;, = Adj; o Ady, and thus
we have a right action of G on L

LexG—Lg, (o, g) > a-g:=Ad;a.

This is called the coadjoint action of G.
Forevery X € L and @ € L}, we set
X (Ol) = a Adet}( [VAS] TOILG == LG'
=0

More explicitly, we have
(XH@).Y) = (. [X.Y]), VY €L, (3.10)

where (e, o) is the natural pairing L7, x L — R.
Indeed,

" d
Adjx (o), Y> = <oz, I

(X¥ ), Y) = <% Ad,x Y> = (o, [X,Y]).

=0 =0

For every o € LF;, we denote by O, C LF; the orbit of  under the coadjoint action
of G, 1i.e.,

Oy := {Ad;(); g € G}.

The orbit O, is a compact subset of L. Denote by G, the stabilizer of « with
respect to the coadjoint action,

G, = {g € G; Adj(a) = a}.

The stabilizer G, is a Lie subgroup of G, i.e., a subgroup such that the subset G, is
a closed submanifold of G. We denote by L, its Lie algebra. The obvious map

G — 04, g+ Ady(a),

is continuous and surjective, and it induces a homeomorphism from the space G, \G
of right cosets of G, (equipped with the quotient topology) to O, given by

D :G,\G>G, g+ Ad;(oe) € Oq.

For every g € G denote by [g], the left coset G, - g. The quotient G, \ G is a smooth
manifold, and the induced map

D : G,\G — L,
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is a smooth immersion, because the differential at the point [1] € G, \G is injective.
It follows that O, is a smooth submanifold of £7,. In particular, the tangent space
Ty can be canonically identified with a subspace of £F,.

Set

Ly={Bely (B.X)=0, VX €L,}.
‘We claim that
T,0, = L.

Indeed, let ﬁ € To0y C L. This means that there exists X = Xg € L such that

B = ar t_OAd:Xp(tX/f;)a = Xg(a).

Using (3.10), we deduce that
(B,Y) = (a,[Xp,Y]), VY € Lg.
On the other hand, « is G,-invariant, so that
Z'a) =0, VZ € L,
G:@(Zﬁ(a),)() = (a.[Z.X]) =0, VX € Lg, VZ € L,.
If we choose X = Xj in the above equality, we deduce
(B.Z) = (a.[Xp. Z]), VZ € L, = B e Lt
This shows that 7,0, C Lj. The dimension count
1,0, = dim Oy = dim G,\G = dimLg —dim L, = diij
implies
T,0, = LF.
The differential of @ : G,\G — O, at [1] induces an isomorphism
Dy : T1G\G — T,0,
and thus a linear isomorphism
@, : TG, \G = L/ Ly—LE, X mod L, > XF(a).

Observe that the vector space Li‘ is naturally isomorphic to the dual of Lg/L,.
The above isomorphism is then an isomorphism (Li—)* — Li‘. We obtain a
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nondegenerate bilinear pairing
wo 1 LEXLE SR, w0, (By) = (B, 07'y).
Equivalently, if we write
B=Xj@. y=X). Xp.X, €L,

then
wu(B.7) = (Xj(@. X,) = (e [Xp. X,]). 3.1

Observe that w, is skew-symmetric, so that w, is a symplectic pairing. The group
G, acts on 7,0, and w, is G,-invariant. Since G acts transitively on O, and w,
is invariant with respect to the stabilizer of «, we deduce that w, extends to a
G-invariant, nondegenerate 2-form o € $£22(0,). We want to prove that it is a
symplectic form, i.e., dw = 0.

Observe that the differential dw is also G-invariant and thus it suffices to
show that

(dw)y = 0.

LetY; = X?(a) € Ty04, X; € Lg,1 = 1,2,3. We have to prove that
(dw)e (Y1, Y2, Y3) = 0.
We have the following identity [Nil, Sect. 3.2.1]
do(X1, Y2, Y3) = Yio(Y2, Y3) — Yho(Ys, Y1) + VoY1, 1s)
+ oY1, [Y2, Y3]) — o(Y2, [Y3, 11]) + o(Y3, [Y1, T2)).
Since w is G-invariant, we deduce
w(Y;,Y;) = const Vi, j,

so the first row in the above equality vanishes. On the other hand, at « we have the
equality
oY1, [Y2, ¥3]) — o(Y2, [Y3. 11]) + o(Y3. [Y1, Y2])
= (o, [X1, [X2, X3]] = [X2, [X3, Xo]] + [Y3, [ X1, X2]]).
The last term is zero due to the Jacobi identity. This proves that @ is a symplectic
form on O,.

Consider the special case G = U(n). Its Lie algebra u(n) consists of skew-
Hermitian n x n matrices and it is equipped with the Ad-invariant metric

(X,Y) =Retr(XY™).
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This induces an isomorphism u(n)* — u(n). The coadjoint action of U(n) on u(n)*
is given by

AdF(X)=T*XT =T 'XT, YT € U(n). ¥X € u(n) = u(n)*.
Fix So € u(n). We can assume that Sy has the diagonal form
So = So(A) = iAo @--- ®ir Lo, Aj e R,

with ny + --- + nxy = n and the A’s. The coadjoint orbit of Sy consists of all the
skew-Hermitian matrices with the same spectrum as Sy, multiplicities included.

Consider a flag of subspaces of type v := (ny,...,nx), i.e., an increasing
filtration F of C" by complex subspaces

o=Vwcwrc---cV,==C"

such that n; = dimc V;/V;_,. Denote by P; = P;(IF) the orthogonal projection
onto V;. We can now form the skew-Hermitian operator

Ar(F) =) A (P; — Piy).

J

Observe that the correspondence F +— A, (IF) is a bijection from the set of flags
of type v to the coadjoint orbit of Syp(A). We denote this set of flags by Flc(v).
The natural smooth structure on the coadjoint orbit induces a smooth structure on
the set of flags. We will refer to this smooth manifold as the flag manifold of type
v := (ny,...,ng). Observe that

Flc(1,n —1) = CP",
Flc(k,n — k) = G (C") = the Grassmannian of k-planes in C".
The diffeomorphism A, defines by pullback a U(n)-invariant symplectic form on

Flc(v), depending on A. However, since U(n) acts transitively on the flag manifold,
this symplectic form is uniquely determined up to a multiplicative constant. O

Proposition 3.30. Suppose (M, w) is a symplectic manifold. We denote by J ., the
set of almost complex structures on M tamed by w, i.e., endomorphisms J of TM
satisfying the following conditions

° J2 = —ILTM.
e The bilinear form g, ; defined by
g X, Y)=w(X,JY), VX,Y € Vect(M)

is a Riemannian metric on M .

Then, the set J, m is nonempty and the corresponding set of metrics {gq.7; J €
IMm.w} is a retract of the space of metrics on M.
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Proof. This is a version of Proposition 3.23 for families of vector spaces with
symplectic pairings. The proof of Proposition 3.23 extends word for word to this
more general case. O

Suppose (M, w) is a symplectic manifold. Since w is nondegenerate, we have a
bundle isomorphism /,, : TM — T*M defined by

(I,X,Y) = o(X,Y) < (a,Y) = o(I,'a,Y),
Ya € 21 (M), VX.Y € Vect(M). (3.12)
One can give an alternative description of the symplectic duality.
For every vector field X on M we denote by X_| or iy the contraction by X, i.e.,
the operation X _I : 2°(M) — £2°7'(M) defined by
X ) (X1, ..., X)) = (X, X1,..., Xp),
VX1,.... X € Vect(M), ne 2K (M).

Then,
I,=0lw<= [,X =X 1w, VX € Vect(M). (3.13)

Indeed,
(I,X,Y)=0(X,Y)=(Xdw)(Y), VY € Vect(M).

Lemma 3.31. Suppose J is an almost complex structure tamed by w. Denote by
g the associated Riemannian metric and by Iy : TM — T*M the metric duality
isomorphism. Then,

ly=1I0] < I, =—JolI . (3.14)

Proof. Denote by (e, @) the natural pairing between 7*M and TM . Forany X,Y €
Vect(M ) we have

{(I,X.Y) = 0(X,Y) = g(JX,Y) = ([,(JX),Y)
sothat [, = I, 0 J. O

For every vector field X on M , we denote by <1§,X the (local) flow it defines.
We have the following result.

Proposition 3.32. Suppose X € Vect(M). The following statements are equiva-
lent:

(a) X is a symplectomorphism for all sufficiently small t.
(b) The I-form 1,X is closed.
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Proof. (a)is equivalentto Lyw = 0, where Ly denotes the Lie derivative along X .
Using Cartan’s formula Ly = dix + ixd and the fact that dw = 0, we deduce

Lyw =dixw = d(]wX).

Hence, Lyw =0 <~— d([,X) =0. O

Definition 3.33. For every smooth function H : M — R, we denote by V” H the
vector field

V®H :=I;'(dH). (3.15)

The vector field V¥ H is called the Hamiltonian vector field associated with H,
or the symplectic gradient of H. The function H is called the Hamiltonian
of V®H. The flow generated by V® H is called the Hamiltonian flow generated
by H. 0

Remark 3.34. Note that the equality (3.15) is equivalent to

(V’H) 1w = dH. (3.16)

Proposition 3.32 implies the following result.

Corollary 3.35. A Hamiltonian flow on the symplectic manifold (M, w) preserves
the symplectic forms, and thus it is an one-parameter group of symplectomorphisms.

Lemma 3.36. Suppose (M, w) is a symplectic manifold, J is an almost complex
structure tamed by w, and g is the associated metric. Then for every smooth function
H on M, we have

V®H = —-JV8H, (3.17)

where V8 H denotes the gradient of H with respect to the metric g.
Proof. Using (3.14), we have

I,V¢*H =dH = I,V°H = [,JV°H = JV*H = V*H. O
Example 3.37 (The harmonic oscillator). Consider the standard symplectic plane

C with coordinate z = ¢ + ip and symplectic form € = dg A dp. Let

1 k
H(p,q) = %p2+5q2, k,m > 0.

The standard complex structure J given by

Jo, =0, Jd,=—0,
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is tamed by 2, and the associated metric is the canonical Euclidean metric g =
dp? + dg?. Then

Vi = L9, 4 kqd,, VOH =—JviH = Lo, —kqd,.
m m

The flow lines of V¥ H are obtained by solving the Hamilton equations

q=2
s "y PO =Ppo. q(0) = qo.
D = —kq
Note that m§ = —kgq, which is precisely the Newton equation of a harmonic

oscillator with elasticity constant k and mass m. Furthermore, p = mq is the
momentum variable. The Hamiltonian H is the sum of the kinetic energy ﬁ P’

and the potential (elastic) energy %. If we set* @ := \/g , then we deduce
q(t) = qocos(wt) + Po sin(wt), p(t) = —gomw sin(wt) + po cos(wt).
mw

The period of the oscillation is T = %” The total energy H = ﬁ p?+ % is
conserved during the motion, so that all the trajectories of this flow are periodic
and are contained in the level sets H = const, which are ellipses. The motion
along these ellipses is clockwise and has a constant angular velocity w. For more
details on the physical origins of symplectic geometry, we refer to the beautiful
monograph [Arl]. O

Definition 3.38. Given two smooth functions f,g on a symplectic manifold
(M, w), we define the Poisson bracket of f and g to be the Lie derivative of g
along the symplectic gradient vector field of f. We denote it by { £, g}, so that®

{f.g}:=Lvey g. O

We have an immediate corollary of the definition.

Corollary 3.39. The smooth function f on the symplectic manifold (M, ®) is
conserved along the trajectories of the Hamiltonian flow generated by H &

C®(M) ifandonly if {H, f} = 0. O
Lemma 3.40. If (M, w) is a symplectic manifold and f, g € C*°(M), then
{f.g} = -0V V), V¥{fg}=[V"[ V] (3.18)

In particular, { f, g} = —{g. [} and { f. f} = 0.

4The overuse of the letter @ in this example is justified only by the desire to stick with the
physicists’ traditional notation.

SWarning: The existing literature does not seem to be consistent on the right choice of sign for
{/. g}. We refer to [McS, Remark 3.3] for more discussions on this issue.
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Proof. Set X; = V® f, X, = V”g. We have

(g = de(Xp) 27 (1 dg. X ) = —w(X/. X,).

For every smooth function z on M, we set X, := V®u. We have

Xipgu =1 ghuy = —u{f g}t = —Xulf g} = Xuo (X, Xy).
Since Ly, w = 0, we deduce

Xuo(Xy, Xg) = o([Xu, X 7], X) + (X g, [Xu, Xe])

= —[Xu, Xrlg + [Xu. Xel f = —XuX7g + Xs Xug + XuXo f — Xo X f.
The equality { . g} = —{g. f} is equivalent to X, f = —X s g, and we deduce

Xipgyu=—XuXrg + XsXug + XuXo f — Xg Xu f

= 2X,Xyg— Xy Xou+ X Xypu=2X(pu—[Xr. X,lu.
Hence,
Xipou=I[Xr, Xelu, Yuec C¥(M) <= X(sqy = [X/, X¢]. O

Corollary 3.41 (Conservation of energy). Suppose (M, w) is a symplectic man-
ifold and H is a smooth function. Then, any trajectory of the Hamiltonian flow

generated by H is contained in a level set H = const. In other words, H is
conserved by the flow.
Proof. Indeed, {H, H} = 0. |

Corollary 3.42. The Poisson bracket defines a Lie algebra structure on the vector
space of smooth functions on a symplectic manifold. Moreover, the symplectic
gradient map

V@ C®(M) — Vect(M)
is a morphism of Lie algebras.

Proof. We have

gk +{g A/ h}} = Xipph + X Xyh = [Xy, Xglh + XX rh
= Xy Xgh ={f1g h}}. o
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Example 3.43 (The standard Poisson bracket). Consider the standard model
(C", @) with coordinates z; = ¢/ +ip; and symplectic form @ =}, dg/ Adp;.
Then for every smooth function f on C", we have

J

VES == 0y, /)00 + Y (3, 1)y,
J

so that

(.80 =20y N0 8) = @y, By ) )- 0

J

Suppose we are given a smooth right action of a Lie group G on a symplectic
manifold (M, w),

MxG—>M, GxM>(x,g8)— Rg(x) ' =x-g.

The action of G is called symplectic if R;fa) =w,VgeG.

Denote by L¢ the Lie algebra of G. Then for any X € L¢, we denote by X €
Vect(M) the infinitesimal generator of the flow &¥ (z) = z-¢'*,z€ M, 1 € R. We
denote by (e, e) the natural pairing £ x L — R.

Definition 3.44. A Hamiltonian action of the Lie group G on the symplectic
manifold (M, w) is a smooth right symplectic action of G on M together with an
R-linear map

E L — COO(M), Lo X f—)éx € COO(M),
such that

Vebx = X', {Ex.bv) = Ex, VXY € Lo
The induced map p : M — L, defined by

([L(X),X) = EX(x)v Vx e M? X e LG,

is called the moment map of the Hamiltonian action. O

Remark 3.45. To any smooth left-action
GxM—>M, (g,p)—~g-p,

of the Lie group G on the smooth manifold, we can associate in a canonical fashion
a right-action

MxG—M, (pg)—>p*xg:=g ' -m.
A left-action of a Lie group on a symplectic manifold will be called Hamiltonian
if the associated right-action is such. This means that there exists an R-linear map
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h:Lg—> C®(M), X — hy, such that the flow p — e!X . p is the hamiltonian
flow generated by /1y and

{hx,hy} = —h[X,y], VX,Y € Vect(M). O

Example 3.46 (The harmonic oscillator again). Consider the action of S! on
C = R? given by

0 ._ o—if

CxS's (z.el) > zxel e "z

Using the computations in Example 3.37, we deduce that this action is Hamiltonian
with respect to the symplectic form € = dx Ady = %dz Adz. If we identify the Lie
algebra of S' with the Euclidean line R via the differential of the natural covering
map ¢ > €', then we can identify the dual of the Lie algebra with R, and then the
moment map of this action is u(z) = %|z|2. O

Lemma 3.47. Suppose we have a Hamiltonian action
MxG—->M, (x,g2)—>x-g,

of the compact connected Lie group G on the symplectic manifold (M, ®). Denote
by u: M — LF, the moment map of this action. Then,

p(x-g) = Ady u(x), Vg€ G, xeM.

Proof. Setéx = (u, X). Since G is compact and connected, it suffices to prove the
identity for g of the form g = e'X. Now observe that

d d
(X'e) = | plr-e™) and X(u(o) = | Adge p(x),
=0 =0

and we have to show that
(X’)(x) = X¥(u(x)), VX € Lg, x € M.
For every Y € L, we have

d

G| (e ) = X (). Y) =t Er) = )
t=0

3.10)

= (n(x). [X.Y]) (XF(u(x)). Y). o

Example 3.48 (Coadjoint orbits again). Suppose G is a compact connected Lie
group. Fix @ € L7, \ {0} and denote by O, the coadjoint orbit of o. Denote by
w the natural symplectic structure on O, described by (3.11). We want to show that
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the natural right-action of G on (O, ) is Hamiltonian and that the moment map of
this action p : O, — L is given by

Ouw2pB>—BeLf.

Let X € Lg.Seth = hy : L, — R, h(B) = —(B. X), where as usual (e, o)
denotes the natural pairing £f; x Lz — R. In this case X P = X". We want to
prove that

X' = V°hy, (3.19)
that is, for all 8 € O, and all ﬂ € TO,, we have
o(X*, B) = dhx (B).

We can find Y € Lg such that /3 = Y*(B). Then, using (3.11) we deduce

o(X", B) = (B, [X.Y]).
On the other hand,

t=0

d . _ 4 __
(V)| = grlimolAdln .X) = | (B Ader X) = ~(B. [X. V).

This proves that X* is the Hamiltonian vector field determined by 4y . Moreover,

{hx, hy}lp = —o(X", YH)g = —(B.[X". Y*]) = hyxr)(B).

This proves that the natural right-action of G on G, is Hamiltonian with moment
map (B) = —p. o

Proposition 3.49. Suppose we are given a Hamiltonian action of the compact
Lie group G on the symplectic manifold. Then, there exists a G-invariant almost
complex structure tamed by . We will say that J and its associated metric

hX.Y) =o(X.JY), VX.Y € Vect(M)

are G-tamed by .

Proof. Fix an invariant metric on G, denote by dV, the associated volume form, and
denote by |G| the volume of G with respect to this volume form.

Note first that there exist G-invariant Riemannian metrics on M. To find such a
metric, pick an arbitrary metric g on M and then form its G-average &,

1
S(X.Y) = @/ w*g(X.Y)dV,, VX.Y € Vect(M).
G
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By construction, ¢ is G-invariant. As in the proof of Proposition 3.23, define B =
B; € End(TM) by

S(BX.Y) = w(X.,Y), VX,Y € Vect(M).

Clearly, B is G-invariant because w is G-invariant. Now define a new G-invariant
metric 2 on M by

h(X,Y):=g((B*B)'?X,Y), VX,Y € Vect(M).
Then, & defines a skew-symmetric almost complex structure J on TM by
o(X.Y)=h(JX,Y), VX,Y € Vect(M).

By construction J is a G-invariant almost complex structure tamed by . O

Example 3.50 (A special coadjoint orbit). Suppose (M, ) is a compact oriented
manifold with a Hamiltonian action of the compact Lie group G. Denote by u :
M — L*G‘ the moment map of this action. If T is a subtorus of G, then there is
an induced Hamiltonian action of T on M with moment map ur obtained as the
composition
ML L7 — t*,

where L7, — t* denotes the natural projection obtained by restricting to the
subspace t a linear function on L.

Consider the projective space CIP". As we have seen, for every A € R* we obtain
a U(n + 1)-equivariant identification of CPP" with a coadjoint orbit of U(n + 1)
given by

¥, :=CP"> L+~ iAP, culn+1),

where P; denotes the unitary projection onto the complex line L, and we have
identified u(n + 1) with its dual via the Ad-invariant metric

(X,Y) =Retr(XY™), X,Y cu(n +1).

We want to choose A such that the natural complex structure on CP” is adapted to
the symplectic structure £2; = ¥, w;, where w; is the natural symplectic structure
on the coadjoint orbit O, := ¥, (CP"). Due to the U(n + 1) equivariance, it suffices
to check this at Ly = [1,0,...,0].

Note that if L = [z9,...,24], then Py is described by the Hermitian matrix
(Pjk)o<jk=n, Where

I .
Pjk = WZ_/Zk, VO < j.k <n.

In particular, Py, = Diag(1,0,...,0).
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IfL, :=11,tz1,...,tz,] € CP", then

OZI' En
. d . z10---0
P=al i =
2, 0 -+ 0

On the other hand, let X = (x;;)o<i j<n € u(n +1). Then x;; = —X;;, Vi, j and X
defines a tangent vector X te 11,0,

0 X0+ Xno
X0 0 --- 0
Xt i=ir— L.

" e N P = —iA[PL,. X] = i)

t=0

X0 0 --- 0
These two computations show that if we identify X* with the column vector
(X105 - - -, X0)", then the complex J structure on 77,CP" acts on X 1 via the usual

multiplication by i.
Given X, Y € u(n 4+ 1) we deduce from (3.11) that at Ly € O, we have

(X", Y%) = Retr(iA Py, - [X, Y]*) = A Im[X, Y]3,.

where [X,Y]5, denotes the (0,0) entry of the matrix [X,Y]* = [V*, X*] =
[Y, X] = —[X, Y]. We have

n n
[X.Y]oo =D (Xok Yko — Yok Xko) = — ¥ (¥k0Yko — XkoJko)-
k=0 k=1
Then,

o(X*, JXF) =20 ) xoe|”
k

Thus, if A is positive, then §2) is tamed by the canonical almost complex structure
on CP". In the sequel we will choose A = 1.

We thus have a Hamiltonian action of U(n + 1) on (CP”, §2;). The moment map
J of this action is the opposite of the inclusion

¥ :CP'">um+1), Lw—iPp,

so that
(L) = - (L) = —iPL.
The right-action of U(n + 1) on CP" is described by
CP"xUm+1)>(L,T)— T 'L
because Pr—1; =T~ 'P, T.



146 3 Applications

Consider now the torus T" C U(n + 1) consisting of diagonal matrices of
determinant equal to 1, i.e.,’ matrices of the form

A(t) = Diag (e_i("+"'+’”),ei’1,...,e""), t=(t1,...,1,) € R".
Its action on CP” is described in homogeneous coordinates by
[z0s....za]A(t) = I:ei(tl-i-...-‘rtn)z()’ ey e—itnzn]_

This action is not effective since the elements Diag(¢™,¢,....,¢), "1 = 1
act trivially. We will explain in the next section how to get rid of this minor
inconvenience.

The Lie algebra t" C u(n 4 1) of this torus can be identified with the vector
space of skew-Hermitian diagonal matrices with trace zero.

We can identify the Lie algebra of T” with its dual using the Ad-invariant metric
on u(n + 1). Under this identification the moment map of the action of T" is the
map [i defined as the composition of the moment map

w:CP" - um+1)

with the orthogonal projection u(n + 1) — t”". Since tr P, = dimc L = 1 we
deduce

i
(L) = —Diag(iP —1ent1,
(L) iag(i L)+n+1 ot

where Diag( Py ) denotes the diagonal part of the matrix representing P . We deduce

N _ i 2 2 i
illzo,....z4]) = e Diag(|zol*, ..., |za[%) + P 1]1@+1.
Thus, the opposite action of T" given by
[ZO, o Zn]A(t) — I:efi(l1+...+t")Z0’ eit1Z1, o eiann:I
is also Hamiltonian, and the moment map is
i
n(L) = — Diag(|zol. . ... |zl?) — Tentt.

|z n—+1

We now identify the Lie algebra t” with the vector space’

W:.=w= (Wo,...,Wn) GR”+1; Zwi 20}
i

ST is a maximal torus for the subgroup SU(n + 1) C U(n + 1).
"In down-to-earth terms, we get rid of the useless factor i in the above formulz.
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A vector w € W defines the Hamiltonian flow on CP",
eit %,y [ZO, . ,Zn] = I:eiWOtZ07 eiw”ZI, e eiw”[Zn], (320)

with the Hamiltonian function
1 ¢ )
Ew(lz0. ... 20]) = WZwﬂm. (3.21)
j=0

The flow does not change if we add to & a constant

c n
cz—E |z; .
2 J
2 <

Thus, the Hamiltonian flow generated by &, is identical to the Hamiltonian flow
generated by

1 & 5
f = E Wkl W = ke
j=0

Note that if we choose w’j = j (so that ¢ = %), we obtain the perfect Morse

function we discussed in Example 2.21. In the next two sections we will show that
this “accident” is a manifestation of a more general phenomenon. O

Example 3.51 (Linear hamiltonian action). Suppose that (V, ) is a symplectic
vector space and

VxT—V, (v,eX)zv*eX, YveV, X et,
is a linear hamiltonian action of a k-dimensional torus on (V, ) with moment map
wiV—t*
Fix a T-invariant almost complex structure on V' and denote by / the associated
invariant inner product

h(vy,v2) = w(vy, Jva), v, v € V.

Denote by so; (V') the space of skew-symmetric endomorphisms of V' that commute
with J. We can then find a linear map

A:t—s0;(V), X Ay

such that forany v € V, X € t we have
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We set By := JAyx. Note that By is a symmetric endomorphism that commutes
with J. A simple computation shows that the moment map of this action is given by

1
(), X) = Eh(va,v), YveV, X et. O

3.5 Morse Theory of Moment Maps

In this section we would like to investigate in greater detail the Hamiltonian actions
of a torus

on a compact symplectic manifold (M, w). As was observed by Atiyah in [A], the
moment map of such an action generates many Morse—Bott functions. Following
[A] we will then show that this fact alone imposes surprising constraints on the
structure of the moment map. In the next section we will prove that these Morse—
Bott functions are in fact perfect.

Theorem 3.52. Suppose (M,w) is a symplectic manifold equipped with a
Hamiltonian action of the torus T = T". Let w : M — t* be the moment
map of this action, where t denotes the Lie algebra of T. Then, for every X € t the
function

Ex M —> R, §x(x) = (ux). X)
is a Morse—Bott function. The critical submanifolds are T-invariant symplectic
submanifolds of M, and all the Morse indices and coindices are even.

Proof. Fix an almost complex structure J and metric 7 on TM that are equivariantly
tamed by w.

For every subset A C T we denote by Fix 4 (M) the set of points in M fixed by
all the elements in A4, i.e.,

Fixy(M) ={x € M; x-a=x, Vacec A}.
Lemma 3.53. Suppose G is a subgroup of T. Denote by G its closure. Then
Fixg (M) = Fixg(M)

is a union of T-invariant symplectic submanifolds of M .

Proof. Clearly Fixg (M) = Fixg(M). Since T is commutative, the set Fixg (M) is
T-invariant. Let x € Fixg(M) and g € G \ {1}. Denote by A, the differential at x



3.5 Morse Theory of Moment Maps 149

of the smooth map
M>y—y-geM.
The map A, is a unitary automorphism of the Hermitian space (7, M, h, J). Define

Fix, (T M) :=ker(l — A,) and Fixg(T:M) = (") Fixg(T.M).
g€eG

Consider the exponential map defined by the equivariantly tamed metric /,
exp, : IxM — M.

Fix r > 0 such that exp, is a diffeomorphism from {v eTyM; |v|y < r} onto an
open neighborhood of x € M.

Since g is an isometry, it maps geodesics to geodesics and we deduce that Vv €
T M such that |v|, < r we have

(exp,(v)) - g = exp(A4v).

Thus, exp(v) is a fixed point of g if and only if v is a fixed point of A, i.e., v €
Fixg (T M ). We deduce that the exponential map induces a homeomorphism from a
neighborhood of the origin in the vector space Fixg (T M) to an open neighborhood
of x € Fixg(M). This proves that Fixg (M) is a submanifold of M and for every
x € Fixg (M), we have

T, Fixg(M) = Fixg (T, M).

The subspace Fixg (T, M) C Ty M is J-invariant, which implies that Fixg (M) is a
symplectic submanifold. O
Let X € t \ {0} and denote by Gy the one-parameter subgroup

Gy = {e’X eT; t eR}.

Its closure is a connected subgroup of T, and thus it is a torus Ty of positive
dimension. Denote by ty its Lie algebra. Consider the function

Ex(x) = (u(x), X), x e M.

Lemma 3.54. Cr¢, = Fixr, (M).
Proof. Let X* = V®Ey. From (3.17), we deduce

X" =V = —J Vg,

This proves that x € Crg, <= x € Fixg, (M). O
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We can now conclude the proof of Theorem 3.52. We have to show that the
components of Fixt, (M) are nondegenerate critical manifolds.

Let C be a connected component of Fixt, (M) and pick x € C. As in the proof of
Lemma 3.53, for every ¢ € R we denote by A,(X) : TxM — T M the differential
at x of the smooth map

M>yrsy-e* =0y eM.
Then A, (X) is a unitary operator and

ker(ll — At(X)) =T.C, Vt eR.

We let
Ay = % A (3.22)
Then, A x is a skew-Hermitian endomorphism of (7, M, J), and we have
A/(X) := % and T,F = ker A.
Observe that
Ayu=1[U,X"],, YueTM, YU € Vect(M), U(x) = u. (3.23)
Indeed,

. d o R - R
Axu=<| A= E‘t=o<(¢f )*U)X — (LpU), = [U, X", Ul..

Consider the Hessian H, of £x at x. For U;, U, € Vect(M ), we set
u; = U,‘()C) eT M,
and we have
H,(uy,u) = (U1(Uaéx))|x.
On the other hand,
Ui(Uséx) = Urdéx (Us) = Uio(X", Us)
= (Ly,0)(X". U) + o([U1. X"]. Us) + o(X". [U1. U)).

At x we have
U1, X"y = Au;, X"(x) =0,
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and we deduce
Hy(ur,u2) = w(Axur, up) = h(J Ayuy,uz). (3.24)

Now, observe that B = J A is a symmetric endomorphism of T, M which commutes
with J. Moreover, )
kerB =kerAd =T,C.

Thus, B induces a symmetric linear isomorphism B : (7, C)* — (T,C)> . Since
it commutes with J, all its eigenspaces are J-invariant and in particular even-
dimensional. This proves that C is a nondegenerate critical submanifold of £x, and
its Morse index is even, thus completing the proof of Theorem 3.52. O

Note the following corollary of the proof of Lemma 3.54.

Corollary 3.55. Let X € t. Then for every critical submanifold C of £x and every
x € C, we have

T.C ={ue T:M; 3U € Vect(M), [X", U], =0, U(x)=u},

where X" = V@Ey. O

We want to present a remarkable consequence of the result we have just proved
known as the moment map convexity theorem. For an alternative proof, we refer
to [GS].

Recall that a (right) action X x G — X, (g,x) = R,(x) = x - g of a group G
on aset X is called effective if R, # 1x, Vg € G \ {1}.

We have the following remarkable result of Atiyah [A] and Guillemin and
Sternberg [GS] that generalizes an earlier result of Frankel [Fra].

Theorem 3.56 (Atiyah—Guillemin—Sternberg). Suppose we are given a Hamil-
tonian action of the torus T = TV on the compact connected symplectic manifold
(M, w). Denote by it ©: M — t* the moment map of this action and by {Cy; « € A}
the components of the fixed point set Fixp(M ). Then the following hold.

(a) W is constant on each component Cy.

(b) If uy € t* denotes the constant value of w on Cy, then w(M) C t* is the
convex hull of the finite set {j1; o € A} C t*.

(c) If the action of the torus is effective, then (L(M') has nonempty interior.

Proof. For every x € M, we denote by St, the stabilizer of x,
St,:={geT: x-g=ux}.

Then St, is a closed subgroup of T. The connected component of 1 € St, is a
subtorus T, C T. We denote by t, its Lie algebra.
The differential of x defines for every point x € M a linear map

iy ToM — t*.
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We denote its transpose by 1} It is a linear map
it —TIM.
Observe that for every X € t we have
LX) = (déx)y, where &x = (1, X): M — R. (3.25)

Lemma 3.57. For every x € M we have ker I} = t,.

Proof. From the equality (3.25) we deduce that X € ker /1] if and only if d (11, X)
vanishes at x. Since X" is the Hamiltonian vector field determined by (i, X), we
deduce that

X ekerfif &= X"(x) =0 <= X € T1St, = t,. O

Lemma 3.57 shows that p is constant on the connected components C, of
Fix(M ) because (the transpose of) its differential is identically zero along the fixed
point set.

There are finitely many components since these components are the critical
submanifolds of a Morse—Bott function £x, where X € T is such that Ty = T.

To prove the convexity statement it suffices to prove that if all the points p, lie
on the same side of an affine hyperplane in t*, then any other point n € w(M) lies
on the same side of that hyperplane.

Any hyperplane in t* is determined by a vector X € t \ 0, unique up to a
multiplicative constant. Let X € ¢ \ 0 and set

cx = min{(ua,X); o€ A}, my = Eéi}t{l%‘x(x) = ;Iéiﬁ(pv(x),X).

We have to prove that my = cy.
Clearly, my < cy. To prove the opposite inequality observe that my is a critical
value of £y . Since £y is a Morse—Bott function, we deduce that its lowest level set

xeM; &x(x) =my}

is a union of critical submanifolds. Pick one such critical submanifold C.

If we could prove that C N Fixp (M) # @, then we could conclude that C, C C
for some o and thus cy < my.

The submanifold C is a connected component of Fixr, (M). It is a symplectic
submanifold of M, and the torus T := T/Tx acts on C. Moreover,

FiX']I‘l(C) =C ﬂFixT(M),

so it suffices to show that
Fixr, (C) # 0.
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Denote by t the Lie algebra of T and by ty the Lie algebra of Tx. Observe that
t* is naturally a subspace of t*, namely, the annihilator t$ of t

th =t} :={v et (1LY)=0, VY €ty

Lemma 3.57 shows that for every Y € ty the restriction of (i, ') to C is a constant
¢(Y) depending linearly on Y. In other words, it is an element ¢ € t%. Choose a
linear extension ¢ : ¢ — R of ¢ and set

wh = ple — ¢.

Observe that for every ¥ € ty, we have (/,LJ‘, Y) = 0, and thus ,ul is valued in
t} = t%. Forevery Z € t, we have (along C)

V. Z) =V {ut. Z),

and we deduce that the action of T| on C is Hamiltonian with ;2 as moment map.
Choose now a vector Z € t such that the one-parameter group ' is dense in
T, . Lemma 3.54 shows that the union of the critical submanifolds of the Morse—
Bott function £ = (ut, Z) on C is fixed point set of T . In particular, a critical
submanifold corresponding to the minimum value of & é‘ is a connected component
of Fixr, (C). This proves the convexity statement.
Note one consequence of the above argument.

Corollary 3.58. Forevery X € T, the critical values of £x are
{(tar X); @ € A} = <,u(FinI(M)), X>.

Proof. If M is a critical submanifold of X, then the above proof shows that it must
contain at least one of the C,’s. Conversely, every Cy, lies in the critical set of £y.
O
To prove that ¢ (M) has nonempty interior if the action of T is effective, we use
the following result.

Lemma 3.59. If T acts effectively on M, then the set of points x € M such that
[y - TxM — t* is surjective, open, and dense in M .

Proof. Recall that an integral weight of T is a vector w € t such that

e =1¢€eT.

The integral weights define a lattice Lt C t. This means that Lt is a discrete
Abelian subgroup of t of rank equal to dimg t. Observe that we have a natural
isomorphism of Abelian groups

Lt — Hom(S',T), Lt >wr ¢, € Hom(S',T), ¢,() =e".
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Any primitive8 sublattice L” of L determines a closed subtorus T y:={e""; w € A},
and any closed subtorus is determined in this fashion. This shows that there are at
most countably many closed subtori of T.

If T/ C T is a nontrivial closed subtorus, then it acts effectively on M, and thus
its fixed point set is a closed proper subset of M with dense complement. Baire’s
theorem then implies that

Z = M\ |J Fixe(M)={zeM: t.=0}
{1}#T/CT

is a dense subset of M. Lemma 3.57 shows that for any z € Z the map 1} : t —
T M is one-to-one, or equivalently that /i is onto. The lemma now follows from
the fact that the submersiveness is an open condition. O

The action of the torus near its fixed points is rather special. More precisely we
have the following result.

Theorem 3.60. Let (M, w) and T be as in Theorem 3.56 and suppose that z is a
fixed point of the T-action. The symplectic form w on M defines a symplectic pairing
w, on T,M. Then, there exist a T-invariant open neighborhood Uy of 0 € T,M, a
T-invariant open neighborhood U, of z € M and a T-equivariant diffeomorphism
¥ : Uy — U, such that the following hold:

e Y(0) =z
s Vo =w, € A’TM.
e Forany X € t and any u € Uy, we have

£x (V) = £x() + 30 (Axiu) = E(2) + 3helJ A,

where Ay is defined as in (3.22). O

Loosely speaking, the above theorem states that near a fixed point of a
Hamiltonian torus action, we can find local coordinates, so that in these coordinates
the action becomes a linear action of the type described in Example 3.51. For a
proof of this theorem, we refer to [Au, IV.4.d] or [GS, Thm. 4.1]. The deep fact
behind this theorem is an equivariant version of the Darboux theorem, [Au, II.1.c].

The image of the moment map contains a lot of information about the action.

Theorem 3.61. Let (M, w), i, and T be as above. Assume that T acts effectively.
Then the following hold:

(a) For any face F of the polyhedron (M), we set

FJ-:={Xert; dceeR: (n,X)=c, VUGF}~

8The sublattice L’ C L is called primitive if L/L’ is a free Abelian group.
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Observe that F* is a vector subspace of t whose dimension equals the
codimension of F. It is called the conormal space of the face F. Then, for any
face F of the convex polyhedron (M) of positive codimension k the closed set

My = p~ ' (F)
is a connected symplectic submanifold of M such that
codim Mz > 2 codim F.
Moreover, if we set
Str:={geT; x-g=x, Vx € Mp},
then

T,Stp = F*.

(b) dimM >2dimT.
(c) IfdimM = 2dimT, then codim Mr = 2 codim F for any face of u(M).

Proof. A key ingredient in the proof is the following topological result.

Lemma 3.62 (Connectivity lemma). Suppose f : M — R is a Morse—Bott
function on the compact connected manifold M such that Morse index and coindex
of any critical submanifold are not equal to 1. Then for every ¢ € R, the level set
{f = ¢} is connected or empty.

To keep the flow of arguments uninterrupted we will present the proof of this
result after we have completed the proof of the theorem.

Suppose F is a proper face of (M) of codimension k > 0. Then, there exists
X € T, which defines a proper supporting hyperplane for the face F, i.e.,

(n.X)<(n'.X), VneF., ' eunM),

with equality if and only if ” € F. Consider then the Morse-Bott function £x =
(i, X) and denote by m x its minimum value on M. Then,

Mp = p~'(F) = {x = mx}.

Lemma 3.62 shows that M is connected. It is clearly included in the critical set of
£y, so that M is a critical submanifold of £x. It is thus a component of the fixed
point set of Ty.

Form the torus TJF- := T/Str and denote by ¢ its Lie algebra. Note that

tF =t/tr.
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The dual of the Lie algebra tt# can be identified with a subspace of t*, namely, the
annihilator t9 of tF,

th = {net*; (ntr)=0}Ct"

As in the proof of Theorem 3.56, we deduce that for every X € tp, the function
(u, X) is constant along Mp. The action of ’H‘fg on Mf is Hamiltonian, and as
moment map we can take

1= ply — o

where ¢ is an arbitrary element in t* satisfying
(0. X) = (1n(2), X), Yze Mp, X €tF.

Then,
(M) = F —¢ c % = (t1)".

Since the action of ’JI‘# on Mp is effective, we deduce u*(Mr) has nonempty
interior in t%. Thus, the relative interior of F —¢ as a subset of t%. C t* is nonempty,
and by duality we deduce that

Fr=(t9)" = tr.

This proves that Tr is a torus of the same dimension as F L1 which is the
codimension of F.
Let us prove that

codim My > 2 codim F = 2dim F*.

Since the action of T is effective, we deduce that the action of T/Str on M is
effective. Using Lemmas 3.59 and 3.57, we deduce that there exists a pointz € M
such that its stabilizer with respect to the T/Str-action is finite. This means that
the stabilizer of z with respect to the T-action is a closed subgroup whose identity
componentis Tr,i.e., t, = tr.

We set V. := T.MFr and we denote by E, the orthogonal complement of V,
in T, M with respect to a metric 4 on M equivariantly adapted to the Hamiltonian
action as in the proof of Theorem 3.52. Then, E; is a complex Hermitian vector
space. Let m := dim¢ E, so that 2m = codimr M . We will prove that

m > dim F+ = dimTp.
The torus T r acts unitarily on E, and thus we have a morphism

Tr>g— A, € U(m) = Aut(E,, h).
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We claim that its differential

: d
tr>X > Ay = —| Aux e u(m) =TU(m)
dr lt=0
is injective.
Indeed, let X € tg\0. Then, z is a critical point of £x. Denote by H, the Hessian
of £z at z. Arguing exactly as in the proof of (3.24), we deduce
Hz(u1, uz) = a)(Axl/t] N Lt2) = h(JAxu1, uz), Vul, Uy € Ez'

Since & is a nonconstant Morse—Bott function, we deduce that H. |z, # 0, and thus
Ax # 0. This proves the claim.

Thus the image Tr of Ty in U(m) is a torus of the same dimension as T g, and
since the maximal tori of U(m) have dimension m, we deduce

1
codimF =dimTyr <m = EcodimR (MF).

If we apply (a) in the special case when F is a vertex of (M) we deduce
dimM —dim My = codim Mg > 2codim FF = 2dimT.
This proves (b). To prove (c) assume that dim M = 2dim T. We deduce from the
inequality
dimM —dim My > 2(dim T — dim F),
we deduce
dimMp < 2dim F.
On the other hand, we have an effective Hamiltonian action of the torus Ti: =
T/STFr on MF, and thus
dim My > 2dim TF = 2dim F.
To complete the proof of Theorem 3.61, we need to prove the connectivity
Lemma 3.62.

Proof of Lemma 3.62. For ¢; < ¢, we set
M;;Z = {Cl < f < C2}, M = {f < C2}, Mc| = {f > Cl}, Lcl = {f = Cl}-

For any critical submanifold S of f, we denote by £ §L (respectively, E) the stable
(respectively, unstable) part of the normal bundle of S spanned by eigenvectors of
the Hessian corresponding to positive/negative eigenvalues. Denote by D;'E the unit
disk bundle of £ with respect to some metric on E5.
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Since the Morse index and coindex of S are not equal to 1, we deduce that BDSjE
is connected. Thus, if we attach D;E to a compact C W-complex X along DT, then
the resulting space will have the same number of path components as X .

Let fuin := mingep f(x) and frax = max,epy f(x). Observe now thatif e > 0,
then { f < fumin+e¢ } has the same number of connected componentsas { f = fuin}-

Indeed, if Cy, ..., Cy are the connected components of { f = fun }, then since
f is a Morse—Bott function, we deduce that for ¢ > 0 sufficiently small the sublevel
set { f < fmin + €} is a disjoint union of tubular neighborhoods of the C;’s.

The manifold M is homotopic to a space obtained from the sublevel set { f <
fmin+¢ } via a finite number of attachments of the above type. Thus M must have the
same number of components as { f = fuin }, s0 that { /' = fuin } is path connected.
We deduce similarly that for every regular value ¢ of f the sublevel set M€ is
connected. The same argument applied to — f* shows that the level set { f = fiux}
is connected and the supralevel sets M, are connected.

To proceed further, we need the following simple consequence of the above
observations:

M C"lz is path connected if L., is path connected. (3.26)

Indeed, if po, p1 € M, C”ll, then we can find a path connecting them inside M . If this
path is not in M 6"12, then there is a first moment #, when it intersects L., and a last
moment ¢; when it intersects this level set. Now choose a path 8 in L., connecting
y(to) to y(t1). The path

B
Po — y(to) — (1)) — pi

is a path in M2 connecting po to p;.
Consider the set

C := {c¢ € [fmin» fmax]: L is path connected V¢’ <c¢} C R.

We want to prove that C = [ fiin, fmax]-

Note first that C # @, since fmi, € C. Set ¢¢ = sup C. We will prove that
co € Candcy = fmax-

If ¢o is a regular value of f, then L., = L,—. for all £ > 0 sufficiently small, so
that L., is path connected and thus ¢y € C.

Suppose ¢y is a critical value of f. Since L. +. is path connected, we deduce
from (3.26) that M 0*¢ is path connected for all & > 0.

On the other hand, the level set L., is a Euclidean neighborhood retract (see,
for example, [Do, IV.8] or [Ha, Theorem A.7]), and we deduce (see [Do, VIIL.6] or

[Spa, Sect. 6.9]) that

lime H (M3 Q) = H*(Le,. Q).

co—E ?
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where H* denotes the singular cohomology.® Hence,

H(Le,, Q) = H'MPE, Q) =Q, VO<e<k 1.

cop—E ?

Hence, L., is path connected. This proves ¢y € C.

Let us prove that if ¢p < fiax, then ¢o + € € C, contradicting the maximality of
co. Clearly this happens if ¢y is a regular value, since in this case Loy4+. = L, =
L¢—e, VO < & < 1. Thus we can assume that ¢ is a critical value.

Observe that since L, is connected, then no critical submanifold of f in the level
set L., is a local maximum of /. Indeed, if S were such a critical submanifold, then
because f is Bott nondegenerate, S would be an isolated path component of L.,
and thus L., = S. On the other hand, M, is path connected and thus one could find
a path inside this region connecting a point on S to a point on { f = fiax }- Since
€0 < fmax, this would contradict the fact S is a local maximum of f.

We deduce that for any critical submanifold S in L., the rank of E ;‘ is at least
two, because it cannot be either zero or one. In particular, the Thom isomorphism
theorem implies that

HY(D¥,0D{:72/2) =0,
and this implies that

H' (MC(H—E LC(H‘S; Z/z) = Hl(Mco—é?’ MC(H'S; Z/Z)

co—E ?

~ P H'(D{.0DF:7/2) =0,
N

where the summation is taken over all the critical submanifolds contained in the
level set L, the first isomorphism is given by excision, and the second from the
structural theorem, Theorem 2.44. The long cohomological sequence of the pair
(M&*e, L, +.) then implies that the morphism

co—E ?

HO(MO"2 7,/2) — H(Leyte. 7/ 2)

co—E

is onto. Using (3.26), we deduce that HO(M % ¢, 7,/2) = 7,/2, so that L, . is path

cop—e
connected. O

Theorem 3.63. Suppose (M, w) is equipped with an effective Hamiltonian action
of the torus T with moment map ju : M — t*. Assume that

dimM =2dimT = 2m.

Then, any point 1 in the interior of (M) is a regular value of i, the fiber ;=" (1)
is connected and T-invariant, and the stabilizer of every point z € u~"'(n) is finite.

9The point of this emphasis is that only the singular cohomology H° counts the number of path
components. Other incarnations of cohomology count only components.
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Proof. Fix an invariant almost complex structure J tamed by @ and denote by A
the associated metric. Let n € int u(M) and z € ' (). Denote by T, the identity
component of St,. To prove that z is a regular point of , it suffices to show that St,
is finite, i.e., T, = 1. We follow the approach in [Del, Lemme 2.4]. We argue by
contradiction and we assume that £ := dim T, > 0.

Choose a vector X, € t,, the Lie algebra of T, such that the one-parameter
subgroup {e/*?),cg is dense in T.. The point z is a critical point of the Morse-Bott
function £x_(x) = (u(x), X;). We denote by V; the critical submanifold of £y, that
contains z.

We have an effective Hamiltonian action of the torus T/T, on V so that

dimV, > 2dimT/T, = 2(m — {).

In particular, the orthogonal complement TZVZL of TV, in T, M, has dimension
2d < 24.

The Lie algebra t, of T, is a subalgebra of t, and thus we have a natural surjection
7 t* — t}. The action of T, on M is Hamiltonian with moment map

i
,uz:M—>m*i>ut:.
We have an action of T, on T, M
X _ JAx
vxke® =eYu, Yoe T, M, X €t,

where X — Ay is a linear map t, — so, (7, M), where we recall that so; (T, M)
denotes the space of skew-symmetric endomorphisms of 7,M that commute
with J. This action is trivial on the subspace 7.V, C T.M .

For X € t,, we set By := JAX. Clearly By commutes with By for any X,
Y € t,. Thus the operators (Bx)ye¢, can be simultaneously diagonalized. Hence,
we can find an orthonormal basis

€1,€,...,€,—1,€y
of T M and linear maps
Wiy eoosWg it > R

such that
Jey—1 =ey, Yk=1,....m,

eq,...,eyy is an orthonormal basis of 7, VZJ-,

Bxey—i = wi(X)ey—1, Byey =wr(X)en, Yk =1,....,d,
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and
Bye; =0, Vj=2d +1,...,2m.

Using Theorem 3.60, we can find a T.-invariant neighborhood Uy of 0 € T M,
a T,-invariant neighborhood U, of z in M and a T,-equivariant diffeomorphism
¥ : Uy — U, such that

1
Ex(Y(w) = p.(z) + Eh(BXu,u), VX et,, uecl,.

Fix a basis Xi,..., X, of ¢, and denote by X[,..., X[ the dual basis of t.
Note that

¢
wie =Y wi(X)X[, Vk=1.....d.
i=1
For any u € T,M and k = 1,...,m, denote by u; the component of u along the
subspace spanned by ey, _1, €y }. We deduce that for any u € Uy, we have

4

d
w (¥ (w) = Z% (Z Wk(Xi)Iuklz) X’
k=1

i=1

d ¢ d
1 1
=3 E Juage | (E Wk(Xi)Xi*) =3 E Juage | *w.
k=1

i=1 k=1

Hence, the image of U, via the moment map u. : M — t7 is a neighborhood of
1(z) in the affine cone

d
C,=u(z2) + Cwi,...,wr), Clwy,...,wg) = {Zskwk; Skz()} Clt:.
k=1

Since d < ¢, we deduce that the cone C(wy,...,wy) is strictly contained in t;‘
and thus p.(z) cannot be a point in the relative interior of wu (M). We reached a
contradiction because

p(M) = 7 (n(M)).

and u,(z) = 7 (n), where 7 is in the relative interior of w(M).

Hence p~'(n) is a smooth submanifold of M of codimension equal to
m = dimT. Choose a basis Xi,...,X, of t such that for every i =1,...,m
the hyperplane

Hi:={tet™ (LX) =n = (n X))}
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does not contain'® any of the vertices of (M. Corollary 3.58 shows that this
condition is equivalent to the requirement that 7; be a regular value of & := £y,,
Vi = 1,...,n. The fiber u_l (n) is, therefore, the intersection of regular level sets
of the functions &;,

pm=f{zeM; @ =m, Vi=1...n}=\&=n}

i=1

Since {§;,&;} = 0, Vi, j, we deduce from Corollary 3.39 that & is constant along
the trajectories of X jb = V“&;. This proves that any intersection of level sets of &;’s
is a union of flow lines of all of the X ?’s. Hence 11~ !(n) is T-invariant.

Fork =1,...,m set

Mk = {ZEM; Si =i, Vi = 1,,k}
Denote by Ty C T the k-dimensional closed subtorus generated by
{eXi; i <k, t; eR}.

We will prove by induction on k that M}, is connected.

For k = 1, this follows from the connectivity lemma as M is the level set of the
Morse—Bott function £ whose Morse indices and coindices are all even.

Assume now that M is connected. We will prove that My is connected as well.

Since My is a level set of &k 41|as,, it suffices to show that the restriction of
&k+1/m, 1s a Morse—Bott function whose Morse indices and coindices are all even.
For notational simplicity, we set § := &1 |m,

Observe first that since & is T-invariant, its critical set is also T-invariant.
Suppose z € M is a critical point of & This means that there exist scalars
Aty ..., Ar € R such that

k k
1) = D MidE(R) <= X4 — ) AiX[(2) = 0.

i=1 i=1

Thus if we set
k

X =Xy — Z/\iXi,

i=1
we deduce that z is a fixed point of Tx. Denote by C, the component of Fixr, (M)
containing z. Then, C, is a nondegenerate critical submanifold of £y.

19The space of hyperplanes containing 7 and a vertex v of (M) is rather “thin.” The normals of
such hyperplanes must be orthogonal to the segment [, v], so that a generic hyperplane will not
contain these vertices.
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Lemma 3.64. C, intersects My transversally.

Let us take the lemma for granted. Set C. := C. N M. We then have'!
TCz.kMk = TCZM,

so that C. is a nondegenerate critical submanifold of x|y, with the same index
and coindex as the critical submanifold C; of £x : M — R. Since

k
Ex = &1 — ) Aiki,
i=1

we deduce that £x|a, — &k+1|m, = const so that Cx is a nondegenerate critical
submanifold of & |a, with even index and coindex. Thus, to complete the proof
of Theorem 3.63, it suffices to prove Lemma 3.64.

Proof of Lemma 3.64. Tt suffices to show that C, and M intersect transversally at z.
Thus we need to prove that

(Tsz)J_ N (TZCZ)J_ =0,

where the orthogonal complements are defined in terms of a metric /& equivariantly
tamed by w. Denote by J the associated almost complex structure. Observe that

(T.My)t = spang{V"&(z): i =1,....k} = Jspang{X’(z): i =1,....k}.
Since J is T-invariant, we deduce that Ly,J = 0, and since [X", Xib] = [X, X,

= 0, we deduce that
Ly(JX)) = J(Ly X)) = 0.

Corollary 3.55 implies that JX; € T.C., so that (T.M;)* C T.C., and therefore
(T:M)* N (T.C)*" = 0. 0

Definition 3.65. A toric symplectic manifold is a symplectic manifold (M, w)
equipped with an effective Hamiltonian action of a torus of dimension % dmM. O

"We are using the following sequence of canonical isomorphisms of vector bundles over C. :
Te, My :=TM/TCj =TM/(TM; NTC,) = (TM +TC,)/TC,,
Te M :=TM/TC,=(TM +TC,)/TC..
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Theorem 3.66. Suppose (M, w) is a toric symplectic manifold of dimension on 2m.
We denote by T the m-dimensional torus acting on M and by |u the moment map of
this action. Then, the following hold:

(a) For every face F of n(M), the submanifold My = uw='(F) is a toric manifold
of dimension 2 dim F.

(b) For every n in the interior of n(M), the fiber My, = w='(n) is diffeomorphic
to T.

Proof. As in Theorem 3.61, we set
Stp:={geT;, gx=x, Vx € Mp}.
Theorem 3.61 shows that St is a closed subgroup of T and
dim Sty = codim F = m — dim F.

Thus, T = T/Str is a torus of dimension M ¢ acting effectively on the symplectic
manifold M of dimension 2(m — k).

For part (b) observe that M), is a connected T-invariant submanifold of M of
dimension m. Let O denote an orbit of T on M,,. Then, O is a compact subset of M.
Denote by G the stabilizer of a point in O, so that

0 ="T/G.

On the other hand, by Theorem 3.63, G is a finite group, and since dimT = m =
dim M, we deduce that the orbit O is an open subset of M,. Hence O = M, because
O is also a closed subset of M, and M, is connected. The isomorphism O = T/G
shows that M, is a finite (free) quotient of T so that M, = T. O

Remark 3.67. Much more is true. A result of Delzant [Del] shows that the image of
the moment map of a toric symplectic manifold completely determines the manifold,
uniquely up to an equivariant symplectic diffeomorphism. O

Example 3.68 (A toric structure on CP?). Consider the action of the 2-torus T =
S! x S' on CP? described in Example 3.50. More precisely, we have

[20.21.22] - (e, €12) = [e7H1T1)zy iz ei2z, |

— [ZO, e(ztl +t2)iZ[, e(11+2t2)iZ2] , (327)

with Hamiltonian function
1 2 2 2 1
p(lz0, 21, 22]) = —|z|2(|20| Jaltlzl) - 5(1, 11) et.

1
Setb:= 1(1,1,1).
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This action is not effective because the subgroup
G={(pp)eT; pP=1}=7/3

acts trivially. To obtain an effective action we need to factor out this subgroup and
look at the action of T2/ G. We will do this a bit later.
The Lie algebra of T is identified with the subspace

t = {WERB; wo + wi + wp =0}
The vector w € t generates the Hamiltonian flow

iwot

A iwot iwy
D/ ([z0. 21, 22]) = [€™" 20, ™" 21, " 23]
with Hamiltonian function

W()|Z0|2 + wilzi |2 + Wz|Zz|2
|z|?

Ew =
We can now explain how to concretely factor out the action of G. This is done in

two steps as follows.

Step 1. Construct a smooth surjective morphism of two-dimensional tori ¢ : T —
Ty such thatkerp = G.

Step 2. Define a new action of Ty on CP? by setting
[0.21.22]- g = [20.21.22] @' (g). g € To.

where ¢~!(g) denotes an element i1 € T such that ¢(h) = g. The choice of A is
irrelevant since two different choices differ by an element in G which acts trivially
on CPP?.

Step 1 does not have a unique solution, but formula (3.27) already suggests one.
Define

¢:T—Ty=S"xS" Ts (", e")r— (ei(2"+t2),ei(“+2’2)) e T.

To find its “inverse”, it suffices to find the inverse of A = D¢|; : t — t,. Using the
canonical bases of T given by the identifications T = S! x S! = T,, we deduce

A= [21] g7 217
12 30-1 2

Ty 5 (6™, i) 'V’__') (ei(ZSl—Sz)/3 ,ei(—s1+2m/3) cT.

and
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The action of Ty on CP? is then given by

[Z07 2, Zz] . (em . elsz) — I:ef(s1+s2)1/3Z0 , e(2s17s2)1/3zl , e(fs1+2s2)1/3Z2:|

= [z0,e"z1 .72, (3.28)
Note that
—1 1
to30dy F—>wr==-[-1, 2, —1 € t,
3 ——
Ist column of A™!
and
A~! 1
oD 0y, —> W2 = = | —1, -1, 2 € t.
3 —_——

2nd column of A~!

The vector d;, generates the Hamiltonian flow ¥/ = &;"" with Hamiltonian function
xi := &w,. More explicitly,

_ =lzol* + 2lz1)* = |z v = —|z0)* — |z1]* + 2]z2)
322 C A 3|22

Using the equality |z|? = |z0|* + |z1|* + |22|*, we deduce'?

lzi|> 1 .
Xi:W_g,l:LZ.

We can thus take as moment map of the action of Ty on CP? the function

1

v([z0.21,22]) = (Vi,v2), vi = yxi + 3

because the addition of a constant to a function changes neither the Hamiltonian
flow it determines nor the Poisson brackets with other functions.
For the equality (3.28), we deduce that the fixed points of this action are
Py =11,0,0], P, =10,1,0], P, =][0,0,1].

Set v; = v(P;), so that

Vo = (0,0), Vv = (1,0), Vy = (0, 1)

12Compare this result with the harmonic oscillator computations in Example 3.46.
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The image of the moment map p is the triangle A in to with vertices vov;vs.
Denote by E; the edge of A opposite the vertex v;. We deduce that v='(E;) is
the hyperplane in CP? described by zp = 0.

As explained in Theorem 3.61, the line ¢; through the origin of ¢ and perpendic-
ular to E; generates a one-dimensional torus T, and E; = Fixr,, (CP?). We have

Tk, = {(e™.e"); s e R}, Tg ={(1,e"); seR}, Tk ={("1); seR}.
Observe that the complex manifold
X :=v"'(intA) = (CIP’2\(/[1(E0) U~ N(E) U /fl(Ez))

is biholomorphic to the complexified torus T, = C* x C* via the Ty-equivariant
map

@ *
X 3 [z0,21.22] ¥ (1. 82) = (21/20, 22/21) € C* x C*.

For p = (p1, p2) € int (A), we have
v (p) = {[l.z1.22] € CP% |z * = pi(1 + |z1]* + |22]?}

pi(p1 + p2)
=1l 2.2 |u?=r} rn="——"".
{[ 2 2] |z| } ]_(P1+P2)

This shows what happens to the fiber v™'(p) as p approaches one of the edges E;.
For example, as p approaches the edge E| given by p; = 0, the torus v~ (p) is
shrinking in one direction since the codimension one cycle |z;|> = r; on v=!(p)
degenerates to a point as p — 0. O

3.6 S'-Equivariant Localization

The goal of this section is to prove that the Morse—Bott functions determined by
the moment map of a Hamiltonian torus action are perfect. We will use the strategy
in [Fra] based on a result of Conner (Corollary 3.85) relating the Betti numbers of
a smooth manifold equipped with a smooth S'-action to the Betti numbers of the
fixed point set.

To prove Conner’s result we use the equivariant localization theorem of Atiyah
and Bott [AB2] which will require a brief digression into S!-equivariant cohomol-
ogy. For simplicity we write H®(X) := H*(X, C) for any topological space X .

Denote by S the unit sphere in an infinite dimensional, separable, complex
Hilbert space. It is well-known (see e.g., [Ha, Example 1.B.3]) that S is
contractible. Using the identification

Slz{ze(C; |z|=l}
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we see that there is a tautological right free action of S! on S°°. The quotient
BS' := §°°/S! is the infinite dimensional complex projective space CP>°.

Its cohomology ring with complex coefficients is isomorphic to the ring of
polynomials with complex coefficients in one variable of degree 2,

H*(BS") = C[z], degt = 2.

We obtain a principal S'-bundle S® — BS'. To any principal S'-bundle S' <
P —> B and any linear representation p : S' — Aut(C) = C*, we can associate a
complex line bundle L, — B whose total space is given by the quotient

P x,C=(Px0C)/S",
where the right action of S' on P x C is given by
(p.¢)-e¥ = (p-e¥, pe™)?), V(p.)e PxC, e¥eS'.

L, is called the complex line bundle associated with the principal S L_bundle P —
B and the representation p. When p is the tautological representation given by the
inclusion S' — C*, we will say simply that L is the complex line bundle associated
with the principal S'-bundle.

Example 3.69. Consider the usual action of S! on $?**! ¢ C"*!. The quotient
space is CP" and the S'-bundle S?**! — CP" is called the Hopf bundle. Consider
the identity morphism

p1:S'— S c Aut(C), e > e,
The associated line bundle
§#* %, C — CP"

can be identified with the tautological line bundle U, — CP”".
To see this, note that we have an S'-invariant smooth map

S2n+1 x C N C]P)n x (CnJrl’
given by
ST C3 (2o . 20,2 = (20 20)s (220, - - - 1 220))

which produces the desired isomorphism between S"*! x, C and the tautological
line bundle U,,.

More generally, for every integer m we denote by O(m) — CP" the line bundle
associated with the Hopf bundle and the representation

—mit

pem ST = S el se

Thus, O(—-1) = U,.



3.6 S'-Equivariant Localization 169

Observe that the sections of O(m) are given by smooth maps
oS8t ¢

satisfying

o(ev) = "o (v).
Thus, if m > 0, and P € CJzo, ..., z,] is a homogeneous polynomial of degree m,
then the smooth map

S s (2o, zn) = P(20s s 2m)

defines a section of O(m). O

We denote by Uy, — BS! the complex line bundle associated with the
S'-bundle S*® — BS!. The space BS! is usually referred to as the classifying
space of the group S', while U is called the universal line bundle. To explain the
reason behind this terminology, we need to recall a few classical facts.

To any complex line bundle L over a C W-complex X, we can associate a
cohomology class e (L) € H?(X) called the Euler class of L. It is defined by

e(L):=i"1,

where i : X — L denotes the zero section inclusion, D; denotes the unit disk
bundle of L, and t;, = H?(Dy, 3Dy ;C) denotes the Thom class of L determined
by the canonical orientation defined by the complex structure on L.

The Euler class is natural in the following sense. Given a continuous map f :
X — Y between C W-complexes and a complex line bundle L. — Y, then

e(f*L) = fTe(L),

where f*L — X denotes the pullback of L — Y via f.
Often the following result is very useful in determining the Euler class.

Theorem 3.70 (Gauss—Bonnet—Chern). Suppose X is a compact oriented smooth
manifold, L — X is a complex line bundle over X, and o6 : X — L is a smooth
section of L vanishing transversally. This means that near a point xo € o~ (0), the
section o can be represented as a smooth map o : X — C that is a submersion at
xo. Then S := o~ '(0) is a smooth submanifold of X. It has a natural orientation
induced from the orientation of TX and the canonical orientation of L via the
isomorphism

Llis = (TX)|s/TS.
Then, [S] determines a homology class that is Poincaré dual to e (L). O

For a proof, we refer to [BT, Proposition 6.24].
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Example 3.71. The Euler class of the line bundle O(1) — CP” is the Poincaré
dual of the homology class determined by the zero set of the section described in
Example 3.69. This zero set is the hyperplane

H = {[Zo,zl,...,zn]; 0 = 0}

Its Poincaré dual is the canonical generator of H*(CP"). O

The importance of BS' stems from the following fundamental result [MS,
Sect. 14].

Theorem 3.72. Suppose X is a CW -complex. Then for every complex line bundle
L — X, there exist a continuous map f:X—BS' and a line bundle isomorphism
f*Us = L. Moreover,

e(L) = fTe(Us) = —f™(v) € H*(X),

where t is the canonical generator'> of H?(CP>). O

The cohomology of the total space of a circle bundle enters into a long exact
sequence known as the Gysin sequence. For the reader’s convenience we include
here the statement and the proof of this result.

Theorem 3.73 (Gysin). Suppose S' < P 5 Bisa principal S'-bundle over
a CW-complex. Denote by L — B the associated complex line bundle and by
e = e(L) € H?*(B,C) its Euler class. Then, we have the following long exact
sequence:

e HYPY S H V(B 25 HOY (B) T HOPY(P) — - (3.29)

The morphism m, : H*(P) — H*~'(B) is called the Gysin map.

Proof. Denote by Dy the unit disk bundle of L determined by a Hermitian metric
on L. Then , 3D is isomorphic as an S'-bundle to P. Denote by i : B — L the
zero section inclusion. We have a Thom isomorphism

i: H(B) — H*"*(D.,dD;).

H*(B)> Bt Un*Be H*>(D.,dDy).

Consider now the following diagram, in which the top row is the long exact coho-
mological sequence of the pair (D, dD ), all the vertical arrows are isomorphisms,
and r, g are restriction maps (i.e., pullbacks by inclusions)

3The minus sign in the above formula comes from the fact that the Euler class of the tautological
line bundle over CP! =~ §? is the opposite of the generator of H?(CP') determined by the
orientation of CP! as a complex manifold.
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§ ° r
4 H*@D,) — H*''(D,,0D;) — H*'\(D;) >
J it i*
H*(P) H*Y(B) H*(B)

The bottom row can thus be completed to a long exact sequence, where the
morphism H*~'(B) — H**!(B) is given by

i*riv@) =i*(tp Un*a) =i*(r) Ui*n* (@) =eUa, Yo e H*Y(B). O
Definition 3.74. (a) We define a left (respectively, right) S!-space to be a topo-
logical space X together with a continuous left (respectively, right) S'-action.
The set of orbits of a left (respectively, right) action is denoted by S'\X
(respectively, X /S ™).
(b) An S'-map between left S'-spaces X,Y is a continuous S'-equivariant map
X —>7Y.
(c) If X is a left S'-space, we define
Xg1:=(S®x X)/S!,
where the right-action of S! on Py := (S* x X) is given by
(v,x) - :=(-e’,ex), V(v,x) e S®xX, teR.
(d) We define the S'-equivariant cohomology of X to be
Hg (X):= H*(Xg1). O
Remark 3.75 (Warning!). Note that to any left-action of a group G on a set S,
GxX—>S, (g,89)—g-s,
there is an associated right-action
1

SxG—S, (s,g)>sog:=g -s.

We will refer to it as the right-action dual to the left-action. Note that these two
actions have the same sets of orbits, i.e.,

G\S = S/G.

If S is a topological space and the left-action of G is continuous, then the spaces
S/G and G\ S with the quotient topologies are tautologically homeomorphic.
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The differences between right- and left-actions tend to be blurred even more
when the group G happens to be Abelian, because in this case there is another right-
action

SXG—>S, (s,9)>sxg=g-s.

The o and * actions are sometimes confused leading to sign errors in computations
of characteristic classes. O

In the sequel we will work exclusively with left S'-spaces, and therefore we will
refer to them simply as S'-spaces.
The natural S'-equivariant projection S x X — S induces a continuous map

X — BS'.
We denote by Ly the complex line bundle ¥*Uy — Xg1.

Proposition 3.76. Ly is isomorphic to the complex line bundle associated with the
principal S'-bundle
S] —> PX — XSI

Proof. Argue exactly as in Example 3.69. O

We set 7z := e(Ly) € H*(Xg1). The U-product with z defines a structure of a
Clz]-module on Hg, (X). In fact, when we think of the equivariant cohomology of
an S!'-space, we think of a C[z]-module because it is through this additional structure
that we gain information about the action of S'.

The module Hg,(X) has a Z/2-grading given by the parity of the degree of a
cohomology class, and the multiplication by z preserves this parity. We denote by
H Sil (X) its even/odd part. Let us point out that H¢, (X) is not Z-graded as a Clz]-
module.

Any S'- map between S'-spaces f : X — Y induces a morphism of C[z]-
modules

f* : H§1(Y) g H_;I(X)»

and given any S'-invariant subset Y of an S!-space X, we obtain a long exact
sequence of C[z]-modules

L] L] L] 5 L]
> Ho(X.Y) > Hy (X)) —> H (Y) > HP (X, Y) — -
where
H;,l (X, Y) = H.(Xsl, Ysl).

Moreover, any S'-maps that are equivariantly homotopic induce identical maps in
equivariant cohomology.

Example 3.77. (a) Observe that if X is a point *, then

Hj (%) =~ H*(BS') = C[t].
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(b)

(©)

(d)
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Any S'-space X is equipped with a collapse map cy : X — {x} that induces a
morphism

cy : Clt] = Hg, (X).
We see that ¢ induces the canonical C[z]-module structure on H ¢, (X), where

z=cy(-1).
Suppose that S! acts trivially on X . Then,

Xg1=BS'xX, Hy(X)~H*(BS")® H*(X) = C[tr] ® H*(X)

and z = —7. Hence Hy, (X) is a free C[z]-module.

Suppose X is a left S'-space such that S! acts freely on X. The natural map
(S x X) — X is equivariant (with respect to the right-action on $°° x X and
the dual right-action on X') and induces a map

Xg = (S®x X)/S' - X/S".

If X and X/S! are reasonable spaces (e.g., are locally contractible), then the
map 7 : Xg1 — X/S!is a fibration with fiber §°. The long exact homotopy
sequence of this fibration shows that 77 is a weak homotopy equivalence and thus
induces an isomorphism in homology (see [Ha, Proposition 4.21]). In particular,
Hg (X) = H*(X/Sh).

If e(X/S") denotes the Euler class of the S'-bundle X — X/S', then the
multiplication by z is given by the cup product with e (X/S"'). In particular, z is
nilpotent. For example, if

X =85 =L@z e CF Y n =1,
k
and the action of S! is given by
e (20, z0) = (€20 ... €"20),
then X/S!' = CP" and
H3\(X) = H*(CP") = C[]/(Z"""), degz=2.

For every nonzero integer k, denote by [S!, k] the circle S' equipped with the
action of ! given by

S'x SV k] > @ou)— 2 u.

Equivalently, we can regard [S', k] as the quotient S'/Z/k equipped with the
natural action of S'. We want to prove that

HS([S'k]) = H(x) = C,
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where * denotes a space consisting of a single point. We have a fibration

Z/k — (S® x S)/S' 5 (S® x [S!,k])/S".

=L =Ly

In other words, L is a cyclic covering space of Ly.
Note that L =~ S is contractible and

H*(Ly) = H ([S". k).

We claim that
H,(L,,C)=0, Vm >0, (3.30)

so that H3, ([S'.k]) = H(x) = C.

To prove the claim, observe first that the action of Z/ k induces a free action
on the set of singular simplices in L; and thus a linear action on the vector space
Co(L1,C) of singular chains in L; with complex coefficients. We denote this
action by

Z/k xc > (p,c)— poc.

We denote by Ce(L;,C) the subcomplex of Ce(L;,X) consisting of Z/k-
invariant chains.
We obtain by averaging a natural projection,

- 1
a:=Co(L1,C) > Co(L1,C), ¢+ alc) = T Z poc.
pEL/k
This defines a morphism of chain complexes

a:Ce(L1,C) — Co(L1,C),

with image Co(L;, C).
Each singular m-simplex o in Lj admits precisely k-lifts to L,

6L, 65 A, — L.

These lifts form an orbit of the Z/k action on the set of singular simplices in
L. We define a map

Cn(Li,C) = Cu(L1,C), ¢ =) 2404 > &= Y 2400,
o o

where
1

0=

|

k
Z&", Yo : A, — Ly.
i=1
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Clearly ¢ is Z/ k-invariant and
dc = 0¢.
We have thus produced a morphism of chain complexes

7' Co(Ly,C) = Co(L1,C), ¢ > ¢.

Denote by 7, the morphism of chain complexes Co(L1,C) — Co(L,C)
induced by the projection w : L} — Lj. Observe that

!
T OTly = A.

This shows that the restriction of the morphism 7, to the subcomplex Co (L1, C)
of invariant chains is injective.
Suppose now that ¢ is a singular chain in C,,(Ly, Z) such that d¢c = 0. Then

T«C = ¢, m4(0¢) = 0y = dc = 0.

Since d¢ is an invariant chain and 7, is injective on the space of invariant chains
we deduce d¢ = 0.

On the other hand, L is contractible, so there exists &t € C,,—1(L{, C) such
that 0 = ¢. Thus,

C = TxC = M40l = OT4 1.

This shows that every m-cycle in Ly is a boundary.
(e) Suppose X = Cand S' acts on X via

S'xC s (e, z) > e ™z
Then, X1 is the total space of the complex line bundle O (m) — CP°. O

Remark 3.78. The spaces Lj; in Example 3.77(c) are the Eilenberg—Mac Lane
spaces K(Z/k, 1), while BS! is the Eilenberg—Mac Lane space K(Z,2). We have
(see [Ha, Example 2.43])

Z ifm=0,
H,(Ly,Z) = 0 if m is even and positive, O
Z/ k if m is odd.

We will say that a topological space X has finite type if its singular homology
with complex coefficients is a finite dimensional vector space, i.e.,

> bi(X) < oo.
k

An S'-space is said to be of finite type, if its equivariant cohomology is a finitely
generated C|z]-module.
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Proposition 3.79. If X is a reasonable space (e.g., a Euclidean neighborhood
retract, ENR') and X has finite type, then for any S'-action on X the resulting
Sl-space has finite type.

Proof. Xg1 is the total space of a locally trivial fibration
X — Xsl —> le

and the cohomology of X1 is determined by the Leray—Serre spectral sequence of
this fibration whose E,-term is

EI = H'(BS') ® HY(X).

The complex E; has a natural structure of a finitely generated Clz]-module.
The class z lives in E22 '0, so that drz = 0. Since the differential d> is an odd
derivation with respect to the U-product structure on E; (see [BT, Theorem 15.11]),
we deduce that d, commutes with multiplication by z, so that d, is a morphism
of Cl[z]-modules. Hence the later terms E, of the spectral sequence will be finitely
generated C|z]-modules since they are quotients of submodules of finitely generated
Clz]-modules. If we let r > 0 denote the largest integer such that b, (X) # 0, we
deduce that
Erfi=Eq == Ex.

Hence E is a finitely generated C[z]-module. This proves that H¢, (X) is an
iterated extension of a finitely generated C[z]-module by modules of the same type.
|

The finitely generated C[z]-modules have a simple structure. Any such module
M fits in a short (split) exact sequence of C[z]-modules

0—> Ms > M — Mpee — 0.

If M is 7. /2-graded, and z is even, then there are induced Z/2-gradings in M. and
M.qrs, SO that the even/odd parts of the above sequence are also exact sequences.
The free part Mi. has the form @] _, C[z], where the positive integer r is called
the rank of M and is denoted by rankc; M . The classification of finitely generated
torsion C[z]-modules is equivalent to the classification of endomorphisms of finite
dimensional complex vector spaces according to their normal Jordan form.
If T is a finitely generated torsion C[z]-module, then as a C-vector space T is

finite dimensional. The multiplication by z defines a C-linear map

A, T ->T, Tt z-t.

4For example, any compact C W -complex is an ENR or the zero set of an analytic map F : R” —
R™ is an ENR. For more details we refer to the appendix of [Ha].
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Denote by P,(1) the characteristic polynomial of A,, P,(A) = det(Aly — A;). The
support of T is defined by

suppT :={a € C; P.(a) =0}.

For a free C[z]-module M, we define supp M := C. For an arbitrary C[z]-module
M , we now set
supp M = supp Mors U supp Miiee.

Thus a finitely generated C[z]-module M is torsion if and only if its support is finite.
Note that for such a module, we have the equivalence

suppM = {0} <= 3dn € Z-o: Z"-m=0, Vme M.

We say that a C[z]-module M is negligible if it is finitely generated
and supp M = {0}. Similarly, an S'-space X is called negligible if it has finite
type and H ¢, (X) is a negligible C[z]-module

supp M = {0}.

The negligible modules are pure torsion modules. Example 3.77 shows that if the
action of S' on X is free and of finite type, then X is negligible, while if S' acts
trivially on X, then H;l (X)tors = 0.

For an S!-action on a compact smooth manifold M the equivariant localization
theorem of A. Borel [Bo] and Atiyah—Bott [AB2] essentially says that the free part
of Hg, (M) is due entirely to the fixed point set of the action.

Theorem 3.80. Suppose S' acts smoothly and effectively on the compact smooth
manifold M. Denote by F = Fixgi1(M) the fixed point set of this action,

F={x€M; el . x = x, VIER}.

Then, the kernel and cokernel of the morphism i* : H¢ (M) — H¢ (F) are
negligible C[z]-modules. In particular,

rankep H5 (M) = dime HE(F), (3.31)
where for any topological space X we set

H*X):= @ H'X).

k=even/odd

Proof. We follow [AB2], which is in essence a geometrical translation of the
spectral sequence argument employed in [Bo,Hs]. We equip M with an S!-invariant
metric, so that S' acts by isometries. Arguing as in the proof of Lemma 3.54,
we deduce that F is a (possibly disconnected) smooth submanifold of M. To
proceed further, we need to use the following elementary facts.
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Lemma 3.81. (a) If A i) B % C is an exact sequence of finitely generated C|z]-
modules, then

supp B C supp A U supp C. (3.32)

In particular, if the sequence 0 - A — B — C — 0 is exact and two of the
three modules in it are negligible, then so is the third.

(b) Suppose f : X — Y is an equivariant map between S'-spaces of finite type
such that Y is negligible. Then, X is negligible as well. In particular, if X is a
finite type S'-space that admits an S'-map f : X — [S'.k], k > 0, then X is
negligible.

(¢) Any finite type invariant subspace of a negligible S'-space is negligible.

(d) If U and V are negligible invariant open subsets of an S' space, then their
union is also negligible.

Proof. Part (a) is a special case of a classical fact of commutative algebra, [S, 1.5].
For the reader’s convenience, we present the simple proof of this special case.
Clearly the inclusion (3.32) is trivially satisfied when either Agee Or Cpree 1S
nontrivial. Thus, assume A = Ay and C = Cy, . Observe that we have a
short exact sequence

0—>ker f - B —>Img — 0. (3.33)

Note that suppker f C supp A and suppImg C supp C. We then have an
isomorphism of vector spaces

B ~kerf ®Img.
Denote by «, the linear map induced by multiplication by z on ker f', by 5, the
linear map induced on B, and by y, the linear map induced on Im g. Using the

exactness (3.33), we deduce that §,, regarded as a C-linear endomorphism of
ker f @ Im g, has the upper triangular block decomposition

o, *
P = [ 0 yz] ’
where * denotes a linear map Im g — ker f. Then,
det(A1l — B;) = det(A1l — o) det(A1 — ),
which shows that
supp B = suppker f U suppIm g C supp A U supp C.

(b) Consider an S'-map f : X — Y. Note that cy = ¢y o f, and we have a
sequence
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Clt] = Ha () 5 H3,(V) L5 120X,

On the other hand, since supp Hg,(Y) = {0}, we deduce that ¢y (7)" = 0 for
some positive integer 7. We deduce that ¢ (7) = 0, so that supp H¢, (X) = {0}.
If Y =[S, k], then we know from Example 3.77(c) that supp Hg, (Y) = {0}.
(c) If U is an invariant subset of the negligible S'-space X, then applying (b) to
the inclusion U — X we deduce that U is negligible.
(d) Finally, if U, V are negligible invariant open subsets of the S'-space X, then
the Mayer—Vietoris sequence yields the exact sequence

HT'(UNV)—> Hg(UUV) — Hg(U) @ Hg (V).

Part (c) shows that U N V is negligible. The claim now follows from (a). O

Our next result will use Lemma 3.81 to produce a large supply of negligible
invariant subsets of M.

Lemma 3.82. Suppose that the stabilizer of x € M is the finite cyclic group 7./ k.
Then for any open neighborhood U of the orbit O, of x, there exists an open S'-
invariant neighborhood U, of O containedin U that is of finite type and is equipped
withan S'-map f : U, — [S', k). In particular, U, is negligible.

Proof. Fix an S'-invariant metric g on M. The orbit O, of x is equivariantly
diffeomorphic to [S!, k]. For r > 0, we set

Uc(ry={y e M; dist(y,0;) <r}.

Since S! acts by isometries, U, () is an open S '-invariant set.

For every y € O, we denote by T),Oi the orthogonal complement of 7,0, in
T, M. We thus obtain a vector bundle TOj — Oy. Denote by D,l the associated
bundle of open disks of radius r. If r > 0 is sufficiently small, then the exponential
map determined by the metric g defines a diffeomorphism

exp: D,l — U, (r).
In this case, arguing exactly as in the proof of the classical Gauss lemma in

Riemannian geometry (see [Nil, Lemma 4.1.22]), we deduce that for every y €
U, (r), there exists a unique 7(y) € O, such that

dist (y, 7(y)) = dist (y, Oy).

The resulting map 7 : U,(r) — O, = [S' k] is continuous and equivariant.
Clearly, U(r) is of finite type for » > O sufficiently small, and for every
neighborhood U of O, we can find r > 0 such that U,(r) C U. O

Remark 3.83. Observe that the assumption that the stabilizer of a point x is finite is
equivalent to the fact that x is not a fixed point of the S '-action. O
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For every & > 0 sufficiently small, we define the S'-invariant subset of M
M, ={yeM; dist(y,F)>¢}, U =M\ M,.
Observe that M, is the complement of an open thin tube U, around the fixed point
set .
Lemma 3.84. For all ¢ > 0 sufficiently small, the set M, is negligible.

Proof. Cover M, by finitely many negligible open sets of the type U, described
in Lerrlma 3.82. Denote them by Uy, ..., U,. Proposition 3.79 implies that V; =
U; N M, is of finite type and we deduce from Lemma 3.81 and Lemma 3.82 that

supp H g, (V;) = supp Hg, (Ur) = {0}.
Now define recursively
Wi=U, Wipi=W,UViqq, 1<Zi<v.

Using Lemma 3.81(d), we deduce inductively that M, is negligible. O

Observe that the natural morphism Hg¢, (Us) — Hg, (F) is an isomorphism for
all ¢ > 0 sufficiently small, so we need to understand the kernel and cokernel of
the map

H& (M) — H2(U,).

The long exact sequence of the pair (M, U,) shows that these are submodules of
H¢, (M, Ue). Thus, it suffices to show that H¢, (M, U,) is a negligible C[z]-module.
By excision, we have

H$ (M. U,) = Hy\ (M,.IM,).

Lemma 3.81(c) implies that dM, is negligible. . .
Using the long exact sequence of the pair (M., dM.), we obtain an exact
sequence

HJ(0M.)— Hgi (M., 0M,)—> Hi (M.).

Since the two extremes of this sequence are negligible, we deduce from Lemma
3.81(a) that the middle module is negligible as well. This proves that both the kernel
and the cokernel of the morphism H¢, (M) — H ¢, (F) are negligible C[z]-modules.

On the other hand, according to Example 3.77(d), the C[z]-module H¢, (F) is
free, and thus

ker( H (M) — HS°1(F)) = H3 (M)

We thus have an injective map Hg, (M )fee — Hg, (F) whose cokernel is a torsion
module. We deduce that

rankep H5 (M) = rankey H (F) = dime H*(F). O



3.6 S'-Equivariant Localization 181

From the localization theorem we deduce the following result of Conner [Co]. For a
different approach we refer to [Bo, IV.5.4].

Corollary 3.85. Suppose the torus T acts on the compact smooth manifold M.
Let M and F be as in Theorem 3.80. Then,

dimg H*(M)) > dime H* (Fixp(M)). (3.34)
Proof. We will argue by induction on dim T. To start the induction, assume first that

T = S'. Consider the S'-bundle Py; = S®°x M — Mg. Since S™ is contractible
the Gysin sequence of this S'-bundle can be rewritten as

o HY(M) > H3 (M) 5 HGF (M) — H T (M) — -
In particular, we deduce that we have an injection
HE(M)/zHS (M) — H*(M).
Using a (noncanonical) direct sum decomposition
HE (M) = H3 (M)iors ® Hgi (M)free.
we obtain an injection
H3G (M)e/2HG (M) = H*=(M).

The above quotient is a finite dimensional complex vector space of dimension equal
to the rank of H Sﬂf (M), and from the localization theorem we deduce
dime HE(F) = dime H (M )ree/2HE (M )free
< dime¢ H*(M) = dim¢ H*(M). O
Suppose now that T is an 7-dimensional torus such that T/ = T x S! acts on M. Let
F’ denote the fixed point set of T’ and let F denote the fixed point set of T. They

are both submanifolds of M and F’ C F. The component S Uacts on F, and we
have

F' = Fixgi(F).

The induction hypothesis implies

dime¢ HX(M) > dime HE(F),
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while the initial step of the induction shows that

dim¢ HE(F) > dime H* (Fixgi (F)) = dime HE(F'). O

Theorem 3.86. Suppose (M, w) is a compact symplectic manifold equipped with a
Hamiltonian action of a torus T with moment map u : M — t*. Then for every
X € t, the function&y : M — R given by £x (x) = (u(x), X), x € M, is a perfect
Morse—Bott function.

Proof. We use the strategy in [Fra]. We already know from Theorem 3.52 that £x
is a Morse—Bott function. Moreover, its critical set is the fixed point set F' of the
closed torus Ty C T generated by e’ . Denote by { F,} the connected components
of this fixed point set and by A, the Morse index of the critical submanifold F,. We
then have the Morse—Bott inequalities

> 1 Pe,(t) = Pu ). (3.35)

If we sett = 1, we deduce
Dobe(F) =) % bi(Fo) = ) bie(M). (3.36)
k a  k k

The inequality (3.34) shows that we actually have equality in (3.36), and this in turn
implies that we have equality in (3.35), i.e., f is a perfect Morse—Bott function. O

Remark 3.87. (a) The perfect Morse—Bott functions on complex Grassmannians
used in the proof of Proposition 3.11 are of the type discussed in the above
theorem. For a very nice discussion of Morse theory, Grassmannians, and
equivariant cohomology we refer to the survey paper [Gu]. For more re-
fined applications of equivariant cohomology to Morse theory we refer to
[AB1,B2].

(b) In the proof of Theorem 3.86, we have shown that for every Hamiltonian action
of a torus T on a compact symplectic manifold we have

> dim H* (Fixp(M)) = > H*(M).
k

k

Such actions of T are called equivariantly formal and enjoy many interesting
properties. We refer to [Bo, XII] and [GKM] for more information on these
types of actions. O
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3.7 The Duistermaat-Heckman Formula

We have now at our disposal all the information we need to prove the celebrated
Duistermaat—Heckman localization formula, [DH]. This is a multifaceted result but,
due to space constraints, we limit ourselves to discussing only one of its facets,
analytical in nature. To understand its significance we need to present a classical
result.

Proposition 3.88 (Stationary Phase Principle). Suppose that (M, g) is a smooth,
connected oriented Riemannian manifold of dimension m,

a,p: M —->R

are smooth functions such that a has compact support, and all the critical points of
@ contained in supp a are nondegenerate. (The function a is called amplitude, while
the function ¢ is called phase.)

For any point p € Cr,Nsuppa, we denote by o(p, ) the signature of the
Hessian H, , of ¢ at p. Using the metric g, we can identify the Hessian with
a symmetric linear operator T,M — T,M and we denote by det, H, , its
determinant. Then, as t — oo we have

% evw(p.w)

. 2 : m
/ MadVe = 3 (Tﬁ) " Wa(p) + 0.
M p€ECry Nsuppa | detg H%P| 2
(3.37)

Proof. We will complete the proof in several steps.

Step 1 (Riemann—Lebesgue Lemma). Assume that (M, g) is the Euclidean space
R™ and Cr, Nsuppa = @. Then for any N > 0, we have

Ii(¢p,a) = / e"Ma(x)dx = 0(t™") as N — oo.

Fix compact neighborhoods Oy C O of suppa such that dp # 0 on Oy, and then
define

1
Y ;== ——Vg € Vect(0y).
Vel

Next, choose a smooth function  : R” — R which is identically 1 on Oy and
identically zero outside O;. The vector field Y extends to a smooth vector field X
on R™ that satisfies

X -9 =de(X) =1 on0,.
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Note that
X - e’ =irel?.

Using the divergence theorem [Nil, Lemma 10.3.1] and the fact that a has support
contained in Oy we deduce that

I(g,a) = %/’H (X -e")adx = %/m (=X -a — div(X)a)dx,

where div(X) denotes the divergence of X. If we write
La :=—-X-a—div(X)a,

then we can rewrite the above equality as

1
Ii(p,a) = E(w,La)-

Iterating this procedure, we deduce that for any N > 0 we have

1
(ir)¥

Ii(p.a) = (¢.L"a).

Step 2. Suppose that Q : R” — R” is a symmetric invertible operator and ¢ is
quadratic,

o(x) =c+(0x,x), ceR.

Then,
. m ei7'[si4gnQ
L(p.a)= (5)" S——ea) + 0(#) ast > co. (3.38)
t |det Q|2

After an orthogonal change of coordinates, we can assume that Q is diagonal, i.e.,

m

px) =c+(Qx,x)=c¢ +Z)ka,f, A € R\ 0.
k=1

For r > 0, we set

L(p,a,r):= ei“/ e P HIe () g (v )dx.

m

Observe that

I, (p,a) = lim [,(¢,a,r).
r\O0
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Denote by A(£) the Fourier transform of the amplitude a(x)

A(§) = e 1@ g(x)dx.

Q2n)7 Jgm
Arguing as in Step 1 we deduce that
AE) = 0(JEI™) as & — 0o, YN > 0. (3.39)

The Fourier inversion formula [RS, IX] implies

a0 = oo [ A

so that

itc
L) = o [ ([ e ag ) ax

1c
_ 7[ / e—rx2+it(ﬂ(x)+i(x’s)dx) A(§)d§

J(tkkyfk’r)) A(§)dE,

where
J(u.&,1) =/e(_’+i“)x2+i5"dx.
R

We now invoke the following classical result whose proof is left to the reader as an
exercise (Exercise 6.51).

Lemma 3.89. For every complex number z = pe?’, |0| < m, we set 77 i= p%e%
Then, for any r > 0 we have
1
w2 &2
T, g.r) = ——ewin,
(r—ip)? O

We deduce that

itc M 1 m g,%
Lgan =S5 [T [ ([Te™= ) aeee
Z m k 1

iy (r—itAy)?

a
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Letting r ~\ 0, we deduce

Lo = S [T [ (1_[ J)A@)dé-

207 (- uxk)z

Now observe that
m l el?‘[ilan
N 1°
r=1 (FiAk)2 | det Q]2

and there exists a constant C > 0, independent of ¢ such that

2
C@, vVt >1, £ eR".

Hence, using (3.39) we deduce

_152
Ak — —1 .
/m <]‘[ e ) A(g)dE = /R AE)dE+ 017

On the other hand, the Fourier inversion formula implies

/R A©d = 2m)a(0).

Using these equalities in (3.40), we obtain (3.38).

(3.40)

Step 3. Suppose that M = R™, ¢(x) = ¢ + (Qx, x) as in Step 2, but the metric g

is not necessarily the Euclidean metric. Then,

im sign O

/m "M a(x)dV, (x) = (;)% he‘”a@) + 031727,

With respect to the Euclidean coordinates (x1, . .., x,,), we have

g = (gij)i<ij<m: &ij = &0y, 0x;),

and
dV,(x) = y/detgdx, detg = det(gij)lshjsm.

Hence from Step 2 we deduce

/m ei""(")a(x)dVg(x) = /]R,,, ei"”(’C)ag(x)dx, a,=a /detg.

ast — o0.
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From Step 2 we deduce

m in sign Q
. 5 € 4 . m
/ Mg, (x)dx = (E) ’ ———e"a,(0)+ 0™ 27"), ast — oo.
R t |det Q|2
We conclude by observing that
det
det, 0 = L€
detg

Step 4. The general case can now be reduced to the situations covered by Steps 1-3
using the Morse lemma (Theorem 1.12) and partition of unity. O

The Duistermann—Heckmann theorem describes one instance when the station-
ary phase asymptotic expansion (3.37) is exact!

Theorem 3.90 (Duistermaat-Heckman). Suppose that (M,w) is a smooth,
compact, connected symplectic manifold of dimension 2n equipped with a
Hamiltonian S'-action

M x S! — M, (p,ei9)1—>p-ei9

with moment map p : M — u(1). As usual, we identify u(1) with iR, and thus we
can write j1(x) = ip(x). Assume that ¢ is a Morse function. Fix a S'-invariant
almost complex structure on M tamed by w and denote by g the associated metric

gX,Y)=w(lX,JY), VX,Y € Vect(M).

Then, dV, = ni!a)", and for any t € C* we have

ino(p.g)

2 n 4 .
(_7[) e—lelNﬂ(P)' (3.41)
t |dety Hy |2

/M NV, (x) = Z

p€ECry

Proof. Our proofis a slight variation of the strategy employed in [BGV, Sect. 7.2].
Denote by X, the Hamiltonian vector field generated by ¢,

X, =—-JV&p.

Forany 0 < k < 2n, we denote by .Qé‘ (M) C 2*(C* x M) the space of differential
forms of degree k on M depending smoothly on the parameter z € C*. More
precisely, .Qf(M ) consists of (complex) differential k-forms o on C* x M such
that, for any vector field Z € Vect(C* x M) that is tangent to the fibers of the
natural projection,

oy i C*xM — M,
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we have Z o = 0. Equivalently, .Qf (M) consists of smooth sections of the pulled
back bundle 75, AKT*M ® C — C* x M. We set

2:(M) = P k).
k

and we define an operator
d.: 22(M) > Q2M), da() = dya() — X, 1a(),

where d); denotes the exterior derivative on M .
We have the following elementary facts whose proofs are left to the reader.

Lemma 3.91. (a) Ifa(z) € 2K(M) and B(z) € R2L(M), then
d-(a(2) A B(2)) = deau(t) A B(t) + (=DFelt) AdB(0).

(b) a’z2 = —zLx,, where Ly, denotes the Lie derivative along X,,. O

For any a(z) € §£27 (M) we denote by [a(z)] its degree k component. Note that
[d(D)]k+1 = dula @]k — 2Xy 1 [@(2)]i+2.

The integration defines a linear map
/ 1 Q22"(M) — C(C*).
M

Consider the form
a(z) = o +zp € 22(M).

Since X, is the Hamiltonian vector field associated to ¢, we deduce from (3.16) that
d.a(z) = z(dye — X, Jw) = 0.
Using Lemma 3.91(a), we deduce
d.a@)’ =0, Vk,

so that d.e*® = 0. Note that

. 1 @
ea(z) — eWe? — oW § :_a)k, [ea(z)] — e )
k! 2n
k>0 "

Denote by 6, € 2'(M) the 1-form g-dual to X, i.e.,

0,(Y) = g(X,.Y), VY € Vect(M).
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We regard 6 in a canonical way as an element in .Q} (M). Note that

d.6, = db, — 2 X, .
—_———
=:(2)

Since the metric g is invariant with respect to the flow generated by X, we deduce
Lx,0, = 0. Using Lemma 3.91(b), we deduce d.f(z) = 0. Set

M* := M\ Cr,,

The vector field X, does not vanish on M* so that B(z) is invertible in £2°(M ™),
i.e., there exists y(z) € £27(M™) such that

y(@) ABGR)=1€ 27 (M™).

More precisely, we can take

~@X, )7 (1= X, 2) a8, )

= 21Xl (a6)"
k=0

Y@ =B~

Observe that on M * we have the equality.
dz(ef/J A e A V(Z)) = (d.0,) A @ A y(z) = e?®,

Hence,
[ea(Z)]zn =dy [9(/1 Ay A ea(Z)]Zn—l'

Let p € Cr, and r > 0 sufficiently small. Denote by B, (p) the (open) ball in (M, g)
of radius r and centered at p. Since p is a fixed point of the S'-action, we have an
induced S'-action on 7, M

T,M x S' > T,M, (v,e7) > ero,

where, according to (3.24) the endomorphism A p» of T,M is skew-symmetric,
commutes with J, and

Hy ,(u,v) = gp(JApu,v), Yu,ve T,M.

The endomorphism B, =J A, of T,M is symmetric and commutes with J.
We can find an orthonormal basis eq,es,...,ez, of T,M and numbers
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A =A(p),.... A, = A, (p) € Zsuchthat” Yk = 1,...,n we have
Aper—1 = Aren, Apen = —Aren—i,

Jey 1 =ey, Jey = —ey_.

Moreover, since p is a nondegenerate critical point of p we have A, # 0, Vk.
We use the orthonormal basis {e} to introduce coordinates x = (x1,...,X2,) on
T, M, and via the exponential map, normal coordinates x on B,(p). We denote by
O({) any smooth function on M whose derivatives at p up to order £ are zero.

The metric g is S'-invariant and thus the S'-action preserves distances and maps
geodesics to geodesics. Thus, on B, (p) the S'-action is given by

x-ell =¢lry,

In the x-coordinates we have g;; = 8;; + O(2) so that

n
X(p(X) = ApX = Zlk(—x%ax%_l + x2k_1aX2k).
k=1
n

X, (0 =D A7 (x3my +x3) + 0(2). (3.42)
k=1

Note that the Hessian of ¢ at p is given by the quadratic form
n
Hyp(X) = gp(JApX,X) = = > (x5, + x3). (3.43)
k=1

The equality (3.42) implies that

n
0, = Zlk (—x2rdxok—1 + xop—1dxi) + O(2),
k=1

n
df, =Y " 2hdxy—y A dxy + O(1) (3.44)
k=1

For ¢ > 0 sufficiently small, we denote by E.(p) the ellipsoid

Ed(p) = {x€B(p): > Ap(xp_y +x3) = £7¢.
k=1

5The eigenvalues A; belong to Z since et T2y = etdp Vi e R.
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We set
M, = M\ U Es(p)-
p€Cry
We deduce
2@ =i a(2)
[, = m [ 1,
=— lim [0, ny@) Ae @], . (3.45)
pEZCrw N0 Jog.(p) =t

We have

n—1 1
[0, A () A ea(Z)]zn—l =e¥[0, Ay (@], + Z[@w AY@ ]y A ma)"—k

k=1 ’

= —e¥ (27X, )"0, A (d6,)" !

n—1

1
=) X6, A (d6,)FTT A ",
; [XoI ™0 A (@67 1 g

Using (3.42) and (3.44), we deduce that for any k = 1,...,n — 1 we have along
IE:(p)

1
1 2\k k—1 n—k 1—2k
7 X 6, A (d6 A w = 0O(e s
'( | <p| ) [ ( <p) (n k)! . ( )

uniformly with respect to z on the compacts of C*. Since the area of dE.(p) is
0(e*"~ 1), we deduce that

1
lim 0, A y(2) AN——o"* =0, Vk=1,....n—1.
N0 aEﬁ(p)[ ¢ ]2k—1 (n—k)

Using (3.45), we deduce

[, = X m [ X ers Ay G40
M pecr, © 0 JOE(D)

On B, (p) we have

e = ) 4+ O(|x)), | Xy (X)| = 8(1 + 0(|X|2))
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and we deduce that on dE.(p) we have

| Xy 72"e*0, A (d0,)" " = e72"e¥ P (1 + R(z,X))0, A (d6,)" ",

(3.47)

where R.(z,x) = O(|x|) uniformly with respectto x € B, (p) and z on the compacts

of C*.

Lemma 3.92.
. - (27)"
lim ¢ 2”/ 0, A (dO,)" N = —2—
N0 dE:(p) Y g Al Ay

Proof.

g / 0, A (d6,)" " = &7 / (d6,)"
JE¢(p) Ec(p)

Qa4 2'nlhy - Ay
- g2n

2"Ay -+ A

= vol (E.(p)) % 4 o(1).

oo
nlg2n
The volume of the ellipsoid E.(p) is

" 82}1

vol(Ee(p)) = o5

The equality (3.48) is now obvious.
Using (3.48) and (3.47) in (3.46), we deduce

()] — (27)" 2 (p)
/M[e L. Z 7 iz, Ak(p)e :

pECry

The equality (3.43) implies that for any p € Cr, we have
dety Hyp = (=1)" [ A (p)*.
k=1

Denote by £(p) the cardinality of

{k: Ac(p) > 0}.

(3.48)

/ (1 + 0(|X|))dx1 A Adxg,
E:(p)

(3.49)
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Thus the index of the critical point p is u(p) = 2£(p) and it follows that the
signature of H, , is

o(p. p) =2n—4L(p) =2n —2u(p). (3.50)

Observe that
|detgH<ﬂ.,p|% = (-1t 1_[ Ak(p).

k=1

We can now rewrite (3.49) as

R 3 (i 2 (=27)" o)

1
nJm pecr, Z"|detg wp|2

3 -1y CLUT
(—iz)"|dete Hy p|2

p€ECry
n iza(¢.p)
-y (2_”) e
pecr, N/ |detgH,y |2
By letting z = it in the above equality, we obtain the Duistermaat—-Heckman
identity (3.41). O

Remark 3.93. (a) Admittedly, the space £27(M) and the operator d; seem a bit
strange at a first encounter. Their origin is in equivariant cohomology. Consider
the space

25 = Clz] ® 2°(M).
An element of .Q‘( n (M) has the form

a(z) = Zaka,

k>0

where o € 2°(M) and oy = 0 for all but finitely many k. We can regard «(z)
as a form on M depending smoothly on z and thus we have a natural embedding

25, (M) C 22(M).

The variable z is assumed to have degree 2, so we can equip §2°%,,(M) with a

new grading

u(l)
deg, axt = degoy + 2k.

Note that
d:$251) (M) C 25,(M)
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and
deg, d.a(z) = (ia\goz(z) + 1.
Consider now the subspace £2¢,(M) C .Q;(l)(M ) consisting of forms

St

such that the forms o are invariant with respect to the S I_action, i.e.,

Ly,ax =0, Vk.

Note that d;$2¢,(M) C £23,(M), while Lemma 3.91(b) shows that dz2 =0on
£25,(M). Thus, (£25,(M), d;) is a cochain complex. It is known as Cartan’s
complex and one can show that its cohomology is isomorphic as a Clz]-
module to the equivariant cohomology of M (over C). As a matter of fact, the
Duistermaat—-Heckman formula is a consequence of the Atiyah—Bott equivariant
localization theorem, Theorem 3.80. For a proof and much more information
on this topic we refer to the beautiful monograph [GS1]. In particular, this
monograph also contains a more detailed discussion on the significance of the
Duistermaat—Heckman theorem.
(b) Using (3.50), we can rewrite (3.41) as

. 27i\" i) .
irp(x) — itp(p)
/Me dVe(x) = E ( ; ) e

1
peCr, |detg Hy, p|2

271" 1 su(p) k

1
=0 "\ pecr, | detg Hy p|?

Since

lim [ e“™dV,(x) = vol (M),

=0 Jar

we deduce that forany m = 0,...,n — 1 we have

iﬂ(]’)(p(p)m _
| det, H, |2

’

pECry

and
(—27)" i"Po(p)”

! ',
n pecr, |detg Hy |2

vol (M) =



3.7 The Duistermaat—-Heckman Formula 195

Using (3.43), we can rewrite the above equalities as

i“(p)(p(p)m

———— =0, Ym=0,...,n—1, (3.51a)
o T )]
—27)" s (p) n
vol (M) = 7'7) e (3.51b)
n e T ()
O
Example 3.94. Letw = (wo, wi,...,w,) € Z't! where
n
O<w; <---<w, w =—ij.
j=1

The vector w defines a hamiltonian S'-action on CP" given by (3.20)
iwot

e %y [0.....20] = [e™z0, ..., e z,],

with Hamiltonian function given by (3.21)
1 ¢ )
b2l = 5 D wilz P
j=0

The critical points of &, are the critical lines
Kj = [gjOa---a(Sjn] G(CIP)”, ] =0,...,n

Note that

Ew(l)) = wy,
while the computations in Example 2.21 show that the Morse index of £; is
p(€;) = 2j. The tangent space T;, CP" can be identified with the subspace

Vii={8 =%,....5) € C"h ¢ =0}
and the action of S on this subspace is given by
it d it it (wo—w it (wy—wj)
e *C=£|s=0€ *W[Zj-kSC]:(C 0TWi Ly, ..., et !é'n)sz,
Using (3.51b), we deduce

vol (CP") = (—=2m)" i (—l)fw’}. _ Q)" n w;l.
n! =0 [Tis) we —wjl n! pr [Tz, v — )
(3.52)
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Similarly, using (3.51a) we deduce
Y = ——=0 Vm=0.....n— 1 (3.53)
To find a simpler expression for the volume of CP" we introduce the polynomial
n
PR = Py@) =[]Ge—w).
j=0

We can rewrite the equalities (3.53) as

n 1

0= I VYm=0,....n—1.
Z P’(Wj) m n
Jj=0
We deduce that
3 Ig(w,- ) _o. (3.54)
= P'w))

for any polynomial Q of degree < n — 1. Let
0(z) := P'(z) — (n + 1)7".

Then, deg O < n — 1, and (3.54) implies

J
P’ Wj).

(n+1)=ZP/(Wj) =+
=0

w
P'(wj) (

j=0
This shows that
n
> it =
=0 Hk;éj (wj —wi)
and thus
(2m)"

vol (CP") = pr

For a different symplectic approach to the computation of vol (CP") we refer to
Exercise 6.47. O



Chapter 4
Morse-Smale Flows and Whitney Stratifications

We have seen in Sect. 2.2 how to use a Morse function on a compact manifold M
to reconstruct the manifold, up to a diffeomorphism via a sequence of elementary
operations, namely, handle attachments.

In this more theoretical chapter, we want to describe a different approach to
the reconstruction problem. Namely, the manifold M is the union of the unstable
manifolds of the descending flow of a gradient like vector field. The strata are
homeomorphic to open disks so it resembles a cellular decomposition. This was
pointed out long ago by Thom, [Th]. This stratification can be quite unruly, but if
the flow satisfies the Smale transversality condition, then this stratification enjoys
remarkable regularity. The central result of this chapter shows that the descending
flow satisfies the Smale transversality condition if and only if the stratification of M
by unstable manifolds satisfies the so-called Whitney regularity condition.

The first part of this chapter is a gentle introduction to the very technical
subject of Whitney stratifications. The proofs of the main results of this theory are
notoriously difficult and complex, and we decided that for a first encounter it is more
productive not to include them, but instead provide as much intuition as possible.
Some of the more elementary facts were left as exercises to the reader, and we have
included generous references.

The central result in this chapter is contained in Sect.4.3. It is based on and
expands the author’s recent investigations [Ni2]. To the best of our knowledge, this
result never appeared in book form.

In the remainder of the chapter, we go deeper into the structure of a Morse flow. In
Sect. 4.4 we investigate the spaces M (p, q) of tunnelings between two critical points
D, q, i.e., the trajectories of the Morse flow that connect p to ¢g. This is a smooth
manifold of dimension A(p) — A(q) — 1. Using the elegant point of view pioneered
by Kronheimer and Mrowka [KrMr, Sect. 18] we prove the classical result stating
that M(p, q) admits a natural compactification M(p, ¢) as a topological manifold
with corners. This compactification parameterizes the so-called broken tunnelings
from p to g. In particular, if A(p) — A(g) = 2, then M(p, q) is a one-dimensional
manifold with possibly nonempty boundary.

L. Nicolaescu, An Invitation to Morse Theory, Universitext, 197
DOI 10.1007/978-1-4614-1105-5_4, © Springer Science+Business Media, LLC 2011
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In Sect.4.5 we give a description of the Morse—Floer complex in terms of
tunnelings. The boundary operator d is defined in terms of signed counts of
tunnelings between critical points p,q such that A(p) — A(¢) = 1. The main
result of this section states that the boundary operator thus defined is indeed a
boundary operator, i.e., 3 = 0. Our proof seems to be new, and it is based on
the equivalence between the Smale transversality and the Whitney transversality.
During this, we reveal in quite an explicit fashion the intimate connections between
the compactifications M(p, g) in Sect.4.4 and the singularities of the stratification
by unstable manifolds.

4.1 The Gap Between Two Vector Subspaces

The definition of the Whitney regularity conditions uses a notion of distance
between two subspaces. The goal of this section is to introduce this notion and
discuss some of its elementary properties.

Suppose that E is a real finite dimensional Euclidean space. We denote by (e, ®)
the inner product on E, and by | e | the associated Euclidean norm. We define as
usual the norm of a linear operator A : E — E by the equality

A = sup{|Ax|; xeE, |x|= 1}.

The finite dimensional vector space End(E) of linear operators E — E is equipped
with an inner product

(A, B) := tr(AB"),

and we set

|A| := (A, A) = r(A4%) = tr(A* A).

Since E is finite dimensional, there exists a constant C > 1, depending only on the
dimension of £, such that

1
5|A| < Al = C|A|. 4.1)

If U and V are two subspaces of E, then we define the gap between U and V' to be
the real number

S(U,V) = sup{ dist(u, V); ueU, |ul = 1}

=supinf{|u—v|; ueUul=1, ve V}.

u
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If we denote by Py, . the orthogonal projection onto V', then we deduce

§(U,V) = sup [Pyru| = || Pyr Pyl
lul=1

=Py — Py Pyll = [Py — Py Py|. (4.2)

Note that
sV, ut)y =8, v). (4.3)

Indeed,

(VUL = |Pyr — Py Pyi|l=|1—Py—(1—Py)(1—PV)]
= ||Pyv — Py Pyv| =6(U,V).

We deduce that
0<6(U,V)<1, VU,V.

Let us point out that
§(U,V) <1<+ dimU <dimV, UNV+=o0.

Note that this implies that the gap is asymmetric in its variables, i.e., we cannot
expect §(U, V) = §(V,U). Set

S(U V) :=8(U.V)+8(V.U).
Proposition 4.1. (a) For any vector subspaces U,V C E we have
| Py — Pr|| <8(U.V) <2 Py — Py|.
(b) For any vector subspaces U, V, W such that V. C W we have
S(U, V) =68U, W), s(V,U)<§W,U).

In other words, the function (U, V) — §(U, V) is increasing in the first variable,
and decreasing in the second variable.

Proof. (a) We have

8(U, V) =Py — PyPy| + Py — Py Py
= |[|[Py(Py — Py)|l + | Pv(Py — Pyu)| < 2||Pyv — Py |,
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and
|Pv — Py|| < |Puv — PuPy| + ||Pu Py — Pyl

=[Py = Py Pyl + | Py — Py Pyl = 5(U. V).
(b) Observe that for all u € U, |u| = 1 we have

dist(u, V) > dist(u, W) = §(U, V) = §(U, W).

Since V' C W we deduce

1 1
sup — dist(v,U) < sup — dist(w, U). O
vev\o IV wew\0 [wl

We denote by Gry (E) the Grassmannian of k-dimensional subspaces of E equipped
with the metric
dist(U, V) := || Py — Py|.

The Grassmannian Gry (E) is a compact (semialgebraic) subset of End(E). We set

dim E
Gr(E) := | J Gr(E).

k=0

Let Gr*(E) denote the Grassmannian of codimension k subspaces. For any
subspace U C E we set

Gr(E)y :={V €Gr(E); VD U}, Gr(E)Y := {V eGr(E); VCU}.
Note that we have a metric preserving involution
Gr(E) > V —> V* € Gr(E),
such that
Gre(E)y «— GH(E)", G (E)y «— Gri(E)V™.

Using (3.6) we deduce that for any 1 < j < k, and any U € Gr; (E), there exits a
constant ¢ > 1 such that, for every L € Gry(E) we have

1
~ dist(L, Gr(E)y )? < [Py — Py P < cdist(L, Gry (E)y ).
C

The constant ¢ depends on j, k,dim E, and a priori it could also depend on U.
Since the quantities entering into the above inequality are invariant with respect
to the action of the orthogonal group O(E), and the action of O(E) on Gr;(E)
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is transitive, we deduce that the constant ¢ is independent on the plane U. The
inequality (4.1) implies the following result.

Proposition 4.2. Let 1 < j < k < dim E. There exists a positive constant ¢ > 1
such that, for any U € Gr;(E), V € Gri(E) we have

%dist(V, Grk(E)U) <§U,V)<c dist(V, Grk(E)U). O

Corollary 4.3. For every 1 < k < dim E there exists a constant ¢ > 1 such that,
forany U,V € Gry(E) we have

1
~dist(U, V) < 8(U, V) < cdist(U, V).
C

Proof. In Proposition 4.2 we make j = k and we observe that Gry (E)y = {U},
YU € Gy (E). O

We would like to describe a few simple geometric techniques for estimating the
gap between two vector subspaces. Suppose that U, V' are two vector subspaces of
the Euclidean space E such that

dimU <dimV and §(U,V) < 1.

As remarked earlier, the condition §(U, V') < 1 can be rephrased as U N Vi =0,0r
equivalently, U+ + V = E,i.e., the subspace V intersects U transversally. Hence

U Nker Py = 0.

Denote by S the orthogonal projection of U on V. We deduce that the restriction
of Py to U defines a bijection U — S. Hence dim S = dim U, and we can find a
linear map & : S — V- whose graphis U, i.e.,

U={s+h(s) seS}.

Next, denote by T the orthogonal complement of S in V (see Fig.4.1), T := S+ N
V', and by W the subspace W :=U + T.
Lemmad4d4. T =ULtNV.

Proof. Observe first that
(S+U)cT*. (4.4)

Indeed, let r € T. Any elementin S 4+ U can be written as a sum

s+u=s+s5 +h(s"), s,5€S.
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Fig. 4.1 Computing the gap between two subspaces

Then (s +s') Lt and h(s’) L t, because h(s’) € V+.Hence T Cc U+tNS+ c UL,
On the otherhand, T € V sothat T € U+NV. Since V intersects U+ transversally
we deduce

dim(U* N V) =dimU* +dimV —dimE = dimV —dimU = dim7. O

Lemma 4.5. §(W,V) =46(U,V)=46(U,S).

Proof. The equality §(U, V) = §(U, S) is obvious. Let wy € W such that |wy| = 1
and
dist(wo, V) = 8(W, V).

To prove the lemma it suffices to show that wy € U. We write
wo =g+ 1o, uo €U, 1o €T, |uol” + |to|* = 1.
We have to prove that 7y = 0. We can refine some more the above decomposition of

wo by writing
up = so + h(so), so € S.

Then Pywq = 5o + to. We know that forany u € U, t € T such that |u|*> + |t?| = 1
we have

|ué— Pvuo|2 = |W()— P{/W()|2 > |(I/t+ [) — Pv(u+l)|2 = |M— PVM|2.

If in the above inequality we choose t = 0 and u = ﬁ we deduce

|u(2)—PVu0|2 > |u3—PVu0|2.

|uol?

Hence |uo| > 1 and since |uo|? + |£o|?> = 1 we deduce ty = 0. O
The next result summarizes the above observations.
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Proposition 4.6. Suppose U and V are two subspaces of the Euclidean space E
such that dimU < dimV and V intersects U+ transversally. Set

T:=vnUL, W:=U+T,
and denote by S the orthogonal projection of U on V. Then
S=T+nv,

dimU =dimS, dimW =dimV,
and
s(W,V)y=46(U,V)=46U,S).

Proposition 4.7. Suppose that E is a finite dimensional Euclidean vector space.
There exists a constant C > 1, depending only on the dimension of E, such that, for
any subspaces U C E, and any linear operator S : U — U+, we have

§(Fs, U) = |SI(1+[SI2)~"2, 4.5)

and

1 - -
ISI+1817) 7" <sw.rs) <cIsi(1+1s1°) ™" @6)

where I's C U + UL = E is the graph of S defined by

Fszz{u—i—SueE; ueU}.

Proof. Observe that

|Sul? (S*Su,u)
§(I's,U)>= sup ———— = sup ————————.
weno [ul? +1Sul?  epno X2 + (S*Su, u)

Choose an orthonormal basis ey, ..., e; of U consisting of eigenvectors of S*S,
S*Se; = Aiei, 0 <A <+ < A

Observe that ||[S*S|| = Ax. We deduce

1

§(I's,U)? = sup % D o hiud Y (14 Aui=1 §

= sup{l—Zu%; Z(l + A)up=1 }
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= 1—inf Zulz Z(l +)u,-)u?=l
i i

I S 1 1 £
I1+A  14+]S*S| L+ |S)2

=1

This proves (4.5). The inequality (4.6) follows from (4.5) combined with Corol-
lary 4.3. O
Set

P(E):={(U,V) € Gr(E) x Gr(E); dimU <dimV, V hU*}.

For every pair (U, V) € P(E) we denote by 8y (U) the shadow of U on V , i.e., the
orthogonal projection of U on V. Let us observe that

Utnsy(U) =o.
Indeed, we have
Utrn$y(U)cT :=UtnV =UtnsU)cCSy(U)NT,

and Proposition 4.6 shows that Sy (U) is the orthogonal complement of 7 in V.
Since dim U = dim 8y (U), we deduce that Sy (U) can be represented as the graph
of a linear operator

My(U):U — U+

which we will call the slope of the pair (U, V). From Proposition 4.6 we deduce

My (U) ]|
88y (U),U) = ’
v (1 + ||MV(U)”2)1/2
or equivalently,
1My (U)]| = 8(8y(U).U)

(1-58(8p(U), U)?)">

Corollary 4.8. There exists a constant C > 1, which depends only on the dimension
of E such that, for every pair (U, V) € P(E) we have

1 M@
C(1+ My (@)]?)

@)
(1+ My @)]2)"?

S =8UV)<C

Proof. Use the equality 6(U, V) = 8( U,8v(U) ) and Proposition 4.7. O
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For any symmetric endomorphism A of an Euclidean space we denote by m (A)
the smallest positive eigenvalue of A, and by m_(A) the smallest positive eigenvalue
of —A.

Proposition 4.9. Suppose A : E — E is an invertible symmetric operator, and
U is the subspace of E spanned by the positive eigenvectors A. Then, for every
subspace V. C E, such that (U, V) € P(E), we have

8(U, e V) < emmAtm=(Nn g, (U)||

— o=y (tm— () 3(8y(U),U) .
(1-8(Sv(U).UR)"

Proof. Denote by L the intersection of V with U+. We have an orthogonal
decomposition
V=L+8/U),

and if we write M := My (U) : U — U+, then we obtain
V={+u+Mu; £eL, uecl}.

Using the orthogonal decomposition E = U + U~ we can describe 4 in the block

form
Ay 0O
A= ,
ks

where A4 denotes the restriction of A to U, and A— denotes the restriction of A to
U+t

Set V, := ¢4V, L, := V, N UL. Since U+ is A-invariant, we deduce that
L, = ¢4~ L, so that

V, = {e’A*E +etu+e~Mu Lel, ue U}
= {e’A—K tuteMe™tu: Lel, uelU }

We deduce that for every u € U the vector u + e'A=Me "4+ u belongs to V;. Hence

§(U,V;) < sup |e'=Me "+yl|
lul=1

— ||eIA_Me—tA+|| < e—(m+(A)+m_(A))t”M”. O

Corollary 4.10. Let A and U as above. Fix { > dimU and consider a compact
subset K C Gry(E) such that any V € K intersects UL transversally. Then there
exists a positive constant, depending only on K and dim E such that

S(U, e V) < Cemm+AFm—()t = yy ¢ K
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Later we will need the following elementary result whose proof is left to the
reader as an exercise (Exercise 6.35).

Lemma 4.11. Suppose V is a subspace in R™ and (T,) is a sequence in Gry(R™)
which converges to a subspace T € Gry¢(R"™) that intersects V transversally. Then
for all sufficiently large T, intersects V transversally and

lim (T NV, T, NV)=0.

n—>00

4.2 The Whitney Regularity Conditions

For any subset S of a topological space X, we will denote by ¢/ (.S) its closure. We
will describe an important category of topological spaces made up of smooth pieces
(called strata) glued together according to some rules imposing a certain uniformity.
Such rules are encoded by the so-called Whitney regularity conditions.

Definition 4.12. Suppose X and Y are two disjoint smooth submanifolds' of the
Euclidean space E.

(a) We say that the pair (X, Y) satisfies the Whitney regularity condition (a) at
xo € X Nel(Y) if, for any sequence, y, € Y, such that

® Yn —> Xo
* the sequence of tangent spaces 7), Y converges to the subspace T

we have Ty, X C Teo.
(b) We say that the pair (X, Y) satisfies the Whitney regularity condition (b) at
xo € X Nel(Y) if, for any sequence, (x,, y,) € X x Y, such that

° xl‘l ’ J’n i X(],
* the one-dimensional subspaces £, = R(y, — x,) converge to the line £,
* the sequence of tangent spaces T}, Y converges to the subspace T,

we have o C Too, thatis, §({oo, To) = O.
(¢) The pair (X, Y) is said to satisfy the regularity condition (a) or (b) along X, if
it satisfies this condition at any x € X N ¢cl(Y).

Example 4.13. (a) It is perhaps instructive to give examples when one of the
regularity conditions (a) or (b) fail. Consider first the Whitney umbrella W
depicted in Fig. 4.2.

I"Typically, these submanifolds are not properly embedded. For example, the unit circle in plane
with a point removed is a submanifold of the plane.
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Fig. 42 Whitney umbrella x> = zy?

Fig. 4.3 The Whitney cusp y? + x> — 22x> =0

(b)

This surface contains the origin O, and two lines, the y-axis and the z-axis.
The surface W is singular along the z-axis. Let X denote z-axis and Y the
complement of X in W, so that X C ¢l (Y). We claim that the pair (X, Y) does
not satisfy the regularity condition (a) at O. Along the y-axis, we have

Vw = (2x, =2zy,—y?) = (0,0, —y?).

If we choose a sequence of points p, — 0 along the y-axis, then we see 7}, Y
converges to the plane
T={Z=0}2TOX.

Consider the Whitney cusp depicted in Fig. 4.3, that is, the real algebraic surface
U C R3 described by the equation

f(x,y.2) =y + x> —2x* =0.

The vertical line visible in Fig.4.3 is the z-axis. Clearly the Whitney cusp is
singular along this line. The surface has a “saddle” at the origin. Denote by X
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the z-axis, and by Y its complement in the Whitney cusp. We claim that (X, Y)
is (a)-regular at O, but is not (b)-regular at this point.
To prove the (a)-regularity we have to show that

19/ ()]

—0 ifp=(x,y,z7) > OalongU. “.7
IVf(p)l

Observe that
Vf = (3x? —2x7%,2y,2zx%).

Obviously (4.7) holds for all sequences p, = (x,, Vu,z,) € U such that z, = 0,
Vn > 1.If (x, y,z) — Oalong U N {z # 0}, then y?> = x?(z> — x)

IV 1> = 4|x%2> + 4|y]> + |3x% — 2x22)

= 4x%z]* + 4|x*12% — x|* + |x|*|3x — 22°)%.

Then,
IVfI> - 4xP12 = x> |xP13x =222
ENI 4|x%z|? 4|x2z|?
14l 2-x|” | xP3x - 22
B 41 xz 4|x2z|?
_1+lz 1P Z 32(xi)—;0
41x z x 2z

To show that the (b)-condition is violated at O, we need to find a sequence
U> DPn = (xn» yn»Zn) — O»

such that
T,,U—T, lim h(p,) =bh, and h ¢ T, (4.8)
n—>0o0

where h(p,) denotes the line spanned by the vector (x,, y,,0). Thus, we need to
find a sequence p, such that WV f(pn) is convergent and

XnOx f(pn) + ynay(pn)

lim #0
=00 |V f(pa)l - v [x0]? + |yal?

We will seek such sequences along paths in U which end up at O. Look at the
parabola

C={y=0nU={x=2z3 y=0, y#0} ={(z7.0.2; z#0} CU.
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Along C line, h(z2,0,0) is the line generated by the vector ¢; = (1,0,0), and we
have
Vf="0.2)= |Vf] =z + O(]z])).

We conclude that along this parabola the tangent plane 7),U converges to the plane
perpendicular to e;, which shows that the (b)-condition is violated by the sequence
converging to zero along C.

Remark 4.14. The Whitney condition (a) is weaker than (b) in the sense that
(b)==(a). The Whitney cusp example shows that (b) is not equivalent to (a).

In applications, it is convenient to use a regularity condition slightly weaker
than the condition (b). To describe it, suppose that the manifolds X and Y are as
above, X C cl(Y)\Y,andlet p € X Necl(Y). We can choose coordinates in a
neighborhood U of p in E, such that U N X can be identified with an open subset
of an affine plane L C E. We denote by P, the orthogonal projection onto L.

We say that (X, Y) satisfies the condition (b’) at p if, for any sequence, y, — p,
such that the 7),, Y converges to some 7, and the one-dimensional subspace £, :=
R(y, — PLy,) converges to the one-dimensional subspace £,, we have

loo C Teo, i€, Y(oo, To) = 0.
The proof of the following elementary result is left to the reader as an exercise.
Proposition 4.15. (a) + (b’) = (b).

To delve deeper into the significance of the Whitney condition, we need to
introduce a very precise notion of a tubular neighborhood.

Definition 4.16. Suppose X is a smooth submanifold of the smooth manifold M .2
A tubular neighborhood of X < M (or a tube around X in M) is a quadruple
T = (m,E,€,¢), where E — X is a real vector bundle equipped with a metric,
€ : X — (0, 00) is a smooth function, and if we set

B.:={(v.x) € E; x € X,|v|]. <e(x)},

then ¢ is a diffeomorphism from B, — X onto an open subset of X, such that the

diagram below is commutative,
X ,

X —M

where ¢ denotes the zero section of E. We set |T| := ¢(Bc). The function € is
called the width function of the tube.

2The submanifold X need not be closed in M.
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Given a tubular neighborhood T' = (7, E, €, ¢), we get a natural projection
ar T — X.

Moreover, the function p(v, x) = |lv||?> induces a smooth function pr : |T| — X.
We say that w7 is the projection and pr is the radial function associated to the
tubular neighborhood 7'. We get a submersion

Gz, pr) DTN X — X xR,

For any function @ : X — (0, 00) such that a(x) < €(x), Vx € X we set

ITle = {y €T} pr(y) <a(mr(y))’}.

Via the diffeomorphism ¢, we can identify |T'|, with the bundle of (closed) disks
bundle ¢l (By). Its boundary d|T |, is sphere bundle dB,. — X . The restriction of a
tubular neighborhood of U to an open subset of X is defined in an obvious fashion.

Definition 4.17. Suppose that 7' is a tubular neighborhood of X < M and f :
M — Y is amap. We say that f is compatible with T if the restriction of f to |T|
is constant along the fibers of 7, i.e., the diagram below is commutative.

7]

X —Y

We have the following existence result [GWPL, Mat].

Theorem 4.18 (Tubular neighborhood theorem). Suppose f : M — N is a
smooth map between smooth manifolds and X — M a smooth submanifold of M
such that f |x is a submersion. Suppose

We—sV—X

are open subsets such that the closure of W in X lies inside V, and Ty is a smooth
tubular neighborhood of V.<— M, which is compatible with f.

Then, there exists a tubular neighborhood T of X — M satisfying the following
conditions.

(a) The tube T is compatible with f.
(b) T |WC T0|W.

The Whitney regularity condition interacts nicely with the concept of tubes.
The proof of the following result is left to the reader as an exercise. We strongly
recommend to the reader to attempt a proof of this result since it will help him/her
understand what is hiding behind the regularity conditions.
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Lemma 4.19. Suppose X,Y C R™ are smooth submanifolds such that X C cl(Y')
and T = (w, E, €, ) is a tube around X in R™. The following hold.

(a) If the pair (X, Y) satisfies Whitney’s condition (a) along X, then there exists a
Sfunctiona : X — (0,00), @ < &, such that the restriction wp : Y N|T|,NY —
X is a submersion.

(b) If the pair (X, Y) satisfies Whitney’s condition (b) along X, then there exists a
functiona : X — (0,00), a < &, such that the induced map

ar X pr : |TlaNY — X x (0, 00)
is a submersion.

Remark 4.20. 1t is useful to rephrase the above result in more geometric terms. Let
¢ =m—dimX = codimX. For any r > 0 and x € X, we denote by D¢ (x) the
c-dimensional disk D¢(x) of radius r, centered at x and perpendicular to T, X .

The first statement in the above lemma shows that if (X, Y) satisfies the condition
(a) along X, then for any x € X and any r < «(x) the normal disk D¢ (x) intersects
Y transversally. If (X, Y) satisfies the condition (b) along X, then for any x € X
and any r < a(x), then both the disk D¢ (x) and its boundary D¢ (x) intersect Y
transversally.

In a certain sense the above transversality statements characterize the Whitney
regularity condition (b). More precisely, we have the following geometric charac-
terization of the Whitney condition (b).

Proposition 4.21 (Trotman). Suppose (X,Y) is a pair of C' submanifolds of the
RN, dimX = m. Assume X C cl(Y) \ Y. Then, the pair (X,Y) satisfies the
Whitney regularity condition (b) along X if and only if, for any open set U C E,
and any C'-diffeomorphism ¥ : U — V, where V is an open subset of RY, such
that

YWUNX)CR"®0CRY,

the map
(Y NU)—R" x (0,00), y+—> (proj(y), dist(y, R™)?),

is a submersion, where proj : RN — R™ denotes the canonical orthogonal
projection.

For a proof, we refer to the original source, [Tr].
Definition 4.22. Suppose X is a subset of an Euclidean space E. A stratification
of X is an increasing, finite filtration

F,.=0ckhcFhc---CF,=X

satisfying the following properties.
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(a) Fyisclosedin X, Vk.

(b) For every k = 1,...,m the set Xy = Fy \ Fj—; is a smooth manifold of
dimension k with finitely many connected components called the k-
dimensional strata of the stratification.

(¢) (The frontier condition) For every k = 1, ..., m, we have

Cl(Xk) \ X C Fr—y.

The stratification is said to satisfy the Whitney condition (a) (respectively (b)) if
(d) forevery 0 < j < k < m the pair (X;, X;) satisfies Whitney’s regularity

condition (a) (resp. (b)) along X ;.

A Whitney stratification is a stratification satisfying the Whitney condition (b)

(hence also the condition (a)).

We will specify a stratification of a set X by indicating the collection § of strata
of the stratification. The dimension the stratification is the integer

max dim S.
Ses

IfS, S €8,wewrite S < S"if S C ¢l(S') and S # S’. We say that the stratum S’
covers the stratum S and we write thisas S <S’if § < S’ anddim S’ = dim S + 1.
We will use the notations

X.g:= U S, Xsg = U S/, etc.
§'>S §'>8

Example 4.23. (a) The simplex
{(x,y)e]Rz; xX,y>0, x+y< l}

admits a natural Whitney stratification. The strata are: its vertices, the relative
interiors of the edges, and the interior of the simplex.

(b) Suppose (X;,8;),i = 0, 1 are Whitney stratified subsets of R, Then, Xy x X
admits a canonical Whitney stratification with strata Sy x Sy, S; € §;.

A smooth manifold X with boundary 0X admits a canonical Whitney
stratification. Its strata are the interior of X and the connected components of
the boundary.

(¢) Suppose (X, 8) is a Whitney stratified subset of R” contained in some open
ball B.If @ : B — R" is a diffeomorphism onto an open subset O C R", then
@(X) is a Whitney stratified set with strata defined as the images via @ of the
strata of X.

(d) Suppose (Xo,8p), (X1,81) C R™ are Whitney stratified subsets of R”, such
that

S() M Sl, VS() (S] 80, S1 (S 81.
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Then, the collection
{SODSl; S()GS(), S] 681}

defines a Whitney stratification of Xy N X;. For a proof, we refer to [GWPL,
L1.3].

Suppose F' : M — N is a smooth map and (X, 8y) is a Whitney stratified
subset of N and (Y, Sy) is a stratified subset of M such that the restriction of F
to any stratum of Y is transversal to all the strata of X . Then the set Y N F ' (X)
admits a natural Whitney stratification with strata S N F~!(S’), S € 8y and
S’ € 8y. To see this, consider the stratified subset

Z =Y xXCMXxN.

Its strata are S x S’, § € 8y and S’ € 8y. The transversality assumption on F
implies that the graph of F,

sz{(p,F(p)); peM}CMxN,

intersects transversally the strata of Z. Thus, I'r N Z is a Whitney stratified
subset of I'r. The natural projection 7wy : M x N — M induces a
diffeomorphism I'r — M. Thus,

YNF'X)=au(lFNZ)
is a Whitney stratified subset of M with strata S N F~'(S’), S € 8y and
S’ e Sx.

Suppose (X, 8) is a Whitney stratified subset of the sphere S”~! C R™. Then
the cone on X

Cx ={zeR™ 3re0,1), x € X suchthat z=rx}

carries a natural Whitney stratification. The strata consists of the origin of R”
and the cones on the strata of X with the origin removed.

This last example may give the reader an idea on the possible complexity of a
Whitney stratified space. Consider the solid torus

Z ={(z0.21) €C% a0l <1, || = 1}.
We denote by A4 its axis, i.e., the curve

A= {(z0,21) € C% =0, |a|=1},
and by 7 the natural projection

Z 3 (z0,21) = (0,z1) € A.
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Fig. 4.4 A surface with a codimension one singularity

Along its boundary
0Z = {(z0.21) € C*; [zl = 1, |za| =1},
we consider the simple closed curve
C = {(z0.21) = (e, e*); 1 €0,27]}.

The restriction of 7 to C induces 4 : 1-covering C — A. Consider the singular
surface

X ={(re".é*)eC* rel0,1], t€[0.27]} C Z.

Note that the axis A4 is contained in X, and X \ 4 is a smooth submanifold of Z.
Topologically, X is obtained from four rectangles sharing a common edge A via
the gluing prescription indicated in Fig. 4.4. Then the filtration A C X defines
a Whitney stratification of X.

In the traditional smooth context, we know that transversality is an open condi-
tion. More precisely, if X is a smooth manifold embedded in some Euclidean space
E, and Y is a smooth compact submanifold of E that intersects X transversally,
then a small perturbation of ¥ will continue to intersect M transversally. If X is an
arbitrary stratified space, this stability of transversality is no longer true. However,
this desirable property holds for stratified spaces satisfying the Whitney condition
(a). We state a special case of this fact. The proof is left to the reader as an exercise.

Proposition 4.24. Suppose we are given the following data.

* A compact smooth manifold M embedded in some Euclidean space.

* A stratified subset X C M of M satisfying Whitney’s condition (a).

e A smooth compact manifold Y and a smooth map F : [0,1] x Y — M,
(t,y) — Fi(y), such that for any t € [0,1], the map Y > y — F,(y) € M
is an embedding.

If Yo = Fyo(Y) intersects the strata of X transversally, then there exists ¢ > 0,
such that for any t € (—e,¢€), the manifold Y, = F,(Y) intersects the strata of X
transversally.
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A Whitney stratified space X C R” has a rather restricted local structure, in
the sense that along a stratum S of codimension ¢, the singularities of X “look the
same” in the following sense. If 5; and i = 0, 1, are two points in S and Dy, is a
small disk of dimension ¢ centered at x; and perpendicular to 7§, S, then the sets
X N Dy, and X N dD;, are homeomorphic. In other words, an observer walking
along S and looking at X in the directions normal to S will observe the same shapes
at all points of S. We say that X is normally equisingular along the stratum S.

In Fig.4.3 we see a violation of equisingularity precisely at the origin, exactly
where the (b)-condition is violated. Figure 4.9 also illustrates this principle. The
surface in the right-hand side of this figure is equisingular along the axis, while in the
left-hand side the equisingularity is violated at this origin. The precise formulation
of the above intuitive discussion requires some preparation.

First, we need to defined an appropriate notion of local triviality of a map.

Definition 4.25. (a) Suppose (X, 8) is a stratified subset of R”, N is an open
neighborhood of X in R”, M is a connected smooth manifoldand f : N — M
is a smooth map. We regard M as a Whitney stratified set with a stratification
consisting of a single stratum.

(b) We say that the restriction f|y is fopologically trivial if there exist a Whitney
stratified subset (F,JF) of some Euclidean space and a homeomorphism
h: F x M — X that sends the strata of the product stratification of F x M
homeomorphically onto the strata of X, §) and such that the diagram below is

commutative

FxM "

T

M

X

(c) We say that the restriction f|x is locally topologically trivial if for any x € M
there exists an open neighborhood U such that f|yn /-1y is topologically
trivial.

The next highly nontrivial result describes a criterion of local triviality.

Theorem 4.26 (Thom’s first isotopy theorem). Suppose (X,8) is a Whitney
stratified space, Y is a smooth manifold, and f : X — Y is a continuous map
satisfying the following conditions.

o The map f is proper, i.e., f~'(compact) = compact.
o The restriction of f to each stratum S € § is a smooth submersion f|s : S — Y.

Then, the map f : X — Y is locally topologically trivial.

The proof of this result is very delicate and we refer to [GWPL, Mat] for details.
We have the following useful consequence.

Corollary 4.27. Suppose we are given the following data.

(c1) A compact smooth manifold M embedded in some Euclidean space.
(c2) A Whitney stratified compact subset X C M of M.
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Fig. 4.5 Non-compatible tubular neighborhoods

(c3) A smooth compact manifold Y and a smooth map F : [0,1] xY — M,
(t,y) — F;(y), such that for any t € [0,1] themapY > y — F,(y) e M
is an embedding, and the submanifold Y, = F,(Y) intersects transversally the
strata of X.

Then the stratified spaces Y; N X, t € [0, 1] have the same topological type, and

cl(F((0,1]xY )= F([0,1] x Y]).

Proof. Weregard [0, 1]x Y as a stratified space obtained as the product of the spaces
[0,1] and Y equipped with the natural stratifications. Consider the space

Z:=F ' (X)cC[0,1]x7Y.

From Example 4.23(e), we deduce that Z carries a natural Whitney stratification.
The condition (c3) implies that the natural projection

Z Cl0,1]xY — [0, 1]

is transversal to all the strata of Z. The desired conclusions now follow from Thom’s
first isotopy theorem. O

Suppose now that X C R™ is a Whitney stratified subset. Denote by § the
collection of strata. Assume that for every stratum U € 8, we are given a tubular
neighborhood Ty of U < R”. We denote by wy (respectively py) the projection
(respectively the tubular function) associated to Ty . For any stratum V < U, we
distinguish two commutativity relations:

ny oy (x) = wy(x), ¥x € [Tyl N|Ty|Nag' (TvINU).  (Co)
pv o7ty (x) = py(x), Yx € |Ty|N|Ty| Nrg' (ITy| NU). (Cp)

A controlled tube system for the Whitney stratified set (X, 8) is a collection of
tubes {Ty }ues satisfying the above commutativity identities.

Example 4.28. In Fig. 4.5, the condition (Cy) is satisfied but the condition (C,) is
violated. The tubular neighborhoods in Fig. 4.6 are compatible, i.e., both commuta-
tivity relations are satisfied.

We have the following fundamental and highly nontrivial result whose proof can
be found in [GWPL, I1.§5] or [Mat].



4.2 The Whitney Regularity Conditions 217

Y |74 ,///

e N — =
/ T/\,/ //~¥EU
| V*/’T ’{' U
\ |20 S
\ / I Ty

N - .

- — <

Fig. 4.6 Compatible tubular neighborhoods

Theorem 4.29 (Normal equisingularity). Suppose (X, 8) is a Whitney stratified
subset R™. Then, there exists a controlled tube system (Ts)ses such that for any
stratum S, the induced map

w5 X ps : Xos NTsg — 8¢ = {(x.1) € § x (0,00); 1 <es(x)”}

is locally topologically trivial in the sense of Definition 4.25(b).

The above result has a very rich geometric content that we want to dissect. The
typical fiber of the fibration s X ps : Xs5 N Ts — :S‘\g is an important topological
invariant of the stratum S called the normal link of S in X, and it is denoted by
Lg or Lg(X). It can be described as a Whitney stratified set as follows. Choose
x € § and let ¢ denote the codimension of S. Next choose a local transversal to S
at x, i.e., a Riemann submanifold Z, of dimension ¢ of the ambient space R” that
intersects S only at x and such that

T.S + T Z, = T R™.

Next, choose a Riemann metric g on Z,. Then, Lg can be identified with the
intersection
XosN{ze Zy: dist(z,x) = ¢}

for ¢ sufficiently small. Thom’s first isotopy lemma shows that the topological type
of Lg is independent of the choice of the local transversal, the metric g, and ¢ > 0
small. The induced map

ns:TsNX — S

is also locally topologically trivial. Its typical fiber is the cone on the link L5 as
defined in Example 4.23(d).

Example 4.30. (a) Consider the Whitney stratified set X in Example 4.23(g). Then
the link of the stratum A is the topological space consisting of four points. The
equisingularity along A is apparent in Fig. 4.4.

(b) In Fig.4.7 we have depicted a Whitney stratification of the 2-torus consisting of
a single zero-dimensional stratum v, two one-dimensional strata ¢ and b, and
a single two-dimensional stratum R. The link of v is the circle depicted in the
right-hand side of the figure. It is carries a natural stratification consisting of
four zero-dimensional strata and four one-dimensional strata.

Let us record for later use the following useful technical result, [Mat, Cor. 10.4]
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Fig. 4.7 A Whitney stratification of the 2-torus

Proposition 4.31. Suppose (X,8) is a compact Whitney stratified subset of R,
So < S are two strata of the stratification, and W is a submanifold of R™ that
intersects Sy. Then,

SoNW Ccl(SiNW). O

4.3 Smale Transversality <= Whitney Regularity

Suppose M is a compact, connected smooth manifold of dimension m, f is a Morse
function on M, and £ is a gradient like vector field on M. Denote by ®¢ the flow
generated by —¢, by W7 (§) (respectively WpJr (&)) the unstable (respectively stable)
manifold of the critical point p, and set

M& = | W ®. $p®) = M)\ Mi1(§).

PECry, A(p)<k

We say that the flow @t satisfies the Morse—Whitney condition (a) (respectively (b))
if the increasing filtration

MO(S) - MI(S) c--C Mm(g)

is a stratification satisfying the Whitney condition (a) (respectively (b)). In the
sequel, when no confusion is possible, we will write WpjE instead of WpjE é).

Theorem 4.32. If the Morse flow ®F satisfies the Morse—Whitney condition (a),
then it also satisfies the Morse—Smale condition.

Proof. Let p.q € Cry such that p # ¢ and W, N WqJr # 0. Let k denote the
Morse index of ¢, and £ the Morse index of ¢ so that £ > k. We want to prove that
this intersection is transverse. Let x € W," N WqJr and set x; = <1§,é (x). Observe
that

WS hNT W, <=3 =>0: T W hT W, .
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We will prove that T, Wq+ M Ty, W, if  is sufficiently large.
We can find coordinates () in a neighborhood U of ¢, such that

k
W(g) =0, Vj, &= 2u'd, —) 2u"d,.

i=1 a>k
Denote by A the diagonal matrix
A = Diag(-2,...,-2,2,...,2).
~———— ——
k m—k

Without any loss of generality, we can assume that the point x lies in the coordinate
neighborhood U . Denote by E the Euclidean space with Euclidean coordinates (u').
Then the path ¢ = T, W € Gr¢(E) is given by

T W, =e"TW, .
We deduce that it has a limit

lim 7y, W, = Too € Gro(E).
—>00

Since the pair ( W, . W, ) satisfies the Whitney regularity condition (a) along W,
and x, — ¢, as t — oo, we deduce

Too D TyW, = Too h T,W,".

Thus, for ¢ sufficiently large, T, Wp_ h T,, Wq+. O

Theorem 4.33. Suppose M, f, and & are as in Theorem 4.32, and the flow
&f satisfies the Morse—Smale condition. Then the flow ®F satisfies the Morse—
Whitney condition, i.e., the stratification by unstable manifolds satisfies the Whitney
regularity (b).

Proof. We will achieve this in three steps.

(a) First, we prove that the stratification by unstable manifolds satisfies the frontier
condition.

(b) Next, we show that it satisfies Whitney’s condition (a).

(c) We conclude by proving that it also satisfies the condition (b’).

To prove the frontier condition it suffices to show that

Wq_ﬂcl(Wp_)76@:>diqu_<dime_. O
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Observe that the set Wq_ Nel ( Wp_ ) is flow invariant, and its intersection with any

compact subset of W, is closed. We deduce that p € W,” N cl(W,).
Fix a small neighborhood U of p in W". Then, there exist a sequence x, € aU,
and a sequence 1, € [0, 00), such that

lim #, = oo, lim @F Xn =q.
n
n—o0 n—oo

In particular, we deduce that f(p) > f(q). For every n, define
C, = cl({@fxn; t € (—o0,1,]}).

Denote by Cr] the set of critical points p’ such that f(g) < f(p') < f(p). For
every p’ € Cr?, we denote by d,,(p’) the distance from p’ to C,,. We can find a set
S C Crf]7 and a subsequence of the sequence (C,), which we continue to denote by
(Cy), such that

lim d,(p") =0, Vp' €S and infd,(p') >0, Vp' e Cri\S.

n—o0 n

Label the points in S by sy, ..., Sk, so that

f(s1) > o> fs).

Set so = p, sk+1 = ¢. The critical points in S are hyperbolic, and we conclude that
there exist trajectories )y, . . ., Yk of @, such that

lim y;(¢t) =s;, lim y;(t) = s;41, Vi =0,...,k,
—>—00 —>00

and
liminfdist(C,, [LU---U I}) =0,
n—o0

where I; = ¢l (:(R) ), and dist denotes the Hausdorff distance. We deduce

W, N W,

A0 Vi=0.. k.

Since the flow @¢ satisfies the Morse—Smale condition, we deduce from the above
that
dim W~ > dime;], Vi =0,....,k.

In particular, dim W > dim W~

To prove that the stratification satisfies the regularity condition (a), we will show
that for every pair of critical points p, ¢, and every z € W~ N ¢l (W), there exist
an open neighborhood U of z € M, and a positive constant C such that

S(TL W, . TyW, ) < Cdist(x.y)>, YxeUNW,, YyeUNW,. (49
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Since the map x + @, (x) is smooth for every ¢, the set of points z € W~ N
cl(W,7) satisfying (4.9) is open in W, and flow invariant. Since ¢ € ¢I(W,) N
cl(W,7), it suffices to prove (b) in the special case z = g. We will achieve this using
an inductive argument.

For every 0 < k < m = dim M, we denote by Cr’; the set of index k critical
points of . We will prove by decreasing induction over k the following statement.

8(k): Foreveryq € Crﬁ-, and every p € Cry such that q € cl( w, ) there exist
a neighborhood U of g € M, and a constant C > 0 such that (4.9) holds.

The statement is vacuously true when k = m. We fix k, we assume that S(k’)
is true for any k' > k, and we will prove that the statement is true for k as well.
If k = 0, the statement is trivially true because the distance between the trivial
subspace and any other subspace of a vector space is always zero. Therefore, we
can assume k > 0.

Fix q € Cr]}, and p € Crl}, £ > k. Fix a real number R > 0 and coordinates

(') defined in a neighborhood of N of ¢, such that

E=—) 20, + ) 2u%0,,,

i<k a>k

and
{(u'(x),....u"(x)) eR™; x €N} D[R, R]".

For every r < R, we set
New={xeN; [W@)|<r Vj=1....m}.
For every x € Ny, we define its horizontal and vertical components,
h(x) = ' (x),....u () e R*, v(x) = @' (x),....u"(x)) e R" 7,
Define (see Fig. 4.8)
S:(r) = {x € Wq+ NN, Jo(x)| = r}, Z;'(r) = {x eN,; |v(x)| = r}.

The set Z ; (r) is the boundary of a “tube” of radius r around the unstable manifold
w-.
qWe denote by U the horizontal subspace of R given by {v(u) = 0}, and by
U its orthogonal complement. Observe that for every x € W, N Ng, we have
T.W, = U. Finally, for k" > k we denote by T (UL) € Grp (R™) the set of
k’-dimensional subspaces of R” which intersect U~ transversally.
From part (a), we deduce that there exists r < R

N, Nel(Wy) =0, Vj<k Yq eCr) ¢ #q. (4.10)



222 4  Morse-Smale Flows and Whitney Stratifications
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Fig. 4.8 The dynamics in a neighborhood of a hyperbolic point

For every critical point p’, we set
C(p.q) =Wy 0w, C(p'.q):=C(p.q)NST(r).
Now, consider the set

X(q):=Cp.g)yu |J C@.q»
k<A(p')<t

For any positive number 7, we set
Grn = cl({TWW, " x € ZS(r); |h(x)| <h})C Gre(R™). (4.11)

Lemma 4.34. There exists a positive h < r such that G5, C To(U™L).

Proof. We argue by contradiction. Assume that there exist sequences %, — 0 and
X, € N, such that

1
(x| = 7, (x| < e SUT W) = 1= —.
n

By extracting subsequences, we can assume that x, — x € S :(r) and T, Wp_ —
T'so, SO that

8(U,Teo) = 1 <= T4, does not intersect U~ transversally. 4.12)
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From the frontier condition and (4.10), we deduce x € X,(¢).If x € C(p, q),, then
X € Wp_ ns ;(r), and we deduce T = Ty Wp_. On the other hand, the Morse—

Smale condition shows that 7, Wp_ intersects transversally 7 Wq"‘ = U+ which
contradicts (4.12).

Thus, x € C(p',q) with A(p’) = k', k < k’ < L. Since we assumed that the
statement 8(k’) is true, we deduce §(T Wp_,, To) =0, 1i.e.,

Too D Ty Wp_,.

From the Morse—-Smale condition, we deduce that Tpr_, intersects 7T WqJr =

Ut transversally, and a fortiori, T, Will intersect U 1 transversally. This again
contradicts (4.12). O
Fix # € (0, r] such that the compact set

Gen ={TW,sx € W, NZF(r), |h(x)| <h} CGr(R")
is a subset of T;(U1). Consider the block
By = {x eNs: [o(x)| <7, |h(x)| <h}.
The set B, 4 is a compact neighborhood of ¢. Define
A, :RF - RF 4, = Diag(2,...,2),
Ay R"™F 5 R"F A = Diag(2,...,2),
A:R"™ - R", A = Diag(A,, —A4y).
Forevery x € B, 5 \ W, we denote by I, the connected component of
{t<0; &x e By}
which contains zero. The set /, is a closed interval
I, :=[-T(x),0], T(x) € [0, <]

If x € B, \ W, then T'(x) < oco. We set

2(x) == ¢ET(X)-X3 y(x) = v(z(x)).

Then,
y(x) = e O u(x), |y =r

We deduce

lv(x)| = |e_T(-x)A‘yy(x)| — e—2T(x)|y(x)| — o 2T,
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Hence, .
e 2T™ < _ju(x)|. (4.13)
r

Letx € B,z N WP’. Then,
T W, =" T W, . TW, €S
and we deduce
S(U.TW,) =8(U.e" T \W,)), U =T, W, .

Using Corollary 4.10, we deduce that there exists a constant C > 0 such that for
every V' € G, ;, and every t > 0 we have

S(U, V) < Ce™,

Hence,
Vx e By MW, 1 §(U.TW,) < Ce T,

Observing that

4.13) 1
e—4T(x) < —|v(x)|2,
72

we conclude that
VxeB, s N W, 1 S(UTW,) < C—lv(x)|" = = dist(x, W)~
r r

Since for every w € B, N W, we have U = T,,W", the last inequality proves
S(k).

Finally, let us prove the regularity condition (b’). Fix a critical point ¢ of index
k and an critical point p of index £ > k. Fix r, 4 small as before. Due to the flow
invariance of Wq_ and Wp_, it suffices to prove that the condition (b’) is satisfied
in a neighborhood N, of g. We identify g with the origin of R” and N, with an
open neighborhood of 0 € R™. The stable manifold of g can be identified with the
subspace V' = U~ of R” spanned by the vertical vectors. We will show that if x,, is
a sequence of points on W", such that

. xn—>xooeWp_ﬂfN,,
T, W, = Teo € Gro(R™),
e the line L, spanned by v(x;,) converges to a line L,

then Lo C Two.
Denote by 7, the unique positive real number such that e
denote by y, the point

Zn|v(x,)| = r, and

—th A

V=D x, =e Xp.
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Observe that the line L, spanned by v(x,) coincides with the line spanned by v(y,,).
More generally, for any subspace S C V we have ¢’4S = S. Hence

VAT, W) =e"*(VNT,W,)=VNnT,W, .

We will prove that
lim §(L,,V NT,,W,)=0. (4.14)

n—0o0

This implies the desired conclusion because
§(Ln, VT, W) =8(Ly, VDT, W,).
Invoking Proposition 4.1(b), we conclude
S8(Ly, Ty, Wpf) <4&(L,,VNTy, WI;) — 0 asn — oo.
We will prove (4.14) by contradiction. Suppose that

limsup$(L,, V NT,,W,") > 0.

n—o0

We can find a subsequence n; such that the following hold.

(cl) limy; o0 8(Ly;, V N Ty, w,) > 0.
(c2) The points y,; convergeto a point y" € V, |y'| = 7.
(c3) The tangent spaces T, W, converge to a space T' € Gry(R™).

Yn j

Since the line L,, spanned by v(y,) converges to L, and h(y,) — 0 we deduce
that Lo, coincides with the line spanned by y'.
The point y" belongs to the closure of W, and thus there exists a critical point

p'such that y € Wp_, Cel ( w, ) Since the pair (Wp_,, W,") satisfies the Whitney

condition (a), we deduce that the limit space T’ contains the tangent space 7 Wp_,.

Since y’ € V, we deduce that the flow line through y’, t — e~2'y’, t > 0, contains

the line segment (0, y’]. This proves that the line determined by y’ is contained in
Ty Wp7 and, a fortiori, in 7’. Thus Lo, C T’ and thus

Lo CT' NV. (4.15)
From Lemma 4.34, we deduce that 7’ th V and T), Wp_ M V, for all n sufficiently
large so that |h(y,)| < &. These transversality conditions are needed to use Lemma

4.11. From this lemma, (4.15), and Proposition 4.1(b), we deduce

lim §(Loo, Ty, W, N V) = lim §(Loo, Ty, W,) =0.

n;j—>00 nj—>00
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Since limn_,oo(Lnj , Lso) = 0, we conclude that

lim L, = Loo and lim &(L,;,V NT,, W) =0.
nj—>00 Jnj o p

n—o0

This contradicts (c1) and concludes the proof of Theorem 4.33.

Remark 4.35. (a) The main result of [Lau] on the local structure of the closure
of an unstable manifold of a Morse—Smale flow is an immediate consequence
of Theorem 4.33 coupled with the normal equisingularity theorem (Theorem
4.29).

(b) Theorem 4.33 has a hidden essential assumption that we want discuss. More
precisely, we assumed that in the neighborhood of a critical point the flow
CDE has the form ®, = e'4, where A is a symmetric matrix such that all the
positive eigenvalues are clustered at A = 2, while all the negative eigenvalues
are clustered at A = —2. We want to present a simple example which suggests
that some clustering assumption on the eigenvalues of the Hessian at a critical
point is needed to conclude the Whitney regularity. For a more detailed analysis
of this problem, we refer to [Ni2, Sect. 7].

Suppose we are in a three-dimensional situation, and near a critical point ¢ of
index 1, we can find coordinates (x, y,z) such that x(¢) = y(¢) = z(g) = 0,
f= %(—ax2 +b y2 + ¢z?), and the (descending) Morse flow has the description

D (x,y,2) = (e“x,e "y, e 2), a>0, ¢>b>0.
The infinitesimal generator of this flow is described by the (linear) vector field
& =axd, —bydy — cz0,.

The stable variety is the plane x = 0, while the unstable variety is the x-axis. In this
case, A is the diagonal matrix>

A = Diag(a,—b,—c)
and we say that its spectrum is clustered if it satisfies the clustering condition
(c—=b)<a.

We set g := ¢ — b. The clustering terminology is meant to suggest that the positive
eigenvalues of the Hessian of f at O are contained in an interval of short length g,
more precisely, shorter than the distance from the origin to the negative part of the
spectrum of the Hessian.
Consider the arc
(=L 1) >s e p(s) = (s,s,1).

3The matrix —A describes the Hessian of the function f.
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Fig. 4.9 Different behaviors of two-dimensional unstable manifolds

Observe that the arc y is a straight line segment that intersects transversally the
stable variety of ¢ at the point y(0) = (0,0, 1). Suppose that y is contained in
the unstable variety W™ of a critical point p of index 2. We deduce that an open
neighborhood of y(0) in W™ can be obtained by flowing the arc y along the flow @.
More precisely, we look at the open subset of W™ given by the parametrization

(L) xR 3 (s,7) = D (y(s) = (se“,se™" ™).

The left half of Fig. 4.9 depicts a portion of this parameterized surface corresponding
to|s] < 02,t € [0,2],a = b = 1 and ¢ = 8, so that the spectral clustering
condition is violated. It approaches the x-axis in a rather dramatic way, and we
notice a special behavior at the origin. This is where the condition (b’) is violated.
The right half of Fig. 4.9 describes the same parameterized situation when a = 1,
b = 1,and ¢ = 1.5, so that we have a clustering of eigenvalues in the sense that
¢ < a + b. The asymptotic twisting near the origin is less pronounced in this case.

Suppose that the clustering condition is violated, i.e., g > a > 0. Fix a nonzero
real number m, define s, := me ™%, and consider the point

poi=0(y(s)) = (e“sie s e ) = (me“ ™ me™ &™) e W,
Observe that since b < ¢, we have lim;_, o, 5; = 0, and a — g < 0 so that

lim p, = ¢ = (0,0,0).
—>00
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The tangent space of W™ at the point y(s;) is spanned by

Y (s,) = (1,1,0) and &(y(s;)) = (as;, —bs;, —c).
Denote by L, the tangent plane of W, at p;. It is spanned by

a—g)t

= =&(p) = (ae‘”st, —be_b’s,,—ce_”) = (mae( ,—mbe ! —ce™! )

and by
u = Dy (s;) = (e, e7,0).

Observe that L, is also spanned by
mae " u, = (ma, mae”“T0" 0)

and
¥ g, = (ma,—mbe® ™7V —celsT4N),
Noting that g —a — ¢ = —(b + a), we deduce that L, is also spanned by the pair of
vectors e “'u; and
X == mae ™ u; — e 5, = (0,67 m(a + b), ce” TN,
Now observe that
e(a+b)tXt = (0,m(a + b),c),

which shows that L, converges to the two-plane L, spanned by
[ —at
(1,0,0) = — lim e “u, = (1,0,0) and (0,m(a + b),c).
ma t—oo

On the other hand, if we denote by m the projection onto the x-axis, the unstable
variety of ¢, then
pi—m(p) = (0.me™" &™)

and the line ¢; spanned by the vector p, — (p;) converges to the line £, spanned
by the vector (m, 1). The vectors (m(a + b), ¢ ) and (m, 1) are collinear if and only
if ¢ = (a + b). We know that this is not the case.

Hence, {oo ¢ Loo, and this shows that the pair (Wq_, Wp_) does not satisfy
Whitney’s regularity condition (b’) at the point ¢ = lim; p;.

Example 4.36. Consider the torus
T2 :={(x1.y1.x2.2) €R% x] +y] =x3 +y; =2}.

The function the linear function f = y; + y; induces a Morse function on this torus.
If we equip the torus with the metric induced from R*, then the flow generated
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Fig. 4.10 A Morse—Smale flow on the 2-torus

by the negative gradient of this function is depicted in Fig.4.10. The stationary
point corresponds to the global maximum of f, while v corresponds to the local
minimum. The stationary points a¢ and b are saddle points. The stratification by
unstable manifolds coincides with the stratification depicted in Fig. 4.7.

4.4 Spaces of Tunnelings of Morse-Smale Flows

Suppose that M is a compact smooth manifold of dimension m, f : M — Ris a
Morse function, and £ : M — R is a gradient-like vector field such that the flow
@¢ generated by —£ satisfies the Smale transversality conditions. We then obtain a
Whitney stratification (M, § ) of M, where

Sp:={W,; peCrs}.

We define

M, = U W,
W <wy

The order relation between the strata of 8 y defines an order relation < on Cry by
declaring

g=p= W, <W, <= W Ccl(W,).
The vector field —£ is a gradient-like vector field for the function — f and the flow

D, £ = @Et also satisfies the Smale condition. We obtain in this fashion a dual
stratification

S y={WS: peCrs}.
We define similarly
Mi= J wt
P q
Wit <,
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The Smale condition implies that the strata of 8 s intersect transversally the strata of
S8_y.Forg <X p we set
C(p5 Q) = Wp_ m Wq+'

The connector C(p, q) is a ®¢-invariant smooth submanifold of M of dimension
A(p) — A(g). Note that
x €C(p,q) < lim &f(x) =¢, lim &f(x)=p,
[—>00 —>—00

so that C(p, q) is filled by trajectories of ®¢ running from p to g. We recall that we
call such trajectories tunnelings from p to q. For g < p, we set

— A +
C(p.q) =M, N M.

Since the strata of &, intersect transversally the strata of S_y, we deduce from
Example 4.23(d) that the space C(p, ¢) carries a natural Whitney stratification 8, ,
with strata

C(r'.d). a=q =p =p.
It has a unique top-dimensional stratum, C(p, g). Proposition 4.31 implies that

C(p, q) coincides with the closure of C(p, q). We have thus proved the following
result.

Corollary 4.37. Let g < p. Then, the closure of C(p, q) is the space C(p, q) that
carries a natural Whitney stratification with strata

C(r'.q). g=q =p =p. O

We want to relate the C(p, g) to the space M(p, g) of [CIS]. As a set, M(p, q)
consists of continuous maps

vy [f(@, f(p))—>M

satisfying the following conditions.

e The composition f oy : [f(q), f(p)] — R is a homeomorphism onto

[/ (p). f(@)].
o Ifr €[f(q), f(p)] is aregular value of f, then y is differentiable at r and

ﬂ| _ 1 .
ds " " df (&) "

For any x € M, we denote by y, the flow line y,(t) = @f(x). Set p+ =
Yx(£00) € Cry. We can associate to y, a path y, € M(p—, p+),

Px(s) = yx(s()).
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where the parametrization

Rt s(t) € (f(ps). f(p-))
is uniquely determined by the equalities

ds _ df

o =L nen). i s = fpo)

We see that the image of any map y € M(p,q) is a finite union of trajectories
ui, ..., u; of ®% such that

lim u(t) = p, lim w(t) =¢q, limu;(¢t) = lim wj11(t), 1 <i<k-—1.
—>—00 —>00 —>00 —>—00

For this reason we will refer to the paths in M(p, q) as broken tunnelings from

ptogq.
We topologize M(p, ¢) using the metric of uniform convergence. We have the
following result whose proof is left to the reader as an exercise.

Proposition 4.38. The metric space M(p, q) is compact.

Observe that we have a natural continuous evaluation map

Ev:M(p,q) x[f(q), f(p)] = M, Ev(y,s) = y(s).

Its image is the space C(p,q). Note that we have a commutative diagram of
surjective maps

M(p.q) x [f(q). f(p)] C(p.q)

[f(@). f(p)]

Ev

The space M(p, q) contains a large open subset M(p, ¢q) consisting of paths y €
M(p, q) such that the restriction of y to the open interval ( f(g), f(g)) is smooth,
the image of y contains no critical points of f, and

dy@), 1
T I—é:(y(t))é(y(t)), Yf(q) <t < f(p).

The evaluation map induces a homeomorphism
Ev:M(p.q) x (f(q). f(p)) = C(p.q).

Observe that if 7 is a regular value of f situated in the interval [ f(g), f(p)], then
the commutative diagram (4.16) implies that we have a homeomorphism

M(p,q) = C(p,q), := C(p,q) N £~ (r).
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Fig. 4.11 A Morse-Smale flow on the 2-torus and the spaces of broken tunnelings

More explicitly, this homeomorphism is described by

C(p.q)r 2 x = yx € M(p,q).
Since r is a regular value of f, we deduce that C(p, ¢), is a smooth manifold of
dimension A(p) — A(g) — 1. We have thus proved the following result.

Proposition 4.39. For any critical points p,q € Cry such that ¢ < p, the space
of tunnelings M (p, q) is homeomorphic to a smooth manifold of dimension A(p) —

Ag) — 1.

Example 4.40. Consider the Morse-Smale flow on the 2-torus depicted in the right-
hand side of Fig.4.11.

It has four critical points: a maximum p, a minimum v and two saddle points,
S4,Sp. The unstable manifold WP_ is the interior of the square. The connector
C(p,v) consists of the interiors of the four smaller squares, and its closure is the
entire torus. The space M(p, v) consists of four disjoint line segments.

The behavior displayed in the above example is typical of the general situation.
We want to spend the remainder of this section explaining this in greater detail.

For any string of critical points pg < p; < -+ < py—; < py, and any ¢ > 0,
we set

M(py.-...p1.po) = {7 € M(py. po): ¥(f(pr)) =p. k=1.....v—1}.

Observe that we have an obvious concatenation homeomorphism

M(vapU—l)X"'XM(plspo) > ()7\15"')71)'_) PU*”'*fl EM(pV""vpo)’

where

Pok-ook Pi(s) = 7)., Y1 <k <v, se[f(p-1). f(po)l.

In particular, we have an inclusion

E3
M(py, py—1) X -+ x M(p1, po) —> M(py, po)-
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We denote by M(p,, ..., p1, po) its image. It is a topological manifold of dimension

dim M(py, ..., po) = A(p) —A(q) —v.

This leads to a stratification of M(p, q)

Mp.o=]] I Mpw....po.

v g=po=<-=<py=p

where the strata are topological manifolds. This stratification enjoys several regu-
larity properties reminiscent of a Whitney stratification. More precisely we want to
prove the following key structural result.

Theorem 4.41. (F1) Ifq < p, then M(p, q) is dense in M(p, q).
(F2) If ¢ < p, then M(p, q) is homeomorphic to a topological manifold with
corners. The “corners” of codimension v — 1 are the strata

M(py,....po), p=pv>->po=q.

Definition 4.42. A topological space X is said to be an N -dimensional fopological
manifold with corners if for any point xo € X there exist an open neighborhood N
of xo in X and a homeomorphism

Z [0, 00)f xRV 5N

that maps the origin to xo. The corresponding set & ({0}* x R¥™*) is said to be a
corner of codimension k.

A topological N-dimensional manifold with corners X is said to be a smooth
manifold with corners if there exists a smooth manifold X such that the following
hold.

+ The manifold X is a closed subset of X .
. For any xo € X, there exist an integer 0 < k < N, a neighborhood N of x in
X, and a diffeomorphism & : RY — N that maps [0, 00)¥ x RN onto NN X

Remark 4.43. The facts (F1) and (F2) show that we can regard the map Ev in (4.16)
as a resolution of C(p, q).

To prove (F1) and (F2) we follow an approach inspired from [KrMr, Sect. 18]
based on a clever geometric description of the flow ®¢ near a critical point of f.
A similar strategy is employed in [BFK].

Suppose that p is a critical point of f. Set E = E , := T,M, so that E is an
m-dimensional Euclidean space. Fix coordinates (x') adapted to p and & defined in
a neighborhood U, of p. Via these coordinates we can identify U, with an open
neighborhood of the origin in E'. For simplicity we assume that U, is an open ball
of radius 2r, > 0 centered at the origin. Similarly, we can isometrically identify
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T, M with E. We have an orthogonal decomposition
E=T,W, &T,W, .
For simplicity, we set N N N
E*=E, =T,W, .
We denote by 7+ = 7[;‘; the orthogonal projection onto E * . and we write x* :=

7+ (x). Note that
+ +
WyrnU,=E,;NU,.

Denote by §* = § ;F the unit sphere in E* centered at the origin. For any real
number ¢ € (0,7,), we set

B,(e):={x € E; |xF| <e} C U,

The block B,(¢) has the property that it intersects any flow line of ¢ along a
connected subset. Indeed, we have

Xo= 0 (T xT) = (€t e ),

so that x; € B, (¢e) if and only if

[x~] o &

€ |xt|

We write
Bp(e)* :==B,(e)\ (ETUET),

I4Bple—.eq) :={x € E; |xT|=¢ |x7|<e},
04By(e—ey)={x € E; |xT|<e |xT|=¢}
0+B,(e)" == 0+B+(e) \ (E_ UE™).

A trajectory that intersects B, (¢) can have one and only one of the following three
behaviors.

It is contained in the stable manifold of p.
* Itis contained in the unstable manifold of p.
* Itenters B, (¢e) through 04+ B ,(¢)* and exits through 0_B ,(g)*.

If x € 04+B,(e)*, then the trajectory of @¢ through x will intersect
0_B,(e—,e4) in a point T,(x), so we get a local tunneling map

T, 04B,(e)" — 0B ,(e)".
If x = (xT,x7) € 94 B, ()*, then

Ixtl=e 0<|x7|<e Tpx)= (¥ xt,e’x7), t>0 e x| =
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We deduce e? = |x£ | and

x|

T,(x) = (7x+, —x_) . 4.17)

More precisely if pg, p; are two critical points of f such that py < p < py, then
the set of tunnelings from p; to py that intersect the block B, (¢) can be identified
with the set of solutions of the equation

x €04By(e)* NW,, Ty(x) €0-B,(e)* N leo'.
—— ——

=W (pe)* =W F (p.e)*

Denote by M (p1, p, po). the set of tunnelings from pj to p; that intersect the block
B, (). If we denote by I'y, or I'; the graph of T,

I, Ca+B,(e)* x0-B,(e)",
then we see that we have a homeomorphism
N(W, (p.e) x Wyi(p.e)*) 2 (x,T,(x)) = 7 € M(p1, p. po)e.
To understand the intersection I, N (Wp_l(p,e)* X W;g(p,s)*), we need a

better understanding of the graph I',. Using the equality (4.17), we obtain a
diffeomorphism

0.:(0,e) x §™ x St - Iy, ag(p,a)_,aﬁ') = (,oa)_,sa)+; EW—, PO+ ).

We denote by Fp the closure of I', in 0+ B,(¢) x 0_-B,(¢). We notice that o,
extends to a diffeomorphism

G::[0,e) xS xSt —>T,.

The closure Fp is a smooth submanifold with boundary in 94+ B ,(g) x 9_B,(¢).
We denote by do I, its boundary. Note that we have an equality

00, ={0}x ST xS x{0}=STxS".
We like to think of fp as the graph of a multi-valued map*

34 B,(e) —> 3_B,(e).

4 Algebraic geometers would call this a birational map.
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E+

X\.%W

Fig. 4.12 The block B, (¢) and the tunneling map T,

We define
W, (p.&):=0+Bpe) N W, . Wpt(p,s) =0_-B,(e) N WPJg.

Note that we have a canonical homeomorphism
(W, (p.e) x W (p.e)) NI, = M(py. p) x M(p. po). (4.18)

It is useful to have yet another interpretation of the compactification Fp. Denote
by A,(e) the “diagonal”

Ap(e) := {(x_,x+) € By(e); |x—| = [x] }

Equivalently, A, (¢) is the intersection of the block B ,(¢) with the level set { f =
f(p)}. Geometrically, A ,(¢) is obtained by coneing the subset

(- x4); x| = [x4| =€},

which is diffeomorphic to the product of the spheres § ~ x S .

We set A,(e)* := Ap(e) \ {0}. Observe that we have a natural diffeomorphism
¢ : I, > A,(e)* that associates to a point (x, T,(x)) on I', the intersection of the
flow line y, with A,(¢); see Fig.4.12. Consider the map

[0,e)x ST xS~ ﬁAP(s),

Be(p. o™, 07) = ((pe) ™, (pe)2w™). (4.19)
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The map B is called the radial blowup of A,(e) at the origin. It induces a
diffeomorphism (0,£) x ST x xS~ — A »(€)*, and we have a commutative
diagram,

O¢

0,e) xSt x 8§~

Ap(g)*

Iy

The map ¢ extends to a map
¢ = ,Bso&_l :Fp — Ap(e)

topologically equivalent to the radial blowup of A ,(¢) at the origin, i.e., we have a
commutative diagram
[0,e)x ST xS~

Ap(g)

O¢

.FP

Now observe that
Xppo(p.e)* =0 (Fp n (ij(p,e)* X W;g(p,e)*))

= ¢~ (C(p1, po) N Ay(e))

={(p.o".0%); (po~,c0") € W, (0™, po™) € Wp“g, p>0}.
Since C(pi, po) intersects A,(e) transversally and § is a diffeomorphism, we
deduce that X, ,,(p, €)* is a smooth submanifoldin (0,&) x ™ x § *.

Let us observe that the map

0::[0,) x ST x ST = 0:B,(e) x 0_B,(¢)

is proper, so its image, I" , is a proper submanifold with a boundary of 0+ B ,(¢) x
0_B,(e).

Lemma 4.44. There exists g = €o(&, p) > 0 such that for any ¢ € (0, &) the
following hold.

(a) The manifold W, ,, = WpTXWpJg intersects 01 B ,(e)x0_B ,(e) transversally
inM x M.
(b) The map
G::(0,6)x S™Tx ST = 3.B,(e) x I_B,(e)

is transversal to the submanifold

Woipo(P.8) 1= Wy, 5y (p) N (4B () x 9-B,(e) ).
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In particular, this shows that

Xpipo(p.€) = (75_1 (Fp N Wpl,po(PvS))

is a smooth submanifold with boundary. The boundary is the hypersurface
described by the equation p = 0.

Proof. The condition (a) is immediate since for ¢ > 0 sufficiently small the vector
field & is transversal to 0+ B , (). To prove the transversality conditions (b), we first
observe that the map

0::(0,8)x ST x ST = 0:B,(e) x 0_B,(e)

is transversal to the submanifold W, ,,(p,¢). To reach desired conclusions, it
then suffices to show that the restriction of &, to the boundary {0} x §~ x §*
is transversal to W,, ., (p. ¢). The key observation is that the restriction of ¢, to
{0} x §~ x 87 coincides with the inclusion

St x 8 <> 9.B, () x 0_B,(e).

The Smale transversality condition implies that this product of spheres is transversal

to Wy, po(p.€).
The stability of transversality implies that for any ¢ < &¢(&, p), there exists § =
8(g) € (0, g], such that the coordinate p on [0, ) x S~ x S defines a submersion

P Xy (p.€) N {p < 8 — [0.8).
The fiber over p = 0 is the subset

Fpop (P)* = (ST me_l) X (S_ﬂWpJg).

Note that ), ,, (p)* is homeomorphic with the product M (py, p) x M(p, po), and
Xpo.pi (P)* is an open subset in X, , (p). A point in Xp, , (p,e)* N {p = r}
corresponds to a tunneling y from p; to po that intersects the diagonal A ,(¢e) at a
distance (2r¢)'/? from the origin. If we set ¢ = f(p), then we can write

1
p=p(i) = 5dist(p.7())’ (4.20)

We deduce that for any wy € F, 5, (p)* there exist an open neighborhood N of
wo in Fp, », (p)*, a positive number §; < 8, and a homeomorphism

Ee =&y p :Nx[0,81) = Xp, (P&, 61), (4.21)



4.4 Spaces of Tunnelings of Morse—-Smale Flows 239

onto an open neighborhood N of wp in X p1.po (P, €, 81) such that the diagram below
is commutative

=

N x[0,68) N

[0,81)

This homeomorphism associates to a point @ € N and a real number r € (0, §;)
a point Z(w,r) in Xp, », (p,€)* N {p = r}. The point @ can be identified with a
broken trajectory

(Y1.70) € M(p1, p) x M(p, po).

and the point Z, (w, r) can be identified with a tunneling y € M(py, po). We like to
think of y as an approximate concatenation of yo and y, that intersects A ,(¢) at a
distance (2re)!/? from the origin. For this reason, we set

);l#r.s,wo);O = Ea(fls )70’ r)-

Putting together all of the above we obtain the following result.

Theorem 4.45. Fix ¢ < &y(§), and a broken trajectory

wo = I#75 € M(p1. p) x M(p. po).
Then, there exist an open neighborhood N of wy in M(p1, p) x M(p, po) and §; =
81(e) € (0, &) such that the following hold.
1. If ;ji#tpo € N, thenas r \( 0, r < 8y, the trajectory

Vi#r w70 € M(p1, po)

converges in N(py. po) to the concatenation y#y, € M(p1, p, p)). In particu-
lar, M(p1, p, po) is contained in the closure of M(p1, po) in M(p1, po).
2. The map

N % [0,81) = M(p1. po)s (V1. 70.7) > Vi#rew Vo

is a homeomorphism onto an open neighborhood N of wy in M(p1, po).

Applying the above theorem inductively we deduce the claim (FI) in
Theorem 4.41.

Corollary 4.46. For any critical points p > q of f, the set M(p,q) is dense in
M(p. g).

Theorem 4.45 implies immediately the following result.
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Corollary 4.47. Suppose p = p’ are critical points of | such that A(p) —A(p’) =
2. Then, M(p, p’) is homeomorphic to a one-dimensional manifold with boundary.
Moreover,

M(p. p') = g M(p.q.p"). o
q€Cr ., A(p)—A(g)=1

Remark 4.48. In Corollary 4.50 of the next section, we will give a more direct
proof of this result based on the theory of Whitney stratifications. This will provide
additional geometric intuition behind the structure of M(p, p’).

To proceed further, we need to introduce additional terminology. For any critical
points p,q € Cryr, we set

Cry(p.q):={p €Crs; q=p' =p}

Note that Cry(p, ¢) is nonempty if and only if ¢ < p. A chainin Crs(p,q) is a
sequence of critical points py, ..., p, € Cry such that

p0<p1<---<pu.

The integer v is called the length of the chain. A maximal chain Cry(p,q) is a
chain Cr/(p,q) of maximal length. Note that if po, ..., p, is a maximal chain in

Crs(p,q),theng = ppand p = p,.
Fix a chain pg, ..., p, in Cry(p,q) such that p, = p and py = ¢. Fixe > 0
sufficiently small. Define

M(py, ..o p1op0)e i= {7 € M(py, po); 7(f(pr) € Bp(e), 1<k <v—1}.

Note that M(p,, ..., p1, po)e is a neighborhood of M(p,, ..., po) in M(p,, po).
To ease the notational burden, we set

I (e) 1= 0+B,, (o),

and we define

Tppy =15, =4 y) €¥ () x 87 (e); I >0: y=adx).
The set I, ,_, is the graph of a diffeomorphism J7, . froman open subset O;” C

9" (&) onto an open subset O;" | C ' (¢). Note that if & < &/, then I's, , =~ C
r 151-/, i1~ We denote by @i the diagonal in &', (¢) x &', (&) and we set

o— & & &€ - € &€
T FPV*I X FPU*LPU*Z X Fpufz X X szqm X FPI’
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where I'; denote the graphs of the local tunneling maps T, : 8"+ () — 0"_(¢). The
set G, p, 18 a submanifold of

Y= 9571 (e) x (971 (e) x 971 (e))
v—2
< [ TT(02() x 9.(e) ) x (. (e) x ¥, (e)) | x (9% (2) x 3 (e) ) x DL (2).
j=2
Consider the submanifold Z¢ C Y° given by

25 = (W, nd () x Dy,

v—Il,e
v—2

<[ []D7. x 2%, | x®7, x (L&) nw,}).
j=2

Note that 9;
M of the form

, M Z° can be identified with the collection of strings of points in

xj'_l,xv__l, .. ,x1+,x1_
subject to the constraints
s Xy €W, N 83__1(8).
e x;ed(e)n W;g.
¢ xitl = Tpip (X)), X; = Tp; ('xz+)

Thus, S;V o N ZF can be identified with M(p,, ..., po). If ¢ > 0 is sufficiently

small, then the above description coupled with the Smale condition imply that

=€ = € =

e € T .o e €
PvseesPO " Fl?u—l x va—lapv—2 X Fpu—z x x FP2~[71 x Fm‘

subject to the constraints

CH xFeWEnd(e)i=1..v-1
(C2) xF e W, nay'(e).
(C3) xy edl(e) N Wi
(C4) xt, = Tpiip (X)), (xf,xj_) € F,,j

Using the Smale condition, we conclude that the above intersection is transverse.
Note that there exists a natural bijection between strings x satisfying the con-
straints (C1-C4) and the set 3/\\f( Pvs- -, Po)e consisting of broken trajectories y €
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M(py, ..., po). that contain no critical point p € Cr s \{po. ..., p»}. We denote by
X > 7 this correspondence. The set N(p,, ..., po)e is an open neighborhood of

M(p,, ..., po)in M(p,, po), and the map X > px defines a homeomorphism

=€

Nzt — ﬁ(pv, ceey DO)e-

Each of the factors F;i is a smooth manifold with boundary so that §;V . carries

..... P
a natural structure of smooth manifold with corners. Each of the factors I" ;_ is a

subset of [0, &) x S X S ; and thus we have a natural smooth map
i :F;,- — [0, ).
These induce a map
p=(p1:...pvo1): §;v ..... o — 0.6 C R

Arguing exactly as in the proof of Lemma 4.44, we deduce that the point 0 €
. .. =€ . . .
[0,£)""! is a regular value of the restriction of p to § poopo (125 The implicit

function theorem implies that §€pv ,,,,, , N Z7 is a smooth manifold with corners. This
proves the claim (F2) in Theorem 4.41.

4.5 The Morse-Floer Complex Revisited

In the conclusion of this chapter we want to have another look at the Morse-Floer
complex.

Suppose that M is a smooth, compact, connected m-dimensional manifold and
(f. &) is a self-indexing Morse—Smale pair on M. Denote by &, the flow generated
by —£.

For every critical point p of f, we denote by W~ the unstable manifold of
@ at p, by WPJr the stable manifold at p, and we fix an orientation or, of Wp_ .
Concretely, the orientation or’, is specified by a choice of a basis of the subspace of
T, M spanned by the eigenvectors of the Hessian H r, corresponding to negative
eigenvalues. The orientation w, defines a coorientation of Wp+ — M, ie., an
orientation of the normal bundle of Wp+ — M.

If p,q € Cry are such that

Alp) —A(g) =1,

then the connector C(p,q) = W, N Wq+ consists of finitely many tunnelings.
As explained in Remark 2.40(a), the normal bundle of C(p,q) in W, can be

identified with the restriction to C(p, ¢) of the normal bundle of Wq‘“ — M, i.e.,
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we have a short exact sequence of vector bundles

0—>TC(p,q) — (TW,;_)|C(p,q) - (T +M 0.

Wy )C(M) -

Thus the submanifold C(p,q) C W, has a coorientation induced from the

coorientation of Wq+ <> M. This determines an orientation of C(p,q) defined
via the rule

or(TW,)|c(pg) = or( Ty M )C(M) AorTC(p,q). (4.22)

For each flow line y contained in C(p, q), we define €(y) = 1 if the orientation of
y given by the flow coincides with the orientation of y given by (4.22) and we set
€(y) = —1 otherwise. We can view € as a map

€=¢py  M(p,gq) = {£1}.

We set

(pla):== D> €.

YEM(p.q)

Denote by Ci (f) the free Abelian group generated by the set Cr 7 of critical points
of f of index k. Each critical point p € Cr s determines an element of Cy (/) that
we denote by (p|, and the collection ({p|) pecr,, is an integral basis of Cy(f). Now
define

0: Ce(f) > Ca (). 3pl= Y (plgdgl. YpeCrp.
qECr ff—1

In Sect. 2.5 we gave an indirect proof of the equality 3> = 0. Below we will present
a purely dynamic proof of this fact.

Theorem 4.49. The operator
1: PP
k=0 j=0

is a boundary operator, i.e., 3> = 0. The resulting chain complex (Cs(f),d) is
isomorphic to the Morse—Floer complex discussed in Sect. 2.5.

Proof. The theorem is equivalent with the identity

> e(7)e(y) =0, (4.23)

p/<£1/<p ,
yeEM(p.q).y'€M(q.p")
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for any critical points p > p’ such that A(p) — A(p’) = 2. We begin by giving an
alternate description of the signs €(y) using the fact that the collection of unstable
manifolds is a Whitney stratification of M.

Fix a controlled tube system for this stratification satisfying the local triviality
conditions in Theorem 4.29. For any p € Cry, we denote by T, the tube around
W, , by @, the projection =, : T, — W, , by e, : W — (0,00) the width
function of 7, and by p,, the radial function on T),. With these notations, the fiber
of n;l over x € W, should be viewed as a disk of radius & p(x), and the restriction
of p, to this disk is the square of the distance to the origin.

We set E , := T, M, so that E , is an m-dimensional Euclidean space equipped
with an orthogonal decomposition

_ gt -
E,=E}®E,

determined by the eigenvectors of the Hessian of f at p corresponding to
positive/negative eigenvalues. For x € E ,, we denote by x* its components in
E.

As on page 233 we choose a coordinate neighborhood U, of p € M identified
with a ball of radius 2r), in E . Note that the restriction of ', to U, coincides with
the orthogonal projection onto E',, while for any x € U, N T, we have

pp(x) = IxFP. (4.24)

We denote by §, the value of €, at p € W,". The Smale condition implies that any
stable manifold intersects transversally all the strata of the stratification by unstable
manifolds.

Let p € Cryx and g € Cryi—;. Note that if ¢ £ p, then (p|g) = 0 so we may
as well assume thatg < p,ie., W~ C cl(Wp’). The restriction of 7 to W,” N T,
is a locally trivial fibration with fiber described by the intersection

T, NW, W

This is a finite collection of oriented arcs, one arc for every tunneling from p to ¢.
For « sufficiently small, the set

Wy () =Wy \ {x €Ty pg(x) < k’eq(myx )2}
is a smooth manifold with boundary. Intuitively, W, (k) is obtained from W, by

removing a very thin tube around W,~. The projection z, induces a finite-to-one
covering map

m, oW, (k) —> W,

Since Wq_ is contractible, this covering is trivial.
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oy W, (h)

Fig. 4.13 The structure of M, near W,

The fiber of this covering over ¢ can be identified with the set of tunnelings
from p to g. For any tunneling y € M(p,q), we denote by x(y) = x(y,«) its
intersection with BWpfq. Note that x(y, k) is in the fiber of 7~ over ¢, and it is the
point on y situated at a distance «J, from g. We denote by 9, W, (k) the component
of W, (k) containing x (7, «)

The orientation on W,” induces an orientation of dW,_ (k) via the outer-normal
first rule. The vector field —£ is tangent to W, and transversal to dW, (k) at
the points x(y, k). The equality (4.24) shows that it points toward the exterior
of W, (k). The orientation convention (4.22) shows that €(y) is the degree of
m, 1 dW, (k) — W, atthe point x(y, k) or, equivalently,

e(y) = deg( m, W, (k) —> W, )
For « sufficiently small (to be specified a bit later) we set

W, (k) =W, \ U {pq (x) < KZEq(JIq_)C) )2} .

xG‘Tq; qurf;k_l
This is a manifold with boundary. The components of the boundary are

W, (), q €Crir—1, v € M(p,q).

Choose 1 € (0,1). Let Y(y, ') be the hypersurface in 05 W, , (k) (see Fig. 4.13)
defined as the preimage of 95 W, ,(h) via the diffeomorphism

m, W, (k) —> W,
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Since n ), = m, ox,, and the map T, 05 Wq_p, — Wp_, is a diffeomorphism we
obtain a diffeomorphism,

B _
Jtp,.Y(y,y)—>Wp,.
We set

o(7.7') == deg(m, : Y(7.7) > W, ) € {£1}.

Since p,r = pp o 7w, we deduce that Y(y,7’) is contained in the hypersurface of
M described by

Zyy= {x eTy: pp(x)= h28,,/(7r;,(x)) }

Now fix « small enough so that for any ¢ € Crsr—; and any tunneling y €
C(p,q), the hypersurface Z, ; intersects transversally the boundary component
95 W, , (). We then have a disjoint union

ZyaNosW, )= || Yo
y'€M(q.p’)

The hypersurface Z  j, intersects transversally the manifold with boundary W~ ()
and the intersection is a manifold with boundary. Moreover,

NZya W, (k) = || Y(y, 7).
p'=q=p

yEM(p.q).7 €M(q.p")

Let us observe that
o(7.7") = e[ )e(). (4.25)

Indeed,
deg(m, - Y(7.7) = W, )
= deg(m ), : 9y W, ,(h) — W) -deg(m, : Y (¥, V') = 9y W, (h)
= e(7)e().

We orient Y(y,7') as a component of the boundary of Z, ; N W, (k). Fix a
differential form n € Qk_z(Wp7) with support in a small neighborhood of p’ and

such that
/ n=1.
w>
4

0.7 = [
Y(y.y")

Then,
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O &

SN

— ~

Fig. 4.14 The link £, ,/ (top half) and its blowup along the 0-strata (bottom half)

Hence,

S e@mih= Y /Y )y
Y.y

p’<¢_;<p p/<g/<p ,
yEM(p.q).7 €M(q.p") yEM(p.q).7 €M(q.p")

= = [ d(xy)" .
/a(z Wy () ’ Zy y (W5 (1) r

At the last step, we have used Stokes formula and the fact that the map T,
Z,y — W2 is proper. The last integral is zero since dn = 0 on Wp’,. Using
(4.25) in the above equality, we obtain (4.23).

The setup in the above proof yields a bit more information. Fix p’ < p, A(p’) =
A(p) —2 =k —2.Denote by M, the closure of W," in M. The closed set M, has
a canonical Whitney stratification with strata W=, g < p.

The link in M, of the (k — 2)-dimensional stratum Wp7 is a compact one-
dimensional Whitney stratified space £, obtained by intersecting M, with a
small sphere

p’h

S;,(s) = {x+ € E;’,; [xT| = 8} C Uy.

The zero-dimensional strata of £, , are in bijective correspondence with
tunneling 3’ € C(q, p'), p’ < g < p. For such a tunneling }’, we denote by v(y’)
the corresponding zero-dimensional stratum of £ /. The link of v(y’) in £, , is in
bijective correspondence with the tunnelings y € C(p, q). If from £,/ we remove
tubes around the zero-dimensional strata we obtain a one-dimensional manifold
with boundary that is homeomorphic to the space of broken trajectories M(p, p’).
Equivalently, M(p, p’) is homeomorphic to the space z p.p’ Obtained by blowing up
L, at the vertices; see Fig. 4.14.

This provides another proof and a different explanation for Corollary 4.47.
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Corollary 4.50. Suppose p € Cr sy and p' € Cr sx—, are critical points of f such
that p > p'. Denote by L, v the link of the stratum Wp_, in the closure of W,
Then, L, v is a compact one-dimensional Whitney stratified space and N (p, p’)
is homeomorphic to the blowup z p.p’ Of the link G, v along the zero-dimensional
strata. This blowup is homeomorphic to a one-dimensional manifold with boundary.
Moreover,

M(p.p)= ) Mp.q.p). O

qECr fi—1

Remark 4.51. Suppose p’ < p, A(p’) = A(p) — v — 1. Then the link of W isa
v-dimensional Whitney stratified space £, ,». The link can be realized concretely
as before by intersecting M ;" with a small sphere S ; (e) C WpJ,r centered at p’. The
strata of the link are the connected components of the smooth manifolds

Cg.p"e=Clg.p)NS (), p'<q=p.

If S is a component of C(q, p’)., then the normal equisingularity of the Whitney
stratification of M, implies the link of S in £,/ is homeomorphic with the link
Lpgof W in M.

Remark 4.52. Harvey and Lawson [HL] have shown that given a Morse function f
on a compact manifold M, we can find a smooth Riemann metric g on M such that
the flow generated by —V¢ f satisfies the Morse—Smale condition and moreover, the
unstable manifolds have finite volume with respect to the induced metric. By fixing
orientations or, on each unstable manifold W,", p € Cry, we obtain currents of
integration [W,~, or,]. The boundary (in the sense of currents) of [W,~, or,] can be
expressed in terms of the boundary of the Morse—Floer complex. More precisely,

AW, ory] = Z (plg)[W, . ory]. .
Ag)=2A(p)—1

Remark 4.53. The closure ¢/ (W) of an unstable manifold W~ of a Morse-Smale
flow is typically a very singular Whitney stratified space. However, it admits a
canonical resolution as a smooth manifold with corners. This consists of a pair
(W;, 0,) with the following properties.

~

. W; is a smooth manifold with corners.

* 0, isasmoothmap o, : W; - M.
s op(W),) =cl(W)).
¢ The restriction of o, to W7, \ dW, is an injective immersion onto W".

To describe this resolution, we follow closely the very nice presentation of [BFK]
to which we refer for proofs and more details. A conceptually similar description
can be found in [Qin].
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As aset, W is a disjoint union

W, =] | M(p.q) x W, . where M(p. p) = {p}.

q=p

The map o, is defined by its restriction to the strata. Along M(p, ¢) x W itis given
by the composition

M(p.q) x W, —> W, = M,

where the first map is the canonical projection onto the second factor while the
second is the canonical inclusion. We set

?,,::foap:lf/I\/;eR.

An element w := W; can be viewed as a broken trajectory that “originate” at p
and ends at x = o,(W). More precisely, we can identify W with a continuous map
y [ f(x), f(p)] = M satistying the following properties.

e The composition

F). f(p)] > M LR

is the inclusion map [ f(x), f(p)] — R.

* y(f@®) =x.y(f(p)=p.
o Ifsg e ( f(x), f( p)) is a regular value of f, then y is differentiable at sy and

dy 1

7y =0 = méym%
To describe the natural topology on W;, we first label the critical values of f
Co<Cp <0< Gy

We set

1
c—1 = —00, ¢ = f(p), 6§ = I—OOmin{c,- —ci—1; 1 <i <v},

and for j =0,...,k — 1, we define
Uj =/, ((cjm1 +8,¢j41=8)).

We will describe topologies on U; that are compatible, i.e., for any j < j’ the
overlap U; N U;- is an open subset of both U; and U /.
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Observe that we have an inclusion

k
T IUj ‘—){Cj_1+8<f<6j+1—8}x 1_[ {f:ci_g}ch—jH,
i=j+1

(. x) > (X, y(cja1—8).....y(c —9)).

We equip U; with the topology as a subspace of M*—/+1,

In [BFK, Sect. 2.3], it is shown that these topologies on U ; are indeed compatible
and W; with the resulting topology is a compact Hausdorff space containing W~
as a dense open subset. The fact that W; is a smooth manifold with corner follows
from arguments very similar to the ones we have employed in Sect. 4.4. For details,
we refer to [BFK, Sect. 4.2].

Recently, Lizhen Qin has proved in [Qin] that the pair (W; BV/I\/;) is homeo-
morphic to the pair (D*(?), 9D*(P), where D* denotes the closed unit disk in R¥.
In other words, the stratification by unstable manifolds determined by his cellular
decomposition of M coincides with the Morse—Floer complex.



Chapter 5
Basics of Complex Morse Theory

In this final chapter, we would like to introduce the reader to the complex version
of Morse theory that has proved to be very useful in the study of the topology of
complex projective varieties, and more recently in the study of the topology of
symplectic manifolds.

The philosophy behind complex Morse theory is the same as that for the
real Morse theory we have investigated so far. Given a complex submanifold M
of a projective space CP", we consider a (complex) one-dimensional family of
(projective) hyperplanes H,, t € CP' and we study the family of slices H, N M.
These slices are in fact the fibers of a holomorphic map f : M — CP!.

In this case the “time variable” is complex, and we cannot speak of sublevel
sets. However, the whole setup is much more rigid, since all the objects involved
are holomorphic, and we can still extract nontrivial information about the family of
slices H; N M from a finite collection of data, namely, the behavior of the family
near the singular slices, i.e., near those parameters t, such that H; does not intersect
M transversally.

In the complex case, the parameter ¢ can approach a singular value t in a more
sophisticated way, and the right information is no longer contained in one number
(index of a Hessian) but in a morphism of groups called monodromy, which encodes
how the homology of a slice H; N M changes as ¢ moves around a small loop
surrounding a singular value t.

We can then use this local information to obtain surprising results relating the
topology of M to the topology of a generic slice H, N M and the singularities of
the family.

To ease the notation, in this chapter we will write PV instead of CP" . For every
complex vector space V', we will denote by P(1) its projectivization, i.e., the space
of complex one- dimensional subspaces in V. Thus, PV =P(C¥*!). The dual of
P(V) is P(V*), and it parametrizes the (projective) hyperplanes in P(V'). We will
denote the dual of P(V) by ]f”(V).

L. Nicolaescu, An Invitation to Morse Theory, Universitext, 251
DOI 10.1007/978-1-4614-1105-5_5, © Springer Science+Business Media, LLC 2011
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We will denote by P, x the vector space of homogeneous complex polynomials

of degree d in the variables zo, . .., zy. Note that
d+ N
dimcfpd_/\/ = ( d )

We denote by P(d, N) the projectivization of P . Observe that P(1, N) = PN,

5.1 Some Fundamental Constructions

Loosely speaking, a linear system on a complex manifold is a holomorphic family
of divisors (i.e., complex hypersurfaces) parametrized by a projective space. Instead
of a formal definition we will analyze a special class of examples. For more
information, we refer to [GH].

Suppose X < PV is a compact submanifold of dimension 7. Each polynomial
P € P,y \ {0} determines a (possibly singular) hypersurface

Zp :={[ZO:...:ZN]e]P’N;P(ZO,...,zN)=0}.

The intersection Xp := X N Zp is a degree d hypersurface (thus a divisor) on X.
Observe that Zp and X p depend only on the image [P] of P in the projectivization
P(d,N)of Py n.

Each projective subspace U C P(d, N) defines a family (X p)[pjev of hypersur-
faces on X. This is a linear system.' When dimU = 1, i.e., U is a projective line,
we say that the family (X p) pey is a pencil. The intersection

B=By:=()Xp
is called the base locus of the linear system. The points in B are called base points.
Any point x € X\ B determines a hyperplane H, C U described by the equation
H,:={PeU; P(x)=0}.

The hyperplane H determines a point in the dual projective space U. (Observe that
if U is one-dimensional, then U = U .)
We see that a linear system determines a holomorphic map

fu:X*:=X\B—>U, x— H,.

'To be accurate, what we call a linear system is what algebraic geometers refer to as an ample
linear system.



5.1 Some Fundamental Constructions 253

We define the modification of X determined by the linear system (Xp)pey to be
the variety

X:XU={(x,H)eXxU; P(x) =0, VPeHcU}.
Equivalently, the modification of X determined by the linear system is the closure
in X x U of the graph of fyy. Very often, B and Xy are not smooth objects.

When dim U = 1, the modification has the simpler description

X:XUz{(x,P)eXxU; xezp}.

We have a pair of holomorphic maps 7y and fU induced by the natural projections:

When dim U = 1, the map f : X — U canbe regarded as amap to U.
The projection 7y induces a biholomorphic map X* := ny'(X*) — X* and
we have a commutative diagram

X*

)2*
" \f;'f
fu .
U

Remark 5.1. When studying linear systems defined by projective subspaces
U C P(d,N), it suffices to consider only the case d =1, i.e., linear systems
of hyperplanes.

To see this, define forz € CN 1\ {0} and 0 = (wp. ... 0y) € ZYT!

N

N
»
ol = o 22 =]]z" € Pl
i=0

i=0

Any P = Z|w|=d Poz® € Py defines a hyperplane in IVP’(d, N),

Hp = ] € PA.N): Y puze =0
lw|=d

We have the Veronese embedding
Van 1BV = B(d.N). [z = [@)] = [(2)jo)=d]- (5.1)

Observe that V(Zp) C Hp,sothat V(X N Zp) = V(X) N Hp.
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Definition 5.2. A Lefschetz pencil on X < PV is a pencil determined by a one-
dimensional projective subspace U < P(d, N') with the following properties.

(a) The base locus B is either empty or it is a smooth, complex codimension two
submanifold of X.

(b) X is a smooth manifold,

(¢) The holomorphic map f : X — U is anonresonant Morse function,i.e.,no two
critical points correspond to the same critical value and for every critical point
xo of f , there exist holomorphic coordinates (z;) near xy and a holomorphic
coordinate u near f (xo) such that

u0f=Zz§.
J

The map X — S is called the Lefschetz fibration associated with the Lefschetz
pencil. If the base locus is empty, B = @, then X = X and the Lefschetz pencil is
called a Lefschetz fibration.

We have the following genericity result. Its proof can be found in [Lam, Sect. 2].

Theorem 5.3. Fix a compact complex submanifold X <> PN. Then, for any
generic projective line U C P(d, N), the pencil (Xp)pey is Lefschetz.

According to Remark 5.1, it suffices to consider only pencils generated by
degree 1 polynomials. In this case, the pencils can be given a more visual
description.

Suppose X <> PV is a compact complex manifold. Fix a codimension two
projective subspace A < PV called the axis. The hyperplanes containing A form
a one-dimensional projective space U C PV = P(1, N). It can be identified with
any line in PV that does not intersect A. Indeed, if S is such a line (called a screen),
then any hyperplane H containing A intersects S in a single point s(H ). We have
thus produced a map

U>Hw—s(H)eS.

Conversely, any point s € S determines an unique hyperplane [As] containing A
and passing through s. The correspondence

Sost>[As] e U
is the inverse of the above map; see Fig. 5.1. The base locus of the linear system
()(‘Y = [AS] nx )SES

is B = X N A. All the hypersurfaces X pass through the base locus B. For generic
A, this is a smooth codimension two submanifold of X .
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Fig. 5.1 Projecting onto the “screen” §

We have a natural map
f:X\B—S, X\Bx+— SN[Ax] € S.
We can now define the elementary modification of X to be the incidence variety

X = {(x,s) e X xS; x EXS}.

The critical points of f correspond to the hyperplanes through A that contain a
tangent (projective) plane to X. We have a diagram

We define B := 7 ~!(B). Observe that
é:{(b,s)eBxS; be[As]} — BxS,

and the natural projection 7 : B — B coincides with the projection B x S — B.
Set X, := f1(s).
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The projection 7 induces a homeomorphism X, — X,.

Example 5.4 (Pencils of lines). Suppose X is the projective plane
{z3 = 0} = P? — P,

Assume A is the line z; = z = 0 and S is the line zp = z3 = 0. The base locus
consists of the single point B = [1 : 0 : 0 : 0] € X. The pencil obtained in this
fashion consists of all lines passing through B.

Observe that S C X = P? can be identified with the line at oo in P2, The map
f : X\ {B} — S determined by this pencil is simply the projection onto the line at
oo with center B. The modification of X defined by this pencil is called the blowup
of P? at B.

Example 5.5 (Pencils of cubics). Consider two homogeneous cubic polynomials
A, B € P;3, (in the variables zg, z1,22). For generic A and B these are smooth
cubic curves in P2, (The genus formula in Corollary 5.14 will show that they are
homeomorphic to tori.) By Bézout’s theorem, these two general cubics meet at nine
distinct points, pi,..., po. Fort := [ty : t;] € P!, set

Co:={[z0: 21 : 22] € P% 19A(20,21,22) + 11 B(20,21,22) = O}.

The family Cy, t € P!, is a pencil on X = P2. The base locus of this system consists
of the nine points p, ..., pg common to all these cubics. The modification

X = {([ZO,Z1,Z2],t) e P’ x P 1)A(z0.21,22) + 1 B(20.21,22) = O}

is isomorphic to the blowup of X at these nine points,

For general A and B, the induced map_ f — P! is a Morse map, and its generic
fiber is an elliptic curve. The manifold X is a basic example of an elliptic fibration.
It is usually denoted by E(1).

5.2 Topological Applications of Lefschetz Pencils

All of the results in this section originate in the remarkable work of Lefschetz [Lef]
in the 1920s. We follow the modern presentation in [Lam]. In this section, unless
otherwise stated, Ho(X) (respectively H®(X)) will denote the integral singular
homology (respectively cohomology) of the space X.
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Before we proceed with our study of Lefschetz pencils, we want to mention
two important results, frequently used in the sequel. The first one is called the
Ehresmann fibration theorem [Ehr].

Theorem 5.6. Suppose @ : E — B is a smooth map between two smooth
manifolds such that

o @ is proper, i.e., @' (K) is compact for every compact K C B.
* @ is a submersion.
e IfOE # @, then the restriction 0@ of @ to dE continues to be a submersion.

Then @ : (E,0E) — B is a locally trivial, smooth fiber bundle.

The second result needed in the sequel is a version of the excision theorem for
singular homology, [Spa, Theorems 6.6.5 and 6.1.10].

Theorem 5.7 (Excision). Suppose f(X,A) — (Y, B) is a continuous mapping
between compact ENR pairs® such that

f:X\A—>Y\B
is a homeomorphism. Then, f induces an isomorphism

fx it Ho(X, A:Z) — Ho(Y, B; 7).

Remark 5.8. For every compact oriented, m-dimensional manifold M denote by
P Dy the Poincaré duality map

HY(M)— Hy—y(M), ur—un[M].
The sign conventions for the N-product follow from the definition
(vUu,c)=(v,unc),
where (—, —) denotes the Kronecker pairing between singular cochains and chains.

Observe that if f : X — Y is a continuous map between topological spaces,
then for every chain ¢ in X and cochains #, vin Y,

{(v,uN pe(c)) = (WU, px(c)) = (p*(w) U p*(v),c)
= (p*(v), p* (W) Nc) = (v, px(p* (W) Nc)),

so that we obtain the projection formula

p(p* () Ne) = un psle). (5.2)

’E.g., (X, A) is a compact ENR pair if X is a compact C W-complex and A is a subcomplex.
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Suppose X < PV is an n-dimensional algebraic manifold, and S C P(d, N) is
a one- dimensional projective subspace defining a Lefschetz pencil (Xj),es on X.
As usual, denote by B the base locus

B:ﬂXX

SES

and by X the modification
= {(x,s) eXxS§; xe XS}.

We have an induced Lefschetz fibration f X — S with fibers X, f (s), and
a surjection p : X — X that induces homeomorphisms X, —> X Observe that
degp = 1. Set

B:=p'(B).

We have a tautological diffeomorphism

Bx~BxS, éa(x,s)H(x,s)eBxS.
Since S =~ S?, we deduce from Kiinneth’s theorem that we have an isomorphism

H,(B) = H,(B) ® H,—»(B)
and a natural injection
H,—»(B) = H,(B), H,—2(B)>c+> cx|[S]e€ H,(B).

Using the inclusion map B — X, we obtain a natural morphism

K : Hya(B) — Hy(X).
Lemma 5.9. The sequence
0— H, »(B) > H,(X) 3 H,(X) > 0 (5.3)

is exact and splits for every q. In particular, X is connected if and only if X is

connected and R
x(X) = x(X) + x(B).

Proof. The proof will be carried out in several steps.

Step 1 ps« admits a natural right inverse. Consider the Gysin morphism

p' i Hy(X) — Hy(X), p'= PDyp*PDy',
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so that the diagram below is commutative:

N[X
a7 x) 2 b, (x)

\p* \p!
M—q Yy — H )2
HY1(0) v Hy ()

We will show that p«p' = 1. Let ¢ € Hy(X) and set u := PDy'(c), that is,
u N [X] = c. Then,

p'(c) = PDygp*u= p*(u) N [X]
and

Pep'(©) = pu( p* ) N 1X]) 2 w0 pu((R]) = deg p(u [X]) = c.

Step 2 Conclusion. We use the long exact sequences of the pairs ()f , fs’) and
(X, B) and the morphism between them induced by p.. We have the following
commutative diagram:

5 5o D
Hy+1(X) Hyy1(X,B) — Hy(B) ® Hy—>(B)—>
Px P pr
9
Hy1(X) Hy11(X, B) Hy(B)—

.—>H,(X) — H,(X,B)

/

P Px

coo—>Hy(X) — H,(X.B)

The excision theorem shows that the morphisms p/, are isomorphisms. Moreover,
P+ 1s surjective. The conclusion in the lemma now follows by diagram chasing. 0O
Decompose the projective line S into two closed hemispheres

S:=DyUD., E=DyND-, Xii=fT'(Ds), Xp:=/7'(E)

such that all the critical values of f : X — S are contained in the interior of D..
Choose a point * on the equator £ = dD4 = dD_ == S'. Denote by r the number
of critical points (=the number of critical values) of the Morse function f . In the
remainder of this chapter we will assume the following fact. Its proof is deferred to
a later section.
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Lemma 5.10.

0 if g #n = dimc X,

Hy (X X) = 4 if g =n

Remark 5.11. The number r of nondegenerate singular points of a Lefschetz pencil
defined by linear polynomials is a projective invariant of X called the class of X.
For more information about this projective invariant, we refer to [GKZ].

Using the Ehresmann fibration theorem, we deduce
X_ =~ )2* x D_, B)Ei >~ )2* x dD_,
so that
(X_,XEg) = X« x (D_, E).

Clearly, X, is a deformation retract of X_. In particular, the inclusion Xe = X_
induces isomorphisms . .
Ho(X+) = Ho(X-).

Using excision and the Kiinneth formula, we obtain the sequence of isomorphisms

~  X[D_.E] N A A excis PN
Hy 2(Xy) — Hy(X«x (D_,E)) = Hy(X_, Xp) =5 H (X, Xy). (54)

Consider now the long exact sequence of the triple ()? X +, X %)

~ ~ PN PN 9 ~
o> Hyp (X4, Xi) > Hy (X, Xo) > Hy (X, X4) > Hy (X4, Xi) = -+

If we use Lemma 5.10 and the isomorphism (5.4), we deduce that we have the
isomorphisms

L:Hyp (X, Xs) > Hy1(Xa), g #n,n—1, (5.5)
and the five-term exact sequence
0— Hor1(X, X)) — Hymt(X2) — Hy(X1, Xo) —
— H,(X,Xs) > Hy—(Xy) = 0. (5.6)

Here is a first nontrivial consequence.

Corollary 5.12. If X is connected and n = dimc X > 1, then the generic fiber
X« = Xy is connected.

Proof. Using (5.5), we obtain the isomorphisms

Ho(X,Xy) = H»(X,) =0, H{(X,Xs) = H_(Xs) =0.
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Using the long exact sequence of the pair ()f X +), we deduce that Ho()? %) =
Hy(X). Since X is connected, Lemma 5.9 now implies Hy(X) = 0, thus proving
the corollary. O

Corollary 5.13.
x(X) =2x(Xs) + (=1)"r,  x(X) = 2x3(Xs) — x(B) + (=1)"T.

Proof. From (5.3), we deduce )g()?) = y(X) 4+ x(B). On the other hand, the long
exact sequence of the pair (X, Xx) implies

A(X) = x(Xa) = x(X. Xa).
Using (5.5), (5.6), and Lemma 5.10 , we deduce
1 (X, X)) = y(Xa) + (=)'
Thus,
X(X) =2x(X) + (=1)"r and x(X) = 2x(X) — x(B) + (=1)"r. O

Corollary 5.14 (Genus formula). For a generic degree d homogeneous polyno-
mial P € Py, the plane curve

Cp = {lz0.z1.22) € P% P(20,21,22) =0}

is a smooth Riemann surface of genus

d-1)d-2)

g(Cp) = >

Proof. Fix a projective line . C P? and a point ¢ € P? \ (Cp U LL). We get a pencil
of projective lines {[c£]; ¢ € L} and a projectionmap f = f. : Cp — L., where
for every x € Cp the point f(x) is the intersection of the projective line [cx] with
L. In this case we have no base locus, i.e., B = # and X = X = Vp. Since every
generic line intersects Cp in d points, we deduce that f is a degree d holomorphic
map. A point x € Cp is a critical point of f, if and only if the line [cx] is tangent
to Cp.

For generic ¢ the projection f, defines a Lefschetz fibration. Modulo a linear
change of coordinates, we can assume that all the critical points are situated in the
region zo 7 0 and c is the point at infinity [0 : 1 : 0].
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In the affine plane zo # 0 with coordinates x = z1/z0, ¥ = 22/70, the point
¢ € P? corresponds to the point at infinity on the lines parallel to the x-axis (y = 0).
In this region, the curve Cp is described by the equation

F(x,y)=0,

where F(x,y) = P(1, x, y) is a degree d inhomogeneous polynomial.
The critical points of the projection map are the points (x, y) on the curve
F(x,y) = 0, where the tangent is horizontal,

oY __K
dx F{

Thus, the critical points are solutions of the system of polynomial equations

F(x,y) =0,
Fl(x,y) =0.

The first polynomial has degree d, while the second polynomial has degree d —
1. For generic P, this system will have exactly d(d — 1) distinct solutions. The
corresponding critical points will be nondegenerate. Using Corollary 5.13 with X =
X = Cp,r =d(d — 1), and X, a finite set of cardinality d, we deduce

2-2(g(Cp) = x(Cp) =2d —d(d — 1),

so that

gcpy = CZNZD)

Example 5.15. Consider again two generic cubic polynomials A, B € P3, as in
Example 5.5 defining a Lefschetz pencil on P> <> P3. We can use the above
Corollary 5.13 to determine the number r of singular points of this pencil. More
precisely, we have

O

x(P?) =2x(X.) — x(B) +r.

We have seen that B consists of nine distinct points. The generic fiber is a degree 3
plane curve, so by the genus formula it must be a torus. Hence y(X«) = 0. Finally,
y(P?) = 3. We deduce r = 12, so that the generic elliptic fibration I@’il — P!
has 12 singular fibers.

We can now give a new proof of the Lefschetz hyperplane theorem.

Theorem 5.16. Suppose X C PV is a smooth projective variety of (complex)
dimension n. Then for any hyperplane H C PV intersecting X transversally, the
inclusion X N H — X induces isomorphisms

Hy (X N H) — Hy(X)
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ifqg < %dimR(X N H) = n — 1 and an epimorphism if ¢ = n — 1. Equivalently,
this means that

H(X.XNH)=0, Yg<n-—1.

Proof. Choose a codimension two projective subspace A C PV such that the pencil
of hyperplanes in PV containing 4 defines a Lefschetz pencil on X . Then, the base
locus B = AN X is a smooth codimension two complex submanifold of X and the
modification X is smooth as well.

A transversal hyperplane section X N H is diffeomorphic to a generic divisor X
of the Lefschetz pencil, or to a generic fiber X, of the associated Lefschetz fibration
f : X — S, where S denotes the projective line in PN = P(1, N) dual to A.

Using the long exact sequence of the pair (X, X«) we see that it suffices to
show that

H;(X,Xx) =0, Vg<n-—1.
We analyze the long exact sequence of the triple ()2 X UB. X, U é). We have

xcis

H,(X. X, UB)=H,(X.Xy UBxD_) = H,(X_. Xz UBx D_)
(use the Ehresmann fibration theorem)
= Hq((X*,B) X (D_,E)) =~ H, (X« B).

Using the excision theorem again, we obtain an isomorphism

pe i Hy(X, X« UB) = Hy(X, Xy).
Finally, we have an isomorphism

Ho(X4 UB, X, UB) =~ Ho(X 1, X.). (5.7)

Indeed, excise B x Int (D_) from both terms of the pair ()2 + U B.X,U l§). Then,

XL UB\ (BxInt(D_)) = Xy,
and since X, N B = {*} x B, we deduce

X*ué\(Bxlm(D_)):)?*u(D+xB).

Observe that Xy N (D+ X B) = {*} x B and that D4 x B deformation retracts to

{*}xB.Hence XU (D+ xB ) is homotopically equivalent to X. thus proving (5.7).
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The long exact sequence of the triple ()2 ,)2+ U B, X, U l?) can now be
rewritten as

o= Hy1(Xe. B) > Hy(R 4. X)—Hy(X. Xy) = Hyr(Xu. B) > -+ .
Using Lemma 5.10 , we obtain the isomorphisms
L':Hy(X,Xsx) > Hy—»(X«.B), q#n,n+1, (5.8)
and the five-term exact sequence

0 — Hyy1(X, Xy) > Hy (X, B) = H,(X4, Xs) =
— H,(X,X4«) - H,—»(X4«, B) = 0. (%)

We now argue by induction on n. The result is obviously true forn = 1.
For the inductive step, observe first that B is a transversal hyperplane section of
X4, dimc Xy = n — 1, and thus by induction, we deduce that
Hy(X«,B)=0, Vg <n-2.
Using (5.8), we deduce
Hy(X,Xy) = H; »(X«,B) =0, Vg<n-—1. O
Corollary 5.17. If X is a hypersurface in P", then

bi(X) = bp(P"), Yk <n—2.

In particular, if X is a hypersurface in P3, then by (X) = 0.

Consider the connecting homomorphism
d: Hy(X4.Xs) = Hyo1(Xy).
Its image
V(Xy) 1= a(Hn()2+,)2*) ) = ker( H,_(X.) > H,_(X)) C H,_,(X.)

is called the module of vanishing® cycles.

3The are called vanishing because they “melt” when pushed inside X.



5.2 Topological Applications of Lefschetz Pencils 265

Using the long exact sequences of the pairs ()2 +, X «) and (X, X4), and Lemma
5.10, we obtain the following commutative diagram:

A A P ~ ~
Hy (X4, Xs) — Hy—1(Xs) H,—1(X4) 0
1 = |2 =|P3
9
Hy(X, X)) —— Hy—1(Xx) H,—1(X) 0

All the vertical morphisms are induced by the map p : X — X.The morphism
p1 is onto because it appears in the sequence (%), where H,_»(X«, B) = 0 by
the Lefschetz hyperplane theorem. Clearly p, is an isomorphism, since p induces a
homeomorphism X = X,. Using the refined five lemma [Mac, Lemma 1.3.3] , we
conclude that pj is an isomorphism. The above diagram shows that

V(X)) = ker(i* CHyo (Xs) — Hn_](X))
— Image (a CHy(X, Xa) — Hy_i(Xy) ) (5.92)

rank H,_1(X«) = rank V(X) + rank H,_; (X). (5.9b)

Let us observe that Lemma 5.10 and the universal coefficients theorem imply that
H"(X+, Xy) = Hom( H,( X+, X4),Z).
The Lefschetz hyperplane theorem and the universal coefficients theorem show that
H"(X, Xy = HomZ( H,(X,Xx),Z).

We obtain a commutative cohomological diagram with exact rows:

H"(Xy. X) ~— H"™(X,) ~—— H"'(X}) 0

IR

mono

i

H"(X,X\) ~—— H" (X))

Hn—l (X)

This diagram shows that

I(X,)" = ker<8 CH'N (X — H' (X, )2*))

Il

ker(8 CH'™(X) — H"(X, X*))

2

Im (i* CH'N(X) - H”_I(X*)).



266 5 Basics of Complex Morse Theory
Define the module of invariant cycles to be the Poincaré dual of I(X)Y,
I(Xy) = {u N[Xa]: ue ]I(X*)"} C Hyoi(Xy),
or equivalently,
I(Xx) = Image (i’ CHy1(X) = H,,_I(X*)), i':= PDy, oi* o PD}".

The last identification can be loosely interpreted as saying that an invariant cycle
is a cycle in a generic fiber X, obtained by intersecting X, with a cycle on X of
dimension %dimR X = dim¢ X. The reason these cycles are called invariant has
to do with the monodromy of the Lefschetz fibration and it is elaborated in greater
detail in a later section.

Since i * is one-to-one on H"~'(X ), we deduce i !is one-to-one, so that

rank I[(X) = rank H,4+(X) = rank H,_; (X)

= rankIm(i* CHy— 1 (Xy) — H,,_I(X)). (5.10)

Using the elementary fact

rank H,_| (X,) = rank ker ( H,_;(X.) —> H, (X))
+rankIm (iy : Hyoy (Xa) = H,_1(X)).

we deduce the following result.

Theorem 5.18 (Weak Lefschetz theorem). For every projective manifold X —
PV of complex dimension n and for a generic hyperplane H C PN, the Gysin

morphism
!

i Hn+l(X) g Hn—l(X N H)
is injective, and we have

rank H,—;(X N H) = rank[(X N H) +rank V(X N H),
where

V(X NH) = ker( Hy_ (X N H) = Hp_i(X) ) I(X N H) = Imagei’.

The module of invariant cycles can be given a more geometric description. Using
Lemma 5.10, the universal coefficients theorem, and the equality

T(Xa)Y = ker(5 CH'\(X) —> H'(X4, X))
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we deduce

I(Xs)Y = {a) e H''(X,): (0,v) =0, Vv e V(Xy) }

Observe thatn — 1 = %dim X. and thus the Kronecker pairing on H,—(Xx) is
given by the intersection form. This is nondegenerate by Poincaré duality. Thus,

I(Xy) := {y € Hy1(Xy); y-v=0, VoeV(Xy) } (5.11)

We have thus proved the following fact.

Proposition 5.19. A middle dimensional cycle on X« is invariant if and only if its
intersection number with any vanishing cycle is trivial.

5.3 The Hard Lefschetz Theorem

The last theorem in the previous section is only the tip of the iceberg. In this section,
we delve deeply into the anatomy of an algebraic manifold and try to understand the
roots of the weak Lefschetz theorem.

In this section, unless specified otherwise, Ho(X) denotes the homology with
coefficients in R. For every projective manifold X < PV, we denote by X' its
intersection with a generic hyperplane. Define inductively

X0 =x, xUth.— (x@y 4=>o.

Thus X @*+D is a generic hyperplane section of X @,
Denote by w € H*(X) the Poincaré dual of the hyperplane section X, i.e.,

[X'l=wNn[X].
If a cycle ¢ € H,(X) is represented by a smooth (real) oriented submanifold of
dimension g, then its intersection with a generic hyperplane H is a (¢ — 2)-cycle in
X N H = X’. This intuitive operation ¢ + ¢ N H is none other than the Gysin map
it Hy(X) — Hy—(X')
related to wN : Hy(X) — H,—»(X) via the commutative diagram
Hy(X) —— H,—»(X")

!

Hq—Z(X)
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Proposition 5.20. The following statements are equivalent.

HL,. V(X )NnI(X") = 0.

HL,. V(X') & I(X) = H,_(X’)

HL;. The restriction of ix : Hy—(X') — H,—1(X) to I(X") is an isomorphism.

HL4. The map wN : Hy41(X) — H,—1(X) is an isomorphism.

HLs. The restriction of the intersection form on H,—(X') to V(X') stays nonde-
generate.

HLg. The restriction of the intersection form to 1(X') stays nondegenerate.

Proof. = The weak Lefschetz theorem shows that HL,; <= HL,.
e HL, = HLj3. From the equality

V(X') = ker(i* CH, (X)) — Hn_l(X))

and HL,;, we deduce that the restriction of i, to I(X") is an isomorphism onto the
image of i.. On the other hand, the Lefschetz hyperplane theorem shows that the
image of i is H,—1(X).

e HL; = HL,. Theorem 5.18 shows that i' : H,4+1(X) — H,_1(X') is a
monomorphism with image I(X’). By HL3, ix : I(X') — H,—;(X) is an
isomorphism, and thus @M = i, o' is an isomorphism.

o HL; = HL;. Ifis0i' = wN : H,4(X) - H,_;(X) is an isomorphism,
then we conclude that iy : Im (i') = I(X’) — H,—{(X) is onto. Using (5.10),
we deduce that dimI(X’) = dim H,,—;(X), so that iy : H,—1(X') — H,—1(X)
must be one-to-one. The Lefschetz hyperplane theorem now implies that i is an
isomorphism.

e HL, — HLs, HL, — HLg. This follows from (5.11), which states that I(X")
is the orthogonal complement of V(X”) with respect to the intersection form.

e HLs; =— HL;, HLs = HL,. Suppose we have a cycle

c e V(X)) NIX".
Then,
celX)=c-v=0, YveV(X),

while
ceVX)=c-z=0, Vzel(X').
When the restriction of the intersection to either V(X ) or I(X”) is nondegenerate,
the above equalities imply ¢ = 0, so that V(X’) N I(X’) = 0. O
Theorem 5.21 (The hard Lefschetz theorem). The equivalent statements HL;,

..., HLg above are true (for the homology with real coefficients).

This is a highly nontrivial result. Its complete proof requires sophisticated
analytical machinery (Hodge theory) and is beyond the scope of this book. We refer
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the reader to [GH, Sect. 0.7] for more details. In the remainder of this section, we
will discuss other topological facets of this remarkable theorem.
We have a decreasing filtration

X=X9>5xX">xX®5...0x" 59,

so that dim¢ X9 = n — ¢, and X@ is a generic hyperplane section of X @1,
Denote by I,(X) C H,—4(X @) the module of invariant cycles

I,(X) = Image(i’ L Hyo gy 2 (XTV) > H,_ (XD )
Its Poincaré dual (in X @) is
I,(X)" = Image(i* CH'(XEDy H”_‘I(X(‘f)) = PDyL, (1,(X)).
The Lefschetz hyperplane theorem implies that the morphisms,
iv: Hi(X9) - H(XY)), q=> j, (5.12)
are isomorphisms for k < dime X @ = (n — g). We conclude by duality that
i* HY(XY) - H*(X), j<q,

is an isomorphism if k + ¢ < n.
Using HL3, we deduce that

is 11, (X) = Hy—g(X97D)

is an isomorphism. Using the Lefschetz hyperplane section isomorphisms in (5.12),
we conclude that

i+ maps ll;(X) isomorphically onto H,—4(X). )
Using the equality
I,(X)" = Image (i* : H"9(X“™V) - H"'(X©))
and the Lefschetz hyperplane theorem, we obtain the isomorphisms
B S Eraxy S S e xaen),
Using Poincaré duality we obtain

i* maps H,4(X) isomorphically onto I, (X). (1)
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Tterating HL¢, we obtain

The restriction of the intersection form of H,_,(X) fo I,(X)is nondegenerate.

(1)

The isomorphism i, carries the intersection form on I,(X) to a nondegenerate
formon H,—4(X) = H,44(X). When n — g is odd this is a skew-symmetric form,
and thus the nondegeneracy assumption implies

dim H,_,(X) = dim H,1,(X) € 27Z.

We have thus proved the following result.
Corollary 5.22. The odd dimensional Betti numbers by, 4+1(X) of X are even.

Remark 5.23. The above corollary shows that not all even dimensional manifolds
are algebraic. Take for example X = S3 x S!. Using Kiinneth’s formula, we deduce

hi(X) = 1.

This manifold is remarkable because it admits a complex structure, yet it is not alge-
braic! As a complex manifold it is known as the Hopf surface (see [Ch, Chap. 1]).

The gth exterior power w? is Poincaré dual to the fundamental class
[XD] € Hypnq(X)

of X @, Therefore, we have the factorization

Hi(X) —— Hy_,(X?)

win \l*

Hi—24(X)
Using (1) and (f), we obtain the following generalization of HL,.
Corollary 5.24. Forq = 1,2,...,n, the map

®'N: Hyyg(X) — H,—y(X)

is an isomorphism.

Clearly, the above corollary is equivalent to the hard Lefschetz theorem. In fact,
we can formulate an even more refined version.

Definition 5.25. (a) Anelementc € H,4(X),0 < g < n, is called primitive if

o' Nne=0.
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We will denote by P,14(X) the subspace of H,,(X) consisting of primitive
elements.
(b) Anelementz € H, ,(X) is called effective if

owNz=0.

We will denote by E,—,(X) the subspace of effective elements.

Observe that
¢ € Hyyy(X) is primitive <= w? N ¢ € H,—;(X) is effective.

Roughly speaking, a cycle is effective if it does not intersect the “part at infinity of
X,” X N hyperplane.

Theorem 5.26 (Lefschetz decomposition). (a) Every element ¢ € H,y4(X)
decomposes uniquely as

c=cot+wNei+w*Ney+---, (5.13)

where c; € H,412;(X) are primitive elements.
(b) Every element z € H,_,(X) decomposes uniquely as

z=wf N+ Nz 4+, (5.14)

where zj € Hy4442;(X) are primitive elements.

Proof. Observe that because the above representations are unique and since
(5.14) = ¥ N (5.13),

we deduce that Corollary 5.24 is a consequence of the Lefschetz decomposition.
Conversely, let us show that (5.13) is a consequence of Corollary 5.24. We will
use a descending induction starting with g = n.
A dimension count shows that

PZn(X) = H211(X)5 P211—1(X) = HZn—l(X)’
and (5.13) is trivially true for ¢ = n,n — 1. The identity

anNBnc)y=(@UPB)Nc, Ya,B € H*(X), ¢ € Ho(X),

shows that for the induction step it suffices to prove that every element ¢ € H,, 1 4(X)
can be written uniquely as

c=co+wNcy, ¢ € Hipg12(X), ¢y € Pryg(X).
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According to Corollary 5.24, there exists a unique z € H,4+2(X) such that
0! Nnz=w!""nNec,

so that
co:=c—wNze Piqg(X).

To prove the uniqueness of the decomposition, assume
O=co+wnNcy, co€ Prpg(X).
Then,
0= Nco+wnc) = 0’ Nci=0= ¢ =0= ¢, =0. |

The Lefschetz decomposition shows that the homology of X is completely
determined by its primitive part. Moreover, the above proof shows that

0 <dim Pyt = butg — bytg+2 = bu—g — by—g—2,
which implies the unimodality of the Betti numbers of an algebraic manifold,
L =by<by <+ Zhyup, b1 b3 <+ < by|u=1ys2)+1-
where | x| denotes the integer part of x. These inequalities introduce additional

topological restrictions on algebraic manifolds. For example, the sphere S* cannot
be an algebraic manifold because b,(S*) = 0 < by(S*) = 1.

5.4 Vanishing Cycles and Local Monodromy

In this section, we finally give the promised proof of Lemma 5.10.

Recall we are given a Morse function f : X — P! and its critical values
ti,...,t, are all located in the upper closed hemisphere D. We denote the
corresponding critical points by py, ..., p,, so that

We will identify Dy with the unit closed diskat0 e C.Let j = 1,...,r

* Denote by D; a closed disk of very small radius p centered atz; € D4.1f p < 1
these disks are disjoint.
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Fig. 5.2 Isolating the critical values

* Connect * € dDy tot; + p € 0D; by a smooth path £; such that the resulting
paths £, ..., ¢, are disjoint (see Fig.5.2). Setk; := £{; UD;, £ = | J{; and
k = Uk;.

* Denote by B; a small closed ball of radius R in X centered at p;.

The proof of Lemma 5.10 will be carried out in several steps.

Step 1 Localizing around the singular fibers. Set

L:= "0, K:= f"(k).

We will show that X « 18 a deformation retract of L, and K is a deformation retract
of X4, so that the inclusions

(X4, Xs) = (X4,L) < (K, L)

induce isomorphisms of all homology (and homotopy) groups.

Observe that k is a strong deformation retract of Dy and * is a strong
deformation retract of £. Using the Ehresmann fibration theorem , we deduce that
we have fibrations

FiL—t, f:Xe\f M.t > D\, .. )

Using the homotopy lifting property of fibrations (see [Ha, Sect. 4.3]) , we obtain
strong deformation retractions

L—Xe, Xe\f 4ttt > KN\ f Y0, 00
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/

Fig. 5.3 Isolating the critical points

Step 2 Localizing near critical points. Set (see Fig.5.3)
Xp, = /7N Dp. Xj= 7105+ ),
Ej = XD/. ﬂBj, Fj = )2]' n Bj,
E = UjEj, F = UJ'FJ‘.
The excision theorem shows that the inclusions ()2 D;s X j) — (K, L) induce an

isomorphism

P Ho(Xp,. X;) > Ho(K.L) = Ho(Xy. Xo).
j=1
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Now define R

Yj = XD/ \1nt(Bj), Zj = Fj \1nt(Bj).
The map f induces a surjective submersion f :Y; — Dj, and by the Ehresmann

fibration theorem it defines a trivial fibration with fiber Z;. In particular, Z; is a

~

deformation retract of Y;, and thus X; = F; U Z; is a deformation retract of
F; UY;. We deduce

H.()?Dj,)?j) = H.()?D/., F] @] YJ) = H.(Ej, Fj),
where the last isomorphism is obtained by excising Y.
Step 3 Conclusion. We will show that for every j = 1,...,r we have

0ifg #dimc X =n

Ho(Ej FD =\ g3t g = n

At this point we need to use the nondegeneracy of p;. To simplify the presentation,
in the sequel we will drop the subscript ;.

By making B even smaller, we can assume that there exist holomorphic
coordinates (z; ) on B, and u near f (p), such that f is described in these coordinates
by z3 + -+ + z2. Then E and F can be given the explicit descriptions

E={Z=(Zl,...,zn); ZIZ[IZSVZ, |Zzﬂ<p},
F=F={1cE Y 2=p/ (5.15)

The region E can be contracted to the origin becausez € £ —> tz € E, VT €
[0, 1]. This shows that the connecting homomorphism H,(E, F) — H,_(F) is
an isomorphism for ¢ # 0. Moreover, Hy(E, F) = 0. Lemma 5.10 is now a
consequence of the following result.

Lemma 5.27. F), is diffeomorphic to the disk bundle of the tangent bundle T'S n=l
Proof. Set

zj =X iy, X=X, X)), Y= (V-0 V),
= Y e YR
J J
The fiber F has the description
x> =p+ Iy’ x-y=0eR, |xP+y =r”

In particular,
2ly)> <r*—p.
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Now let
ui=(p+ )X eR", v= y.

In the coordinates u, v the fiber F has the description
=1, u-v=0, |v?><1.
The first equality describes the unit sphere S”~! C R”. Observe next that
u-ves=ylu

shows that v is tangent to S”~! at u. It is now obvious that F is the disk bundle of
TS"~!. This completes the proof of Lemma 5.10. O

We want to analyze in greater detail the picture emerging from the proof of
Lemma 5.27. Denote by B a small closed ball centered at 0 € C" and consider

f:B—=C, fQ=2++72.

Let p be a positive and very small real number.

We have seen that the regular fiber F, = f~1(p) (0 < p <« 1) is diffeomorphic
to a disk bundle over an (n — 1)-sphere S, of radius ,/p. This sphere is defined by
the equation

Spi={lmz=0}Nf"'(p) <= {y =0, x” =p}.

As p — 0, i.e., we are looking at fibers closer and closer to the singular one Fy =
£71(0), the radius of this sphere goes to zero, while for p = 0 the fiber is locally
the cone z7 + - -+ + z2 = 0. We say that S, is a vanishing sphere.

The homology class in F, determined by an orientation on this vanishing
sphere generates H,_1(F),). Such a homology class was called vanishing cycle by
Lefschetz. We will denote by A a homology class obtained in this fashion, i.e., from
a vanishing sphere and an orientation on it (see Fig. 5.4). The proof of Lemma 5.10
shows that Lefschetz’s vanishing cycles coincide with what we previously named
vanishing cycles.

Observe now that since 0 : H,(B, F) — H,_(F) is an isomorphism, there
exists a relative n-cycle Z € H,(B, F) such that 3Z = A. The relative cycle
Z is known as the thimble associated with the vanishing cycle A. It is filled in
by the family (S,) of shrinking spheres. In Fig. 5.4 it is represented by the shaded
disk.

Denote by D, C C the closed disk of radius p centered at the origin and by
B, C C" the closed ball of radius r centered at the origin. Set

E.,:={z€B,; f(z)eD,}, E}, = {ze B 0<|f(@@|<p}.
OE,, :={z€ dB,: f(z) € D,}.



5.4 Vanishing Cycles and Local Monodromy 277

r>0 =0

i +z3=r

27 +23=0

Fig. 5.4 The vanishing cycle for functions of n = 2 variables

We will use the following technical result, whose proof is left to the reader.

Lemma 5.28. For any p,r > 0 such that r> > p the maps
fEY, = Dy\{0} =: D}, fy:0E,,— D,

are proper surjective submersions.

By rescaling, we can assume 1 < p < 2 = r.Set B = B,, D = D,
etc. According to the Ehresmann fibration theorem, we have two locally trivial
fibrations.

e F < E* — D™ with standard fiber the manifold with boundary
F =~ f~'(%¥)n B.

e JF <> JE — D with standard fiber F = f~!(%) N dB. The bundle JE — D
is a globally trivializable bundle because its base is contractible.

Choose the basepoint * = 1. From the proof of Lemma 5.27, we have
F=f"®={z=x+iyeC x+ |y <4 [x’=1+[y/ x-y=0}

Denote by M the standard model for the fiber, incarnated as the unit disk bundle
determined by the tangent bundle of the unit sphere S"~!' < R". The standard
model M has the algebraic description

M:{(u,v)eR”xR”; [uj=1, u-v=0, |V|§1}.
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Note that
OM = {(u,v) ER"XR"; [ul=1=1|v], u-v :0}.
We have a diffeomorphism

u=(1+[y>»H "2 x
vV = ay,

a=+/2/3. (@)

Its inverse is given by

®: F — M, F9z=x+iy,|—>{

(@)

—i — 2/.,2y1/2
Ma(u,v)»d;){x (1_?—|V|/Ol) v
y=a"'v.

This diffeomorphism @ maps the vanishing sphere ¥ = {Imz = 0} C F to the
sphere

S:={(wv)eR"xR"; [u=1 v=0}.

We will say that S is the standard model for the vanishing cycle. The standard model
for the thimble is the ball {|u| < 1} bounding S.

Fix a trivialization dE —> 9F x D and a metric 4 on dF . We now equip 0E
with the product metric gy := h @ ho, where & denotes the Euclidean metric on D.
Now extend g3 to a metric on E and denote by H the subbundle of TE™ consisting
of tangent vectors g-orthogonal to the fibers of f. The differential fi. produces
isomorphisms

f* : Hp — Tf(p)D*, Vpe E*.

Suppose y : [0,1] — D* is a smooth path beginning and ending at *, y(0) =
y(1) = x. We obtain for each p € F = f~!(x) a smooth path 7, : [0, 1] — E that
is tangent to the horizontal subbundle H, and it is a lift of w starting at p, i.e., the
diagram below is commutative:

([0,1],0) ——~ (D*, x)

We get in this fashionamap i, : F = f1(x) —> f71(x), pr> 7,(%).

The standard results on the smooth dependence of solutions of ODEs on initial
data show that %, is a smooth map. It is in fact a diffeomorphism of F with the
property that

hy |8F= Tyr.
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The map h,, is not canonical, because it depends on several choices: the choice of
trivialization 0E =~ dF x D, the choice of metric 4 on F, and the choice of the
extension g of g.

We say that two diffeomorphisms Gy, G; : F — F such that G; |jp= 1yF are
isotopic if there exists a smooth homotopy

G:[0,1]x F — F

connecting them such that for each ¢ the map G, =G(t,e) : F — F is a diffeo-
morphism satisfying G, |gp= 1y forall ¢ € [0, 1].

The isotopy class of 4, : FF — F is independent of the various choices listed
above, and in fact depends only on the image of y in 7 (D*, *). The induced map

[hy] : Ho(F) — He(F)
is called the (homological) monodromy along the loop y. The correspondence
[h] : T (D*, %) > y +—> hy, € Aut (Ho(F))

is a group morphism called the local (homological) monodromy.
Since h,|sr = 1yr, we obtain another morphism

(A : 71 (D*, %) — Aut (He(F, 9F)),

which we will call local relative monodromy.
Observe that if 7 is a singular n-chain in F such that dz € dF (hence z defines an
element [z] € H,(F, dF)), then for every y € m1(D*, ) we have

0z = 0hyz = 3(z— hyz) =0,

so that the singular chain (z—/,z) is a cycle in F. In this fashion, we obtain a linear
map
var : (D", %) — Hom ( H,—((F,0F) — H,_(F)),

var,(z) = [h,]"'z—z, z€ H,—1(F,3F), y € m(D*, %),

called the variation map.

The local Picard—Lefschetz formula will provide an explicit description of this
variation map. To formulate it, we need to make a topological digression.

An orientation or = ory on F defines a nondegenerate intersection pairing

*or  Hy—1(F,0F) x H,_(F) — Z
formally defined by the equality

c1 *or ©2 = (PD,(ix(c1)), c2),
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hY(V)

Fig. 5.5 The effect of monodromy on V

where iy : H,—1(F) — H,—|(F, 0F) is the inclusion induced morphism,
PDy : H"™Y(F) — H,_(F,dF), uw un|[F,dF],

is the Poincaré-Lefschetz duality defined by the orientation or, and (—, —) is the
Kronecker pairing.

The group H,—i(F,dF) is an infinite cyclic group. Since F is the unit disk
bundle in the tangent bundle 7 X, a generator of H,_,(F, 0F) can be represented
by a disk V in this disk bundle (see Fig.5.5). The generator is fixed by a choice of
orientation on V. Thus var, is completely understood once we understand its action
on V (see Fig.5.5).

The group H,—(F) is also an infinite cyclic group. It has two generators. Each
of them is represented by an embedded (n — 1)-sphere X' equipped with one of the
two possible orientations. We can thus write

var, ([V]) = v,(V)[Z]. v(V) = v,([V.ory]) € Z.
The integer v, ([V]) is completely determined by the Picard-Lefschetz number,
my(orp) := [V] or, var, ([V]) = v, ([V])[V] * [X].
Hence,
vary ([V]) = my (orp)(V xor, [X]) [X] = ([V] * [E])(V * var, (V)) [X],

vy (V)

var, (z) = m, (0rp)(z *orp [X]) [2].

The integer m, depends on choices of orientations on orr, ory, and ory on I, V
and X, but v, depends only on the the orientations on V and X. Let us explain how
to fix such orientations.
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The diffeomorphism @ maps the vanishing sphere ¥ C F to the sphere S
described in the (u,v) coordinates by v = 0, |[u| = 1. This is oriented as the
boundary of the unit disk {ju| < 1} via the outer-normal-first convention.*
We denote by A € H,_(F) the cycle determined by S with this orientation.

Let

ur = (£1,0,...,0), P+ = (ux,0)eSCM. (5.16)

The standard model Ml admits a natural orientation as the total space of a fibration,
where we use the fiber-first convention

or(total space) = or(fiber) A or(base).
Observe that since M is (essentially)the tangent bundle of S, an orientation on S
determines tautologically an orientation in each fiber of M. Thus the orientation on
S as boundary of an Euclidean ball determines via the above formula an orientation

on M. We will refer to this orientation as the bundle orientation.’
Near Py € M, we can use as local coordinates the pair

(Sv")’ g :(u27~~~»un), "Z(UZV--'VUH)' (517)
The orientation of S at P is given by
d& ==duy N--- Nduy,,

so that the orientation of X at ®~!(P,) is given by dx, A --- A dx,. The bundle
orientation of M is described in these coordinates near P by the form

Orbundle’\'dﬂ/\dg :dvz/\---/\dvn/\duz/\---/\dun
&)dyz/\"'/\dyn/\dXz/\"'/\an.

Using the identification (@) between F and M we deduce that we can represent V
as the fiber T of Ml — S over the north pole P (defined in (5.16)) equipped with
some orientation. We choose this orientation by regarding T as the tangent space
to S at P. More concretely, the orientation on T is given by

orr, ~duvy A---ANduv, <i>dy2/\---/\dy,,.

We denote by V € H,_|(F,dF) the cycle determined by T4 with the above
orientation.

On the other hand, F has a natural orientation as a complex manifold. We
will refer to it as the complex orientation. The collection (zz,...,z,) defines
holomorphic local coordinates on F near @' (P4, so that

OFcomplex = dXo Adys A= ANdxy A dyy.

“4The orientation of the disk is determined by a linear ordering of the variables u,, . . ., u,.

SNote that while in the definition of the bundle orientation we tacitly used a linear ordering of the
variables u;, the bundle orientation itself is independent of such a choice.
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We see that®

)n(n—l)/2

OFcomplex = (_1 OTbyndie-

We denote by o (respectively *) the intersection number in H,_; (F) with respect
to the bundle (respectively complex) orientation. Then,’

1=VoA=(-1)'"D2vxA
and

Ao A= (_l)n(nfl)/ZA * A = e(TSnfl)[Snfl]

0 if n is even,

= =y = 5.18
XS =0 i is odd, (5.18)

Above, e denotes the Euler class of 78",

The loop y; : [0,1] 3t = y;(t) = ¥ € D* generates the fundamental group
of D*, and thus the variation map is completely understood once we understand the
morphism of Z-modules

var| :=var,, : H, ((F,0F) - H,_(F).
Once an orientation org on F is chosen, we have a Poincaré duality isomorphism
H,—(F) = Homg( H,—1(F,0F), Z),

and the morphism var; is completely determined by the Picard—Lefschetz
number

mi(orgp) := V xq, var|(V).
We have the following fundamental result.

Theorem 5.29 (Local Picard-Lefschetz formula).
m1(0Tpungle) = V o vary (V) = (=1)",

M (0Fcomplex) = V * var (V) = (—1)"n+D/2,

var (V) = (=1)"4,

This sign is different from the one in [AGV2] due to our use of the fiber-first convention. This
affects the appearance of the Picard-Lefschetz formul@. The fiber-first convention is employed in
[Lam] as well.

"The choices of A and V depended on linear orderings of the variables u;. However, the
intersection number V o A is independent of such choices.
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and

var;(z) = (=1)"(zo X)X = (=1)""tV 2« )Y, Vze H,_(F,dF).

5.5 Proof of the Picard-Lefschetz Formula

The following proof of the local Picard—Lefschetz formula is inspired from [HZ]
and consists of a three-step reduction process.
We start by constructing an explicit trivialization of the fibration JE — D. Set

E,:=f'wNB, 0<|w<p, F=E,.
Note that
OEori = |x+iy; P =a+IyP 2xy=b [x*+ |y =4},

Foreveryw = a + ib € D define I, : 0E,, — dM,

. u = cj(w)x,
doF, > x + iy — 5.19
' %v = (W) (y + 2W)x). 5.19)
uf =1, [v[ =1,
where
2 \'/? b
ci(w) = (m) , e(w) = _4+a’
8+2a \'?

Observe that I} coincides with the identification (@) between F and M. The family
(1) w|<p defines a trivialization I" : 0E — OMIx D,z — (s (2), f(z) ). We set

Epj=1:= fT'{Iwl = 1) N B = Elgui=n-
The manifold E),,—; is a smooth compact manifold with boundary
3Ej 1 = /7' ({Iwl = 1}) N 3B.

The boundary dE|,|=; fibers over {|w| = 1} and is the restriction to the unit circle
{|w| = 1} of the trivial fibration dE — D. The above trivialization I" of dE — D
induces a trivialization of dE,=; — {|w| = 1}.

Fix a vector field V' on E),,=; such that

f«(V) =210 and I(V |og,,—,) = 270ds on OM x {|w| = 1}.
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Denote by u, the time #-map of the flow determined by V. Observe that u; defines
a diffeomorphism
W o F— Fomi

compatible with the chosen trivialization I, of dE. More precisely, this means that
the diagram below is commutative:

I (=)
aF —— oM

i Tom

E,Znit

OF onis — OM
Consider also the flow £2; on E|,,=; given by
£2,(z) = exp(rit)z = (cos(nt)x — sin(nt)y) + i( sin(rrt)x + cos(mt)y ) (5.21)
This flow is periodic, and since f(£2,z) = >V f(z), it satisfies
2,(F) = F,nir.

However, £2; is not compatible with the chosen trivialization of JE, because £21|sr,
is the antipodal map z — —z.

We pick two geometric representatives 7+ C F of V. More precisely, we define
T+ so that Ty = &(T4) C M is the fiber of Ml — S over the north pole P4+ € S.
As we have seen in the previous section, T is oriented by

duy A ANdv, <—>dyy A+ Ndy,.

Define T- C M as the fiber of M — S over the south pole P— € S and set
T- = &~ 1(T-).

The orientation of S at P_ is determined by the outer-normal-first convention,
and we deduce that it is given by —duy A - -+ A du,. We deduce that T_ is oriented
by —d vy A -+ A dv,. Inside F the chain T_ is described by

x=(1+ |y|2/a2)'/2u_ < x1 <0, x=---=x, =0
and it is oriented by —dy; A -+ A dy;,.
Note that £2; = —1, so that taking into account the orientations, we have
2(Ty) = (=1)'T- = (-D)"V. (5.22)

For any smooth oriented submanifolds 4, B of M with disjoint boundaries dA4 N
dB = @, of complementary dimensions, and intersecting transversally, we denote
by A o B their intersection number computed using the bundle orientation on F. Set

m := m(0rpyde) = V o var (V).
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Step 1.
m = (=1)"1(T4) o p1 (T4).

Note that
m=Vo (u(Ty)=Ty) =T-o (ui(Ty) — T4 ).

Observe that the manifolds 7 and 7_ in F are disjoint so that

m=T o un(Te) O22 (1Y Qu(Te) o (Ty).

Step 2.
$21(Ty) o i (T3) = 2(T3) o 1, (T), Vi €(0,1].

To see this, observe that the manifolds £2, (74 ) and i, (7T+) have disjoint boundaries
if 0 < t < 1. Indeed, the compatibility of u, with the boundary trivialization I"
implies

Lo jly (0T1) = Fyomio ;@1 (0T4) = 0T = {(uy,v) € M; v =1},
On the other hand,
[onie 2,(0T4) = Fonie 2,01 (9T )

1 2
:1_'627&:91‘( jx_za -ll_;,_,Ol_IV) ((X2=2/3),

and from the explicit descriptions (5.19) for I',2xi and (5.21) for £2;, we deduce
0= Fezniz £2; (3T+) N 8T+ = Fe'_’nil Q,(8T+) N Fezniz M[(8T+).
Hence the deformations

21(Ty) = 21—5a-0(T4), m1(Ty) = pi—sa—n(T+)
do not change the intersection numbers.

Step 3.
2,(T+) o u(T+) =1 if t > 0is sufficiently small.

Set
A[ = Q[(T+), Bl - IL[(T+).

For 0 < & < 1 denote by C, the arc C, = {exp(2zit); 0 <1 < &}. Extend the
trivialization I" : dE|¢c, — oM x C; to a trivialization

I::E|CE—>MXC£

such thatflp = Q.
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Fort € [0, ], we can view £2, and p, as diffeomorphisms w,, h; : Ml — M], such
that the diagrams below are commutative:

1:] Fl
F M F M
2 \wz He hy
ﬁw(l) l:eZnir
Fw(t) — M Fpmie — M

Set A; = [ (4;) = 0, (T4) and B, = e (B,) = hy(T4). Clearly
A[ OB[ ZAt O]Bt.

Observe that &, |sp= 1w, so that B, (7 ) is homotopic to T4 via homotopies that
are trivial along the boundary. Such homotopies do not alter the intersection number,
and we have

A oB, =A, 0Ty,

Along 0M we have
oy = W = Ty 0 2,0 I, (5.23)

Choose 0 < A < % For ¢ sufficiently small, the manifold A, lies in the tubular
neighborhood

U= {@m: gl <r =1}

of fiber T4 C M, where as in (5.17) we set £ = (up,...,u,) and n = (v, ..., v,).
More precisely, if P = (u,v) is a point of M near P, then its (£, n)-coordinates
are pr(u, v), where pr denotes the orthogonal projection

pr:R*xR" - R xR (w,v) = (2, ... 10505, ...,0,).

We can now rewrite (5.23) entirely in terms of the local coordinates (€, ) as

W/ (&) =pro¥, =pro o 2 oIy (ug. ). v(E ).

The coordinates (&, 1) have a very attractive feature. Namely, in these coordinates,
along oM, the diffeomorphism ¥; is the restriction to 0M of a (real) linear
operator

LR xR 5 R xR

More precisely,

L, [‘5 ] — COROCO) - [5 ]
n n
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where
¢ (1) 0 cos(mt) —sin(rmt)
C 1) .= 5 R r) = . )
« |:Cz(f)c3(f) Cs(t)] ® [Sln(m) cos(t)
and ¢ () = ck(eZ”i’ ) k = 1,2,3. The exact description of ¢ (w) is given in

(5.20). We can thus replace A, = w,(T4+) with L,(T+) for all ¢ sufficiently small
without affecting the intersection number because L, is very close to e, for ¢ small
and 0A;, = 0L, (T).

For ¢ sufficiently small, we have

) . d
L =Ly+tLo+ 0%, Ly=1, Ly:= o li=o L,

where

Lo=COCO)™ +COJICO). J=RO)=x [(1) _01} '

Using (5.20) with @ = cos(2nt) and b = sin(2xt), we deduce

C](O) = \/g > 0, 02(0) = 0, C3(0) = \/g > 0,

2w
¢1(0) = ¢3(0) =0, &(0) = —=—.
¢1(0) = ¢3(0) ¢(0) 5
Thus,
) 27 0 0 L0
C0)=—=— , CO)'=]| a0
© 25 [c3(0)0] © [ 0 c;(O)
) 271 0 0
coco=-"= )
oo =2 o]
Next

o [ea© o J[o-17| @ ©
coseor = [0 G ][] OH 0 +}

1 ()
=n|:cl(0) 0 }[ (1) —a@]:n[ (()0) _:w)}
. )
0 O ]| o O ag O

The upshot is that the matrix L has the form
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For ¢ sufficiently small, we can now deform L,(T) to (Lo + tLo)(T4) such
that during the deformation the boundary of the deforming relative cycle does not
intersect the boundary of T .. Such deformation again does not alter the intersection
number. Now observe that X, := (Lo + tLo)(T.) is the portion inside Uy, of the

(n — 1)-subspace
n+— (Lo +1L0) |:0:| = [_tan] .
n n

It carries the orientation given by
(—taduy +dvy)) A+ A (—tadu, + dvy).

Observe that X, intersects the (n — 1)-subspace T given by & = 0 transversely at
the origin, so that
Y oTy = =£1.

The sign coincides with the sign of the real number v defined by
vduoy N ANdvoy, Aduy A+ A duy,
= (—taduy +dv)) A---A(—tadu, + dv,) Advy A--- A duy,
= (—ta)" "dus A+ ANduy Advs A A duy,
= (=) DO g Ao A dug Adus A+ A duy
Since (n — 1) + (n — 1)? is even, we deduce that v is positive so that
1=X0T, =2,(T+)ou(Ty), VO<t K 1.

This completes the proof of the local Picard—Lefschetz formula. O

Remark 5.30. For aslightly different proof, we refer to [Lo]. For a more conceptual
proof of the Picard-Lefschetz formula in the case that n = dim¢ is odd, we refer to
[AGV2, Sect. 2.4].

5.6 Global Picard-Lefschetz Formulse

Consider a Lefschetz pencil (X;) on X < PV with associated Lefschetz fibration
f:X—>8Sx P! such that all its critical values 71, . . ., . are situated in the upper
hemisphere in D4 C S. We denote its critical points by py, ..., pr, so that

fpy) =1, Vj.
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We will identify D with the closed unit disk centered at 0 € C. We assume |¢,| < 1
for j = 1,...,r. Fix apoint x € dD4+. For j = 1,...,r we make the following
definitions:

* D; is aclosed disk of very small radius p centered at ; € Dy.If p < 1 these
disks are pairwise disjoint.

e {; :]0,1] — Dy is a smooth embedding connecting * € D1 tot; + p € dD;
such that the resulting paths €1, ..., {, are disjoint (see Fig.5.2). Setk; := {; U
Dj,ﬁ = UZ]', and k = Ukj

* Bj isasmall ballin X centered at Dj-

Denote by y; the loop in Dy \ {#, ..., .} based at * obtained by traveling along
{; from * to ¢; + p and then once counterclockwise around dD; and then back to *
along £;. The loops y; generate the fundamental group

JTl(S*,*), S* = S\{Z],...,lr}.

Set
Xge = f71(S™).
We have a fibration
f : )25* d S*,
and as in the previous section, we have an action

w i (S*, %) > Aut (He(Xx.Z))

called the monodromy of the Lefschetz fibration. Since X is canonically diffeomor-
phic to X «, we will write X instead of X %

From the proof of the local Picard—Lefschetz formula we deduce that for each
critical point p; of f , there exists an oriented (n — 1)-sphere X; embedded in the
fiber X,j+p which bounds a thimble, i.e., an oriented embedded n-disk Z; C )?+.
This disk is spanned by the family of vanishing spheres in the fibers over the radial
path from¢; + pto¢;.

We denote by A; € Hu—1(Xi;+,7Z) the homology class determined by the
vanishing sphere X; in the fiber over ¢; + p. In fact, using (5.18), we deduce

0 if n is even,
Ajx Ay = (=) VR(14 (1)) = 4 <2ifn = ~1 mod 4,
2ifn =1 mod 4.

The above intersection pairing is the one determined by the complex orientation of

th J,-p.
Note that for each j we have a canonical isomorphism

Ho(X;.Z) > Ho(Xx.Z)
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induced by a trivialization of f : Xg+ — S* over the path £; connecting * to
t; + p. This isomorphism is independent of the choice of trivialization since any
two trivializations are homotopic. For this reason we will freely identify He(X«, Z)
with any He (X, Z).

Using the local Picard—Lefschetz formula, we obtain the following important
result.

Theorem 5.31 (Global Picard-Lefschetz formula). Ifz € H,_1(X«, Z), then
vary, (2) i= py, (2) —z2 = —(=1)"""V 2% A))A;.

Proof. We prove the result only for the homology with real coefficients, since it
contains all the main ideas and none of the technical drag. For simplicity, we set
X; = Xi;+p. We think of the cohomology H*(X) as the De Rham cohomology
of Xj .

Represent the Poincaré dual of z by a closed (n — 1)-form ¢ on X; and the
Poincaré dual of A; by an (n — 1) -form §; on X ;. We use the sign conventions® of
[Nil, Sect. 7.3], which means that for every closed form o € £2"7'(X,), we have

/ w:/ wA§;,
X Xj

A,*z=[X.8,-A§=(—1)"*1/X;A5,~ =(—1)"*1/2_g.

We can assume that §; is supported in a small tubular neighborhood U; of X; in
Xi;+p diffeomorphic to the unit disk bundle of 7"X’;.

The monodromy fi,,; can be represented by a diffeomorphism /4; of X; that acts
trivially outside a compact subset of U;. In particular, /; is orientation preserving.
We claim that the Poincaré dual of w,, (z) can be represented by the closed form
(h7)*(©).

The easiest way to see this is in the special case in which z is represented by an
oriented submanifold Z. The cycle iy, (z) is represented by the submanifold 7 (Z)
and for every o € 2"7'(X;) we have

w = h"-‘a):/ o A =/ W o AR ((hTH*
/W) /Z, [ Wont= [ moanarro

J J

=/ (o A (h)*E) =/Aa)A(hj71)*§'.

J Xj

8Given an oriented submanifold S C X its Poincaré dual should satisfy either [ = [ o ASs
or [y = [y s Aw, Vo € Q4mS(x,), do = 0. Our sign convention corresponds to first
choice. As explained in [Nil, Prop. 7.3.9] this guarantees that for any two oriented submanifolds
S1, 8> intersecting transversally we have Sy * S, = fx* 8s, N s, .



5.6 Global Picard-Lefschetz Formulae 291

At the last step we used the fact that /1; is orientation preserving. As explained in
the footnote, the equality

/ w:/ wA(h;I)*C, Yo
hj(Z) X

J
implies that (h;' )*¢ represents the Poincaré dual of iy, (z).

This is not quite a complete proof of the claim , since there could exist cycles
that cannot be represented by embedded, oriented smooth submanifolds. However,
the above reasoning can be made into a complete proof if we define carefully the
various operations it relies on. We leave the details to the reader (see Exercise 6.52).

Observe that (h7')*¢ = ¢ outside Uj, so that the difference (h;')*¢ — ¢ is
a closed (n — 1)-form with compact support in U;. It determines an element in
Hy'(U)).

On the other hand, Hc’;)t_l (U;) is a one-dimensional vector space spanned by the
cohomology class carried by §;. Hence there exist a real constant ¢ and a form
n € 2"72(U;) with compact support such that

(7" ¢ = =¢85 +dn. (5.24)
We have (see [Nil, Lemma 7.3.12])

/ SJZAJ*VJ:(—l)n_lVJ*AJ,
\Z

so that
(=) Te(V; * A)) :[ c§; = / ((h;l)*é'—{) —/ dn
\/i v v
[
h,(V,)—V/
where

/ d77 Slozkes / N = 0,
A\ aV;

J J

since 7 has compact supportin U;.
Invoking (5.18), we deduce

(Vj % Aj) = (=1)"=b/2,

The (piecewise smooth) singular chain 2(V;) — V; is a cycle in U; representing
var, (V;) € H,—i(U;). The local Poincaré-Lefschetz formula shows that this
cycle is homologous in U; (and thus in X;, 4, as well) to (—1)" X;:

(_])n+lc — (_l)n—lc — (_l)n(n—l)/Zf

vary ; (V)

_ (_l)n(n—l)/Z . (_1))1/ é— — (_1)n+n(n—1)/2Aj %7
Zj
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Thus,
¢ =—(=1)""V2(z % A)).

Substituting this value of ¢ in (5.24) and then applying the Poincaré duality, we

obtain RS
Mj(z)—zz—(—l)n(’l_ )/ (Z*AJ)AJ O

Definition 5.32. The monodromy group of the Lefschetz pencil (X;),es of X is the
subgroup of & C Aut ( H,_1(X«,Z) ) generated by the monodromies fiy, .

Remark 5.33. (a) When n = 2, so that the divisors X; are complex curves
(Riemann surfaces), then the monodromy p; along an elementary loop £; is
known as a Dehn twist associated with the corresponding vanishing sphere.
The action of such a Dehn twist on a cycle intersecting the vanishing sphere
is depicted in Fig. 5.5. The Picard—Lefschetz formula in this case states that the
monodromy is a (right-handed) Dehn twist.

(b) Suppose n is odd, so that

Aj * Aj = 2(—1)(”_1)/2.

Denote by ¢ the intersection formon L : = H,—(Xx, Z)/Tors. It is a symmetric
bilinear form because n — 1 is even. An element u € L defines the orthogonal
reflection R, : L ® R — L ® R uniquely determined by the requirements

t
Ru(x) =x +t(x)u, q(ux+ %u) =0, Vxe L®R

2q(x,u)
- —1Uu

< R,(x) =x dan "

We see that the reflection defined by A; is
Ri(x) = x4+ (=)D 2q(x, ADA; = x — (=1)"""D2g(x, A))A;.

This reflection preserves the lattice L, and it is precisely the monodromy along
;. This shows that the monodromy group & is a group generated by reflections
preserving the intersection lattice H,—1(X«, Z)/Tor.

The vanishing submodule
V(X) : Image(a CHy(Xi, X4 Z) — Hn_l()?*,Z)) C Hy1(Xs.7)

is spanned by the vanishing cycles A ;. We can now explain why the invariant cycles
are called invariant.
Since V(X) is spanned by the vanishing spheres, we deduce from (5.11) that

I(Xy):={y € Him1(X«.Z); y*xA; =0, Vj}
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(use the global Picard-Lefschetz formula)
={y e Hi((Xs.Z): py,y=y, Vj}.
We have thus proved the following result.

Proposition 5.34. The module 1(X«) consists of the cycles invariant under the
action of the monodromy group ®.






Chapter 6
Exercises and Solutions

6.1 Exercises

Exercise 6.1. Consider the set
Z={(x,a.b.,c)eRY a#0, ax’+bx+c=0}.

(a) Show that Z is a smooth submanifold of R*.
(b) Find the discriminant set of the projection

7:2Z >R} n(x,a,b,c)=(ab,c).

Exercise 6.2. (a) Fix positive real numbers ry,...,r,, n > 2, and consider
the map
B:(SH" - C
given by

n

(Sl)” B (Zl""’Zn)HZriZi e C.

i=1

Show that x = x + iy is a critical value of f if and only if x> = y?.
(b) Consider the open subset M of (S!)" described by Re 8 > 0. Show that 0 is a
regular value of the function

M >z Imp(z) € R.

Exercise 6.3. Suppose g = g(t1,...,t,) : R" — R is a smooth function such that
g(0) =0and
dg0) =cidty + -+ + cpdty, ¢, #0.

L. Nicolaescu, An Invitation to Morse Theory, Universitext, 295
DOI 10.1007/978-1-4614-1105-5_6, © Springer Science+Business Media, LLC 2011



296 6 Exercises and Solutions

The implicit function theorem implies that near 0 the hypersurface X = {g = 0} is
described as the graph of a smooth function

th =ty(t1, ... 1) 1R S R,

In other words, we can solve for 7, in the equation g(zy,...,7,) = 0if >, |t| is
sufficiently small. Show that there exist a neighborhood V of 0 € R” and C > 0
such that for every (¢1,...,%,—1,%;,) € V N X, we have

city + -+ Cu—1tp—1
1, + c - - ‘Sc(t12++11%—1)
n

Exercise 6.4. (a) Suppose f : R — R is a proper Morse function, i.e.,
f~!(compact) = compact. Prove that the number of critical points of f is even
if limy— o0 f(x) f(—x) = —00, and it is odd if limy— e f(X) f(—x) = o0.

(b) Suppose f : S! — R is a Morse function on R. Show that it has an even
number of critical points, half of which are local minima.

Exercise 6.5. Prove Lemma 1.32.

Exercise 6.6. In this exercise we outline a proof of Fenchel’s theorem, Remark
1.36. We will use the notations introduced in Sect. 1.3. Suppose K is a knot in R?
with a total curvature Tx = 2.

(a) Show that for any v € R? and any ¢ € R, the sublevel set {4, < ¢} C K is
connected.

(b) Prove that K is a planar convex curve.

Exercise 6.7. Suppose that E is an Euclidean space of dimension N and ¢ : S? —

E is a knot. We denote by (—, —) the inner product on E and by K the image of ¢.
We fix a Gaussian probability measure on E,

N _lx?
dy(x):=Q2n) 2e 2 dx.
For every point p € K, we have a random variable

&, E >R, £(x):=(x,p).

(a) Find the expectation of this random variable, i.e., the quantity

E()) = /E £, (X)dy (x).
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(b) Let p,, p, € K, Find the expection of the random variable & b £ Pys i.e., the
quantity

Ep k) = [E £ (X)Ep, (X)dy (x).

(c) Conclude that for any p € K the random variable &, is normally distributed.
(d) Prove the equality (1.16).

Exercise 6.8. Suppose K C R? is a smooth curve in the plane without self-
intersections. Assume that 0 & K. Let S be the vector space of symmetric 2 x 2
matrices equipped with the inner product

(A,B) :=tr(A- B).
Denote by 8 the unit sphere in 8,
8 :={Ae8; uwA>=1},
and by dS the induced volume form on 8;. For any A € 8, we obtain a function
ga: K —>R, x> (Ax,x).

Corollary 1.25 shows that g4 is a Morse function for almost all A € 8;. Denote by
Nk (A) the number of critical points of ¢ 4. Express

Nk (A)dS(A)
8

in terms of differential geometric invariants of K.

Exercise 6.9. For every (x,y) € R" x R", we denote by Ty , the trigonometric
polynomial

Ty y(0) = Z(xk cosk® + yj sin6),
k=1

and by N(x, y) the number of critical points of Ty, viewed as a smooth map S' xIR.
We set

1
= —-— N N dA ) il
Hon area (S27—1) /;‘Zn—l (x, y)dA(x, y)

where dA denotes the area element on the unit sphere S?"~! ¢ R” xR". Note that /i,
can be interpreted as the average number of critical points of a random trigonometric
polynomial of degree < n. Show that
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Exercise 6.10 (Raleigh-Ritz). Denote by S” the unit sphere in R"™! equipped
with the standard Euclidean metric (e, ). Fix a nonzero symmetric (n+1) x(n+1)
matrix with real entries and define

f RS R f(x) = %(Ax, x).

Describe the matrices A such that the restriction of f4 to S” is a Morse function.
For such a choice of A, find the critical values of f}, the critical points, and their
indices. Compute the Morse polynomial of f.

Exercise 6.11. For every vector A = (4¢,...,4,) € R” \ 0 we denote by f3 :
CP" — R the smooth function

AO|ZO|2 +e An|Zn|2
|ZO|2 + -+ |Zn|2

flzo.....z]) =

’

where [z, ..., z,] denotes the homogeneous coordinates of a point in CP".

(a) Find the critical values and the critical points of f; .
(b) Describe for what values of A the critical points of f3 are nondegenerate and
then determine their indices.

Exercise 6.12. Suppose X, Y are two finite dimensional connected smooth mani-
folds and f : X — Y is a smooth map. We say that f is transversal to the smooth
submanifold S if for every s € S, every x € f~!(s), we have

T,Y = T,S + Im(Df : T, X — T,Y).

(a) Provethat f is transversal to S if and only if forevery s € S, every x € f~!(s),
and every smooth functionu : ¥ — R, such that u |¢= 0 and du |;# 0, we
have f*(du) |x# 0.

(b) Prove that if f is transversal to S, then f~!(S) is a smooth submanifold of X
of the same codimension as S — Y.

Exercise 6.13. Let X,Y be as in the previous exercise. Suppose A is a smooth,
connected manifold. A smooth family of submanifolds of Y parametrized by A is
a submanifold S C A x Y with the property that the restriction of the natural
projectiont : A XY — Ato S is a submersion 7 : S — A. For every A € A
we set! . .

={yeY; Ay eSt=a'tA)nS.

Consider a smooth map

F:AxX—>Y AxX>Q,x)— fi(x)eY

"Note that the collection (S} );e 4 is indeed a family of smooth submanifolds of Y.
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and suppose that the induced map
G:AxX —>AxY, (A, x)—~ (4, fa(x))

is transversal to S.

Prove that there exists a subset A9 C A of measure zero such that for every
A e A\ Apthemap f) : X — Y is transversal to S.

Remark 6.14. If we let S = {yo} x A in the above exercise, we deduce that for
generic A the point y is a regular value of f) provided it is a regular value of F.

Exercise 6.15. Denote by (e, e) the Euclidean metric on R"*!. Suppose M C
R"*! is an oriented connected smooth submanifold of dimension n. This implies
that we have a smoothly varying unit normal vector field N along M, which we
interpret as a smooth map from M to the unit sphere S C R"*1,

N=Ny:M—-S".

This is known as the Gauss map of the embedding M < R" 1,
For every unit vector v € S C R"*! we denote by £, : R"*! — R the linear
function

Ly(x) = (v,X).

Show that the restriction of £y to M is a Morse function if and only if the vector
v € 8" is a regular value of the Gauss map N.

Exercise 6.16. Suppose ¥ < R3 is a compact oriented surface without boundary

and consider the Gauss map
Nr:X¥ > §?

defined as in the previous exercise. Denote by (e, ®) : R?* x R?* — R the canonical
inner product. Recall that in Corollary 1.25 we showed that there exists aset A C S?
of measure zero such that for all u € S? \ A the function

b0 X —> R, £,(x) = (u,x)

is a Morse function. For every u € S?\ A and any open set V C X, we denote by
Cr,(U) the set of critical points of £, situated in U. Define

r(V)y= Y (=)}

x€Cr,(U)

and | |
) i= s [ dow = o [ uidow.
area S+ Js2\4 4 Jsaa
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Denote by s : ¥ — R the scalar curvature of the metric g on X induced by
the Euclidean metric on R? and by d V. the volume form on the unit sphere S2.
Show that

1 1
m(u) = E/;N}dVSz = E/;s(x)dVg(x).

In particular, conclude that
1
X&) = — [ s(x)dVgq(x).
4 b

Exercise 6.17. Suppose X < R? is a compact oriented surface without boundary.
The orientation on X' defines smooth unit normal vector field

n:¥— 5% np) LT,%, VpeX.

For every u € R3, we denote by ¢, the function
1 2
qgu: X - R, q.(x)= §|x—u| .

We denote by 8 the set u € R? such that the function ¢, is a Morse function. We
know that R® \ § has a zero Lebesgue measure.

(a) Show that p € X is a critical point of g, if and only if there exists t € R such
thatu = p + rn(p).

(b) Letu € R? and suppose p € X is a critical point of u. Denote by g : T, ¥ x
T,X — R the first fundamental form of ¥ < R? at p, i.e., the induced inner
producton 7, %, and by a : T,X x T, X — R the second fundamental form
(see [Str, 2.5]) of ¥ <> R? at p. These are symmetric bilinear forms. For
every t € R, we denote by v,(¢) the nullity of the symmetric bilinear form
g — ta. Since p is a critical point of g, there exists #, = t,(p) € R such that
u= p+t,n(p). Show that p is a nondegenerate critical point of g, if and only
if v(#,) # 0. In this case, the index of g, at p is

Maw p) = Y, v,

t€l,(p)

where 7,(p) denotes the interval consisting of all real numbers strictly between
0 and #,(p).
(¢)* Foreveryu € 8 and every p € X, we set

@ p) (=1)*@P)  p critical point of g,,,
e(u, p) =
0 p regular point of g,,.
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Forr > 0and U C X an open subset of X', we define

pWy=[ (X ewp)de

peU, |p—ul<r

Show that there exist nonzero universal constants ci, ¢ such that

u,(U)=c1r</UdVg)r+cz(/;]sngg>r3

for all r sufficiently small. Above d V, denotes the area form on X' while s, denotes
the scalar curvature of the induced metric g on X. If U = D.(py) is a geodesic disk
of radius ¢ centered at py € X, then

Iim ——— u, (D, =cir + c3r’s , VO<r«<1.
N0 areag(Dg(pO))'u (De(po)) ! 37”55 (Po)

Exercise 6.18. Prove the equality (2.1).

Exercise 6.19. Consider the group G described by the presentation
G = {(a,b|,aba = bab, a*bh? = abailba).

(a) Show thatab3a=! = b2, b> = ba?bh™!, and a* = b>.
(b) Show that G is isomorphic to the group

H = (x,ylx’ =y = (xy)?).

(c) Show that H is a finite group.

Exercise 6.20. Suppose M is a compact, orientable smooth three-dimensional
manifold whose integral homology is isomorphic to the homology of S* and
f : M — R is a Morse function.

(a) Prove that f has an even number of critical points.

(b) Construct a Morse function on S' x S? that has exactly four critical points.

(c) A theorem of Reeb [Re] (see also [M1,M3]) states that M is homeomorphic to
S3 if and only if there exist a Morse function on M with exactly two critical
points. Prove that if He(M,Z) = He(S?,Z) but m; (M) # {1} (e.g., M is the
Poincaré sphere), then any Morse function on M has at least six critical points.

Remark 6.21. Part (c) is true under the weaker assumption that He(M,7Z) =
Ho(S3 Z) but M is not homeomorphic to S3. This follows from Poincaré’s
conjecture, the whose validity was recently established by Perelman, who showed
that M =~ S3 <= m (M) = {1}. However, this result is not needed in proving
the stronger version of (c). One immediate conclusion of this exercise is that the
manifold M does not admit perfect Morse functions!!!
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Exercise 6.22. Consider a knot K in R?, i.e., a smoothly embedded circle S Ley
IR3. Suppose there exists a unit vector u € R? such that the function

£,: K-> R, {,(x)= (u,x) = inner product of u and x

is a function with only two critical points, a global minimum and a global maximum.
Prove that K must be the unknot. In particular, we deduce that the restriction of any
linear function on a nontrivial knot in R* must have more than two critical points!

Exercise 6.23. Construct a Morse function f : §?

properties:

— R with the following

(a) f is nonresonant, i.e., no level set { f = const} contains more than one critical
point.

(b) f has at least four critical points.

(c) There exist orientation preserving diffeomorphisms R : §> — S2, L : R - R
such that

—f=Lo foR.
Exercise 6.24 (Harvey—Lawson). Consider the unit sphere
S?={(x.y. 00 e R x*+ )y +2 =1}

and the smooth function f : S — R, f(x,y.z) = z. Denote by N the north pole
N =(0,0,1).

(a) Find the critical points of f.

(b) Denote by g the Riemannian metric on S? induced by the canonical Euclidean
metric go = dx? + dy? + dz* on R*. Denote by w, the volume form on S?
induced by g and the orientation of S? as boundary? of the unit ball. Describe
g and wy in cylindrical coordinate (6, z) (see Fig. 6.1):

x=rcosf, y=rsinh, r=+v1-22, 6¢€[0,2n], z€[-1,1].

(c) Denote by V f the gradient of f with respect to the metric g. Describe V f in
the cylindrical coordinates (6, z) and then describe the negative gradient flow

dp
L= —vip) ©.)

2We are using the outer-normal-first convention.
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o /1
|
|
|
I ’ -
|
0 I
|
X
Fig. 6.1 Cylindrical coordinates
as a system of ODEs of the type
0= A(6,2)
z=B(6,2)’

where A, B are smooth functions of two variables, and the dot denotes
differentiation with respect to the time variable 7.

(d) Solve the system of ODEs found at (c).

(e) Denote by @, : S — S2,t € R, the one parameter group of diffeomorphisms
of S? determined by the gradient flow? (6.1) and set w; := ®*w,. Show that

for evel‘y t e R, we lla\/e
/ @ / &
S2 S2

and there exists a smooth function A, : S? — (0, co) that depends only on the
coordinate z such that

w; = A - g, tilgo)t,(p) =0, VpeS?\N.

Sketch the graph of the function A, for |¢| very large.
(f) Show that for every smooth function u : S* — R?, we have

lim u-w, = u(N)[ on (6.2)
52 52

t—>00

and then give a geometrical interpretation of the equality (6.2).

3In other words, for every p € S? the path ¢ —> @, (p) is a solution of (6.1).
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Exercise 6.25. Prove the equality (3.3).

Exercise 6.26. Suppose V' is a finite dimensional real Euclidean space. We denote
the inner product by (e, e). We define an inner product on the space End(V') of
endomorphisms of V' by setting

(S.T) :=tr(ST™).

Denote by SO(V) C End(V) the group of orthogonal endomorphisms of determi-
nant one, by End4 (V') the subspace of symmetric endomorphisms, and by End_ (V)
the subspace of skew-symmetric endomorphisms.

(a) Show that End— (V) is the orthogonal complement of End (V') with respect to
the inner product (e, e).

(b) Let A € Endy(V) be a symmetric endomorphism with distinct positive
eigenvalues. Define

fa:SOV)—>R, T —(A,T).
Show that f4 is a Morse function with 2= critical points, where n = dim V/
and then compute their indices.

(c) Show that the Morse polynomial of fy4 is

Pot)=(141)---(1+1".

Remark 6.27. As explained in [Ha, Theorem 3D.2] the polynomial
A+ (141"

is the Poincaré polynomial of SO(n) with Z/2 coefficients. This shows that the
function fy is a Z/2-perfect Morse function.

Exercise 6.28. Let 1V and A € End(V) be as in Exercise 6.26. For every S €
SO (V') we have an isomorphism

TsSO(V) = T1SO(V), X — XS~

We have a natural metric g on SO(V') induced by the metric (e, ®) on End(V).
(a) Show that for every S € SO(V'), we have

2VE f4(S) = —A™ + ASA.
(b) Show that the Cayley transform

XY X) =1 -X)A + X)!
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defines a bijection from the open neighborhood U of 1 € SO(V') consisting
of orthogonal transformations S such that det(1 + S) # O to the open
neighborhood O of 0 € End_(V') consisting of skew-symmetric matrices Y
such that det(1 + Y) # 0.

Suppose Sy is a critical point of f4. Set Us, = Us,. Then, Us, is an open
neighborhood of Sy € SO(V'), and we get a diffeomorphism

Yso : Us, = O, Us, T > Y(TS;).

Thus we can regard the map Y5, as defining local coordinates Y near Sy. Show
that in these local coordinates the gradient flow of f4 has the description

Y = AS,Y — YAS,.

Show that for every orthogonal matrix Sy, the flow line through Sy of the
gradient vector field 2V# f,4 is given by

—1
{ > (sinh(—At) n cosh(—At)So)(cosh(—At) + sinh(—At)So> .

Exercise 6.29. Suppose V is a finite dimensional complex Hermitian vector space
of dimension n. We denote the Hermitian metric by (e, ), the corresponding norm
by | e |, and the unit sphere by S = S(V). For every integer 0 < k < dimV, we
denote by G (V') the Grassmannian of complex k-dimensional subspaces in V. For
every L € Gi(V), we denote by P, : V' — V the orthogonal projection onto L and
by L+ the orthogonal complement. We topologize G (V') using the metric

d(LlyLZ) = ||PL1 - PLz”-

Suppose L € G;(V) and S : L — L= are linear maps. Denote by I's € G, (V) the
graph of the operator S, i.e., the subspace

Is={x+S8x; xeLicLoLt=V.

We thus have a map

(a)

Hom(L,LY) > S+ I's € Gi(V).
Show that for every S € Hom(L, LJ-), we have
I ={-y+8*; yelt}cL* oL,

where S* : L+ — L is the adjoint operator.
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(b) Describe Prg in terms of Py and S. For t € R set L, = I;5. Compute
% li=o0 Pr,.
(c) Prove that the map

Hom(L,L%Y) 5 S+ I's € Gi(V)

is a homeomorphism onto the open subset of Gy (V') consisting of all k-planes
intersecting L transversally. In particular, its inverse defines local coordinates
on G (V) near L = I's—y. We will refer to these as graph coordinates.

(d) Show that for every L € Gy (V) the tangent space 77 G (V') is isomorphic to
the space of symmetric operators P:V >V satisfying

P(L)yc L+, PL*cCL.
Given P as above, construct a linear operator S : L — L~ such that

d

—|  Pr.=P.
dfli=0 Iis

Exercise 6.30. Assume that A : V — V is a Hermitian operator with simple
eigenvalues. Define

hg:Gy(V) >R, hy(T) =—RetrAPy.

(a) Show that L is a critical point of /4 if and only if AL C L.
(b) Show that h, is a perfect Morse function and then compute its Morse
polynomial.

Remark 6.31. The stable and unstable manifolds of the gradient flow of /4 with
respect to the metric g(P, Q) = Retr(P, Q) coincide with some classical objects,
the Schubert cycles of a complex Grassmannian.

Exercise 6.32. Show that the gradient flow of the function f,4 in (3.4) is given by
(3.5). Use this to conclude that f4 is a Morse—Bott function.

Exercise 6.33. Suppose V' is an n-dimensional real Euclidean space with inner
product (e,e) and A : V' — V is a self-adjoint endomorphism. We set

SW)y:={veV: [v]=1}

and define

fa:SV)—=>R, f(v)=(Av,v).
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For 1 <k <n = dimV, we denote by G (V) the Grassmannian of k-dimensional
vector subspaces of V' and we set

A = A (A) = i .
F=H()= i may Sa©)

Show that
A(A) < A2(A) < -+ = A, (A)

and that any critical value of fy4 is equal to one of the A;’s.
Exercise 6.34. Prove Proposition 4.15.

Exercise 6.35. Prove Lemma4.11.

Exercise 6.36. Prove Lemma 4.19.

Exercise 6.37. Prove the claims in Example 4.23(c) and (d).
Exercise 6.38. Prove Proposition 4.24.

Exercise 6.39. Prove Proposition 4.38.

Exercise 6.40. Suppose V is a vector space equipped with a symplectic pairing
w:VxV >R

Denote by I, : V — V* the induced isomorphism. For every subspace L C V,
we define its symplectic annihilator to be

LY :={veV;, wlx)=0 Vx e L}
(a) Prove that
I,LL° =Lt ={aeV* (av)=0, Yvel}.

Conclude that dim L + dim L® = dim V.
(b) A subspace L C V is called isotropic it L C L“. An isotropic subspace is
called Lagrangian if L = L®. Show that if L is an isotropic subspace, then

1
0<dimL < EdimV

with equality if and only if L is Lagrangian.
(¢) Suppose Lj and L are two Lagrangian subspaces of V' such that LoNL; = (0).
Show that the following statements are equivalent.

(cl) L isaLagrangian subspace of V' transversal to L.
(c2) There exists a linear operator A : Ly — L; such that

L={x+Ax; x€Lo}
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and the bilinear form
Q:LoyxLy—R, Q(x,y) =w(x, Ay)

is symmetric. We will denote itby Q, 1, (L).

(d) Show that if L is a Lagrangian intersecting L, transversally, then L intersects
Ly transversally if and only if the symmetric bilinear form Qy, 1, (L) is
nondegenerate.

Exercise 6.41. Consider a smooth n-dimensional manifold M. Denote by E the
total space of the cotangent bundle 7 : T*M — M and by 6 = 0, the canonical

1-form on E described in local coordinates (§1, ..., &, xh oo x™) by
0= Edx.
i
Let o = —d6 denote the canonical symplectic structure on E. A submanifold

L C E is called Lagrangian if for every x € L the tangent subspace 7\ L is a
Lagrangian subspace of T, E.

(a) A smooth function f on M defines a Asubmanifold I'ys of E, the graph of the
differential. In local coordinates (&;; x/), it is described by

§i = 0y f(x).

Show that I';r is a Lagrangian submanifold of E'.

(b) Suppose x € M is a critical point of M. We regard M as a submanifold of
E embedded as the zero section of T*M. We identify x € M with (0,x) €
T*M. Set

Ly=TM C TonE, Li =T M C TonE, L=Toxliy C ToxE.

They are all Lagrangian subspaces of V' = To)E. Clearly L t L, and
L L. Show that

Qr.1,(L) = the Hessian of f atx € M. (6.3)

(c) A Lagrangian submanifold L of E is called exact if the restriction of 6 to L is
exact. Show that Iy is an exact Lagrangian submanifold.

(d) Suppose H is a smooth real valued function on E. Denote by Xy the
Hamiltonian vector field associated with H and the symplectic form v = —d#.
Show that in the local coordinates (&;, x/), we have

oH oH
X[-] = Za—élaw - : ﬁag
! J

I

Show that if L is an exact Lagrangian submanifold of E, then so is @ (L) for
any t € R.
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Exercise 6.42. We fix a diffeomorphism
RxS'— T*S', (£,0) — (£d6.0),
so that the canonical symplectic form on T*S" is given by
w=d0 AndE.

Denote by Lo C T*S! the zero section.

(a) Construct a compact Lagrangian submanifold of T7*S! that does not inter-
sect L.

(b) Show that any compact, exact Lagrangian, oriented submanifold L of T*S!
intersects L in at least two points.

Remark 6.43. The above result is a very special case of Arnold’s conjecture stating
that if M is a compact smooth manifold, then any exact Lagrangian submanifold
T*M must intersect the zero section in at least as many points as the number of
critical points of a smooth function on M. In particular, if an exact Lagrangian
intersects the zero section transversally, then the geometric number of intersection
points is no less than the sum of Betti numbers of M.

Exercise 6.44. Consider the tautological right action of SO(3) on its cotangent
bundle
T*SO(3) x SO(3) 3 (¢.h: g) = (Ry—19. Rg(h) = hg).

where

R*_ 1 Ty SO(3) — T;,S0(3)

is the pullback map. Show that this action is Hamiltonian with respect to the
tautological symplectic form on 7*SO(3) and then compute its moment map

u:T*SO(3) — s0(3)*.

Exercise 6.45. Consider the complex projective space CIP" with projective coordi-
natesz = [2°,...,7"].

(a) Show that the Fubini—Study form

n
o =iddlog|e’. |2* = lal
k=0

defines a symplectic structure on CP".
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(b) Show that the action of S! on CP" given by
ez, ] = [, e, e ]
is Hamiltonian and then find a moment map for this action.

Exercise 6.46. Let (M, w) be a compact toric manifold of dimension 27 and denote
by T the n-dimensional torus acting on M .

(a) Prove that the top-dimensional orbits of T are Lagrangian submanifolds.
(b) Prove that the set of points in M with trivial stabilizers is open and dense.

Exercise 6.47. (a) Let T be a compact torus of real dimension n with Lie algebra t.
A character of T" is by definition a continuous group morphism y : T — § ' We
denote by T set of characters of T. Then, T is an Abelian group with respect to the
operation R

- x2)@) = x1(@) - x2(2), V€T, x1.x2 €T.

(a) Show that the natural map
(T.) 5 x = @pli=1 € (8%, +)

is an injective group morphism whose image is a lattice of t*, i.e., it is a free
Abelian group of rank n that spans t* as a vector space. We denote this lattice
by A.

(b) Consider the dual lattice

AV := Homz(A,Z) C T.,
Show that AY is a lattice in t and
Txt/A".

(¢) There exists a unique translation invariant measure A on t such that the volume
of the quotient T:=1t/A" is equal to 1. Equivalently, A is the Lebesgue
measure on T normalized by the requirement that the volume of the funda-
mental parallelepiped of AY be equal to 1. Suppose we are given an effective

Hamiltonian action of T of a compact symplectic manifold (M, w) of dimension
2n = 2dim T. Denote by © a moment map of this action. Show that

/M %a)” = vol, (n(M)).

Exercise 6.48. Prove that there exist no smooth effective action of S! on a compact
oriented Riemann surface X' of genus g > 2.
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Exercise 6.49. Let G = {£1} denote the (multiplicative) cyclic group of order
two, and [F, denote the field with two elements. Then, G acts on S by reflection
in the center of the sphere. The quotient is the infinite dimensional real projective
space RP*°. The cohomology ring of RP*° with coefficients in I, is

H*(RP*,F,) >~ R :=F,[t], degt = 1.
For every continuous action of G on a locally compact space X, we set
Xe = (8 xX)/G,
where G acts by
t-(u,x)=(-v,t7'x), VteG, veS® xelX.

Set
Hg(X) := H*(Xg,IFy).

Observe that we have a fibration
X — Xg — RP*,

and thus Hg (X)) has a natural structure of an R-module. Similarly, if Y is a closed,
G -invariant subset of X, we define

H(;(X, Y) = H.(XG, YG; ]Fz)
A finitely generated R-module M is called negligible if the F»-linear endomorphism
t-M—-> M, m—t-m,

is nilpotent.

(a) Show that if G acts freely on the compact space X, then Hg (X) is negligible.

(b) Suppose X is a compact smooth manifold and G acts smoothly on X. Denote
by Fix¢ (X) the fixed point set of this action. Show that F is a compact smooth
manifold. Show that Hg (X , Fixg (X) ) is negligible.

(c) Prove that

> dimg, H (Fixg(X).F) < ) dimg, H* (X.F5).
k>0 k>0

Exercise 6.50. Consider a homogeneous polynomial P € R[x, y, z] of degree d.
Define

X(P):={[x,y.2d e RP%; P(x,y,2)=0}.
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For generic P, the locus X(P) is a smooth submanifold of RP? of dimension 1,
i.e., X(P) is a disjoint union of circles (ovals). Denote by n( P) the number of these
circles. Show that

(d —1)(d=2)

P)<1
n(P)y<1+ 5

Exercise 6.51. Prove Lemma 3.89.

Exercise 6.52. Suppose M is a compact, connected, orientable, smooth manifold
without boundary. Set m := dim M . Fix an orientation or on M . Denote by H* (M)
the De Rham cohomology of M. For 0 < k < m, we set

Hy(M) := Hom(H* (M), R).
The Kronecker pairing
(= =) H"(M) x Hy(M) = R, H¥(M)x H. (M) > (a,2) — {(a,2)

is the natural pairing between a vector space and its dual.
The orientation ory, determines an element [M] € H,,(M) via

(e, [M]) 1= /M -

where 71, denotes an m-form on M whose De Rham cohomology class is «.
Observe that we have a natural map

PD : H" (M) - H, (M),
so that for « € H" % (M) the element PD() € H; (M) is defined by
(B. PD(a)) := (a U B.[M]).

The Poincaré duality theorem states that this map is an isomorphism.
A smooth map ¢ : M — M induces a linear map ¢ : He(M) — Ho(M)
defined by the commutative diagram

H M)~ H*(M)

Ho(M) o;:o» Ho(M)

(a) Show that if ¢ is a diffeomorphism, then for every « € H®(M) and every
smooth map ¢ of M, we have

¢+(PDa) = (deg¢) - PD( (¢~ ")),
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(b) Suppose S is a compact oriented submanifold of M of dimension k. Then, S
determines an element [S] of Hy (M) via

(e S]) = [S T V.

where 7, denotes a closed k-form representing the De Rham cohomology class
o. Any diffeomorphism ¢ : M — M determines a new oriented submanifold
¢ () in an obvious fashion. Show that

P«[S] = [#(S)].

Exercise 6.53. Consider two homogeneous cubic polynomials in the variables
(20, 21, 22). The equation

ty Ao(zo, 21, 22) + 11 A1 (20,21, 22) = 0

defines a hypersurface Y, in P? x P'.

(a) Show that for generic Ay and A, the hypersurface Y, is smooth.

(b) Show that for generic Ay and A, the natural map ¥, — P! induced by the
projection P2 x P! — P! is a nonresonant Morse map.

(c) Show that for generic Ay and A, the hypersurface Y; is biholomorphic to the
blowup of P? at the nine points of intersection of the cubic {4o = 0} and
{A; = 1}. (See Example 5.5.)

(d) Using the computations in Example 5.15, deduce that for generic Ag and A,
the map X,, — P! has precisely 12n critical points. Conclude that

x(X,) = 12n.

(e) Describe the above map X,, — P! as a Lefschetz fibration (see Definition 5.2)
using the Segre embeddings

Pk x P — ]P)(k+l)(m+l)—l’

PX <P 9([(xi)05i5k], [(yj)Osjﬁm]) = [(xiyj)oggk,ofjfm] S P(k+1)(m+l)_1_

6.2 Solutions to Selected Exercises

Exercise 6.6. (a) The equality Tx = 2m and the identity (1.14) imply that for
almost any unit vector v the height function %, has only two critical points.
Show that for such a function the sublevel sets {,, < ¢} are connected. Hence,
for a dense collection of unit vectors v, all the sublevel sets of /,, are connected.
To prove that this is true for any v, argue by contradiction using the above
density.
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(b) Use part (a) to show that for any three noncollinear points x, y,z € K on K
the plane determined by these three points intersects K along a connected set.
Deduce from this that K is planar. Once K is planar, the convexity follows
easily from the equality Tx = 2 and (a).

Exercise 6.8. Fix an arclength parametrization [0, L] > s — Xx(s) € K, where L is
the length of K. Define

Ik =={(x,A) € K x8; Ax L TyK}.

Show that J is a two-dimensional smooth submanifold of K x §;. Denote by gk the
induced metric. The submanifold Jx comes with two natural smooth maps

A
K g0 28,

Denote by | /x| the Jacobian of pg. The area formula implies

Neas) = [ 17xla Ve,

S1 Jk

The second integral can be computed using Fubini’s theorem. Here are some details.
Consider the oriented Frenet frame (x'(s), n(s)) along K, and decompose s along
this frame

x(s) = a(s)x'(s) + B(s)n(s).
Note that since 0 € K, we have

a(s)? + B(s)> #0.

For any 6 € [0, 2], denote by A(s, 0) € 8, the symmetric linear transformation of
R? which with respect to the Frenet frame is represented by the matrix

[—Cﬁ(S) coc(s)j|

ca(s) sin6

where c is determined by the equality tr A(s, #)*> = 1, i.e.,

cy2a(s)® + B(s)> = cosf <= ¢ =c(s,0) = #—iﬁ@)z.

Denote by (e;, e,) the canonical basis of R?. We can write

X'(s) = cosp(s)e; + sing(s)e,.
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Denote by Ry the counterclockwise rotation of R? of angle ¢ (s). With respect to
the frame (ej, e;), the linear map A(s, 6) is represented by the matrix

T(s,0) = Rys) [_Cﬁ(s) m(s)} R_g(s)

ca(s) sinf
The map
R/LZxR/27Z > (5,0) — (x(s5). T(s.0),) € K x 8. (6.4)
is a diffeomorphism onto Jg. The volume form dV,x can be written as
dVe = wk(s, 0)dsdo,

where wg (s, 0) is a positive function that can be determined explicitly from (6.4).
In the coordinates (s, 6), the map pg takes the form

(5,0) = T(s,0), (6.5)

while the map Ag takes the form (s,6) +— s. The equality (6.5) can be used to
determined the Jacobian |Jk|(s, ) of px. We deduce that

L 2w
N]((A)dSA = / (/ |JK|(S, Q)WK(S, 0)d9) ds.
0 0

81

Exercise 6.12. Letx € X ands = f(x). Set
U=TX, V=TS, W=T,Y, T=Df :U -V, R=rangeT.
For every subspace E C W, we denote by E+ C W* its annihilator in W*,

Et:={weW* (we)=0VecE}.

We have
f transversalto S <= R+ V =W <= (R + )t =o.
On the other hand,
(R+V)t=Rtnvt, Rt =kerT*,
so that

kerT*NV+ =o0.
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If u is a function on Y then duy, € W*. If u|s = 0 we deduce du; € V. Then,
F*(du)x = T*(duly),

and thus
f*(du)y =0 < duy ekerT* N VL =0.

(b) Let ¢ = codim S. Then, S is defined near s € Sby an equality

u' =---=u" =0, du'|,linearly independentin 7,*S,

and f~'(S) is defined near x € f~' by the equality
v =0, i=1,....c. v — f*.
We have

D didv, =0, M eR= f*(du), =0, u=Y A,

and from part (a) we deduce du; = 0 € T*S. Since du’, are linearly independent,
we deduce A; = 0, and thus dv’ are linearly independent. From the implicit
function theorem, we deduce that #~!(S) is a submanifold of codimension c.

Exercise 6.13. Set
Z={(x, M) eXxA; (A filx))eS}=GS).

Denote by { : Z — A the restriction to Z of the natural projection X x A — A
and let
Z, ='W x{xeX: () eZ}=f1S.

Sard’s theorem implies that there exists a negligible set Ay C A such that for every
A € A\ Ay either the fiber Z, is empty or for every (x, A) € Z, the differential

é'* . T(X.A)Z —> TAA

is surjective. If Z, = @, then f, is tautologically transversal to S.
Let (xo,A0) € Z such that {x : T(x,200Z — Tx,A is onto. Set (yo,Ao) =
G(X(),A()) S S,

X :=TyX, Y :=T,Y, A:=T,A,
S = T(yo.)to)gs S() = TyoSlo’ Z = T(xo,Ao)Z-
Decompose the differential Fy of F at (xg, Ag) in partial differentials

A=D,F:A—-Y, B=D.F=D,f,,: X > Y.
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The transversality assumption on G implies that
Y ®A=S+G.(X & A). (6.6)

Observe that ) )
So=SN{Y &0).

Moreover, our choice of (xo, o) implies that &x : Z C€ X & A — A is onto.
We have to prove that ) ) )
Y = B(X) + So.

Let yg € Y. We want to show that Yo € B(X) + SO. From (6.6) we deduce
(. ho) e X @A, (1A €S
such that
(30.0) = G (0. Ao) + (1. 41) <= (0.0) = (Ao + Bio. do) + (1. A1)
Thus, A; = —io and (y, —io) € S and

(%1, ko) = (Ado + Bio, ko) + (51, —Ao) .
~———

es

On the other hand, )Lo lies in the image projection {y : Z — A,sothat3x; € X
such that (xl,)Lo) € Z.Since G, Z C S we deduce

Gy (%1, 40) € S <> (Ado + By, ho) € S.
Now we can write
(50.0) = G*<(5€o, o) — (561,10)) + G (X1, A0) + (1, —Ao)
S——— ———
=N =N
> (§0,0) = (B(%o — £1),0) + (Bx; + Ako + 1.0).

ES'()

This proves that yo € B(X) + Sp.

Exercise 6.15. Let v € S” and suppose x € M is a critical point of £,. Modulo
a translation, we can assume that x = 0. We can then find an orthonormal basis
(e1,...,en eny1) with coordinate functions (x!,...,x"T!) such that v = e,4,.
From the implicit function theorem we deduce that near O the hypersurface M can
be expressed as the graph of a smooth function

= f(x), x="....x"T), df(0)=0.
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Thus (x', ..., x") define local coordinates on M near 0. The function £, on M then
coincides with the coordinate function x"*! = £(x).
Near e,41 € S" = {(y',...,y"t!) e R"*1; 3" |y/|> = 1}, we can choose
y = (y',...,y") as local coordinates. Observe that
1
Ny (x) = W(@H—l = V).

In the coordinates x on M and y on S” the Gauss map Ny : M — S§" is
expressed by

1
N =——F———->-V/
S o T
For simplicity, we set g = —V f and we deduce that
DNy : ToM — T, S"T!

is equal to

1 1 1
D et =4 (g fome + gy Dot

Since g(0) = 0 and Dg|,=o = —H s, we conclude that

1 1

Do = D e = T g e
Hence, 0 € M is a regular point of Ny, if and only if det H,o # 0, i.e., 0 is a
nondegenerate critical point of f.

Remark 6.54. The differential of the Gauss map is called the second fundamental
form of the hypersurface. The above computation shows that it is a symmetric
operator. If we denote by A4,..., A, the eigenvalues of this differential at a point
Xx € M, then the celebrated Theorema Egregium of Gauss states that the symmetric
combination } ;. ; A;A; is the scalar curvature of M at x with respect to the metric
induced by the Euclidean metric in R” !, In particular, this shows that the local min-
ima and maxima of £, are attained at points where the scalar curvature is positive.

If ¥ is a compact Riemann surface embedded in R3, then £, has global minima
and maxima and thus there exist points in X' where the scalar curvature is positive.
Hence, a compact Riemann surface equipped with a hyperbolic metric (i.e., scalar
curvature = —2) cannot be isometrically embedded in R3.

Exercise 6.16. To prove the equality

1 £
m(u) = E/UNZdVSz
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use Exercise 6.15. The second equality follows from the classical identity, [Nil,
Example 4.2.14], [Str, Sects. 4-8, p. 156]

A
N*xd Vsz - EdVg

Exercise 6.17. See [BK, Sect. 4].

Exercise 6.20. (a) Suppose f is a Morse function on M. Denote by P/(t) its

(b)

(©)

Morse polynomial. Then the number of critical points of f is Py (1). The Morse
inequalities show that there exists Q € Z[t] with nonnegative coefficients such

that
Py(t) = Py (1) + (1 +1)Q(1). ()
Since M is odd dimensional and orientable, we have y(M) = 0 and we deduce

Py(=1) = PM(=1) = y(M) = 0.
Finally, note that
Pr(l) = Pr(—1) mod2 = Ps(1) € 27Z.

For every n > 1 denote by S” the round sphere
ST=0 (0 e R Y P =1
i

The function A, : " — R, h,, (xo, ..., x") = x" is a perfect Morse function on
S" because its only critical points are the north and south poles. Now consider
the function

Ropm §" x 8" — R, Ram (X, y) = hy(x) + hin(p).
One can check easily that
Py, (1) = Py, (€) - Py, (t) = Psn(t) - P, (1) = Psnxsn(t).

Suppose He(M,7) = Ho(S?,7) and f has fewer than six critical points, i.e.,
Pr(1) < 6. Since Py(1) is an even number, we deduce P;(1) = 2,4. On
the other hand, the fundamental group of M is nontrivial and non-Abelian.
This means that any presentation of 7r; (M) has to have at least two generators.
In particular, any CW decomposition of M must have at least two cells of
dimension 1. Hence the coefficient of ¢ in Py (f) must be at least two. Since f
must have a maximum and a minimum, we deduce that the coefficients of ¢°
and 73 in P are strictly positive. Now using P (r) < 6, we conclude that

Pr(t) =1+2t+1.

However, in this case Py(—1) =1-3 # x(M).
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B(1) >Bo(t) t

By(s) By(s) s

Fig. 6.2 Unwinding a garden hose

Exercise 6.22. The range of £, is a compact interval [m, M ], where

m =minl,, M =max{,, m < M.
K K

Observe that for every ¢t € (m, M) the intersection of the hyperplane

{(u.x) =1}
with the knot K consists of precisely two points, By(¢), B(¢) (see Fig.6.2). The
construction of the unknotting isotopy uses the following elementary fact.
Given a pair of distinct points (4g, A1) € R? x R?, and any pair of continuous

functions
B(), B] N [0, 1] — Rz

such that
Bo(0) = Ag, Bi(0) = Ay, Bo(t) # Bi(t), Vit €]0,1],
there exist continuous functions
A:[0,1] = (0,00), S:[0,1] = SO(2)
such that A(0) = 1, Sy = 1, and for every ¢ € [0, 1] the affine map
T, : R?> > R?, Ti(x) = Bo(t) + A(t)S,(x — Ap)

maps Ao to By(t) and A, to By (¢).
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Fig. 6.3 An embedding of S? in R?

To prove this elementary fact, use the lifting properties of the universal cover of
SO(2) = S'.

Exercise 6.23. Consider the S-shaped embedding in R? of the two sphere depicted
in Fig. 6.3. The height function A (x, y,z) = z induces a Morse function on S? with
six critical points. This height function has all the required properties.

Exercise 6.24. We have 5
Vfi=(0-2)—,
0z
and therefore the gradient flow equation (6.1) has the form
t=(F—1), =0, 2(0) =z, 0(0) =6, ze€[-1,1].
This equation is separable and we deduce

dz

Z2_

1 1
=dt <— + —— ) dz = —2du.
1 z+1 1—z

Integrating form O to ¢ we deduce

1 1 1 1
lOg i = log e_Zt + 20 > tz = e_2lﬂ‘
1—-z 1—2z 11—z 11—z

We conclude that

C(z0) — e* 1+z

, C(o) = .
C(z0) + e @ -z

7z =i (z0) :=

Hence,

P:(z.0) = (¢1(2).0).
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Now

d
wg=dindz= A(z) = d—z¢r(Z)~
Using the equalities

2€2t

di(z) =1-— Cot e

2
Ciz)=——-—1,
11—z

we deduce
2€2t

T G- 1DXCQR + )

which shows that as t — oo A, converges to 0 uniformly on the compacts of S\
(N} =82\ {z=1}.
Let u € C%°(S?) and set uy = u(N). Then,

(/52 uwt) —uy = /Sz(u—uo)wt

Set v = u — up. Fix a tiny disk D, of radius ¢ > 0 centered at the north pole. We

At

then have
/va), < f VA g +/ VA g | .
52 e S2\Dg
A(.) B(t.e)
Then,
A(t,e) < (sup|v|)-/ w < (sup|v|),
De D, D,
while

B(t,¢) < area (Sz) -sup |v| - sup |As] iy 0.
52 S2\D,

Vwy Vwy
S2 §2

Since v is continuous at the north pole and at that point v = 0, we deduce

This proves

0 < liminf
—>00

< lim sup
—>00

< (sup |v|> Ve > 0.

&

I )=0.
E{l})(sgf |v]

Hence,

lim vw, = 0.
—>00 Sz
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Fig. 6.4 A fundamental domain for the lattice (277Z)*

Exercise 6.25. Consider the m-dimensional torus 77 with angular coordinates
(¢',....¢™). Denote by A,, the “diagonal” simple closed curve given by the
parametrization ¢’ (t) = t,t € [0,27] ,i = 1,...,m. Denote by [A,,] the one-
dimensional homology class determined by this oriented. For i = 1,...,m, we
define E; to be the simple closed curve given by the parametrization

o/ =8t, Tel0,,2n],1 <j <m.
We want to prove that

[An] =) [Ei].
i=1

Depicted in Fig. 6.4 is the case where m = 3.
The cube denotes the fundamental domain of the lattice (27Z)3. The torus is
obtained by identifying the faces of this cube using the gluing rules
xX=x' 427, i =1,2,3.
We have the equalities of simplicial chains
Az — A, — E3 = boundary of triangle, A, — E; — E, = boundary of triangle.
These lead to identities in homology

[43] = [A2] + [E5], [A2] = [E1] + [E2]

The argument for general m should now be obvious.

Exercise 6.26 Letn := dim V. Then,

dimEnd_(V) = (’;) dimEndy (V) = (" er 1)
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and thus
dimEnd_(V) + dimEnd, (V) = n?> = dimEnd(V).

If S € End_(V)and T € End4+ (V) , then

(S.T) =tuST* =uST=—tr S*T = —tr TS* = —(T, S)

so that
(S, T) =0.

This completes part (a).
(b) Observe that 7, SO (V) = End_ (V). Fix an orthonormal basis

{ei; i=12,....n}
of V consisting of eigenvectors of A4,
Ae,— = /X,‘el‘.

We assume A; < A; ifi < j.
If T € SO(V) is a critical point of £, then for every X € End_(}') we have

d
= 0fA(Te”‘) =0<= trATX =0, VX € End_(V).
t=

From part (a) we deduce that 7T is a critical point of f4 if and only if AT is a
symmetric operator, ie.,

AT =T*A=T7"A < TAT = A.
If T is described in the basis (e;) by the matrix (t;)
Te; = Zt;ei, v,
then the symmetry of AT translates into the collection of equalities
At = A1l Vi, .
We want to prove that these equalities imply that ¢ ; =0,Vi # j,i.e., T is diagonal.

Indeed, since T is orthogonal, we deduce that the sum of the squares of elements
in any row, or in any column, is 1. Hence,

L= =2 () W

J J
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We leti = 1 in the above equality, and we conclude that

=3 uly = Z( ) Wy

j=l1 j=l1
(A > AL V) #1)

=) Wy =1
j=1

The equality can hold if and only if { = t} = 0, Vj # 1. We have thus shown
that the off-diagonal elements in the first row and the first column of 7" are zero. We
now proceed inductively.

We assume that the off-diagonal elements in the first k& columns and rows of T
are zero, and we will prove that this is also the case for the (k 4 1)th row and column.
We have

n n

TR RN
1=Z(tk+1) ZZ( ) (tk+1)

= = et

n

A \2, . \2
B Z (T:—l) (t]!“‘l) = Z tk+1 Z tk+1 =
>k

Jj>k j=1

Since A; > Arqqif j > k + 1, we deduce from the above string of (in)equalities
that '
Ha=0""=0 Vj#k+1

This shows that the critical points of f, are the diagonal matrices

Diag(ey,...,€,), € = %1, Hej =1.
j=1

o))+ ()=

Fix a vector € € {—1,1}" with the above properties and denote by T, the
corresponding critical point of f4. We want to show that 7, is a nondegenerate
critical point and then determine its Morse index, A(¢€).

A neighborhood of T, in SO(V') can be identified with a neighborhood of 0 €
End_ (V) via the exponential map

Their number is

End_ (V)2 X > Teexp(X) € SO(V).
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Using the basis (e;), we can identify X € SO(V') with its matrix (xj-). Since xj- =

J

—x; , we can use the collection

{xj; l<j<i<n}

as local coordinates near 7,. We have
1>
exp(X) =1y + X + EX + 0(3),

where O(r) denotes terms of size less than some constant multiple of || X ||" as
|X]|| = 0. Then,

FiTeexp(X)) = f3(T0) — 3 W(ATX?) + 0.

Thus the Hessian of f4 at T, is given by the quadratic form

1 1 n n .
He(X) = —3 tr(AT.X?) = -3 D eid; Y xlxk
j=1 k=1

n

. 1 ; 1 j
(=) =3 Leameir=3 T @k +aie

Jk=1 1<j<k<n
The last equalities show that J{, diagonalizes in the coordinates (x]{ ) and its
eigenvalues are
Wik = pjk(€) := (€jA; +eAp), 1<k <j=<n.

None of these eigenvalues is zero, since 0 < Ay < A; if k < j. Moreover,

Hik(€) <0 &= €j,e, <0 or €; <0 <eg.
—— ~———
Type 1 Type 2

Fori = 1,2, we denote by A, (¢) the number of Type i negative eigenvalues 1t (€),
so that

A(€) = Ai(€) + Aa(e).
We set
Ze:={j: € <0}, v(e) :=#Ze.



6.2 Solutions to Selected Exercises 327

Observe that v(e) is an even, nonnegative integer. The number of Type 1 negative
eigenvalues is then

. v(e

Aie) = Z#{keze; k<j)= ( (2))
J€Ze

On the other hand, we have

Ma(e)= > #lkgZe: k<j}.

jEZe
Hence,
Me) =)+ (€)=Y #k<jl=> (j—1)= ) j—ve).
JEZe JE€Ze J€Ze

(c) To find a compact description for the Morse polynomial of f4 we need to use
a different kind of encoding. For every positive integer k we denote by I , the
collection of strictly increasing maps

{1,2,...,k} > {1,2,...,n}.

For ¢ € Ii », we set

k
ol =" 0()).

j=1

Define for uniformity
Loy = {x}, |*x]|:=0.

Denote by P, the Morse polynomial of f4 : SO(V) — R, n = dim V. Then,

Pty= Y k>4l

k even @€l

For every k, even or not, define

Sk,n(t) = Z t|‘ﬂ|,

(PEIk,n

and consider the Laurent polynomial in two variables

0.(t.2) = 37 (1),
k
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If we set
1
Qf@@=5H%@@iQMr@L

then
Py(t) = Q,f (t.z=1).

For every k, even or not, an increasing map ¢ € I, can be of two types.

A. ¢k) <n <= @€l
B. ¢(k) = n, so that ¢ is completely determined by its restriction

which defines an element ¢’ € ;1 ,—; satisfying
o'l = lo| —n.
The sum Sy, (¢) decomposes according to the two types
Skn = Ain(t) + Bien(t).

We have
Akn(t) = Skn—1(t), Bia(t) =t"Sk—10-1(2).

We multiply the above equalities by z7¥ and we deduce

Z_kSk.n (1) = Z_k Skan—1+ Z_klnSk—l.n—l .
If we sum over k, we deduce

04(t.2) = Qut(1.2) + 271" Qi (1.2) = (L4271 1") Qi (1.2).
We deduce that for every n > 2 we have
n
Q}l(ty Z) = < 1_[ (1 + Z_ltm) ) QZ(Z, Z)«
m=3
On the other hand, we have
0x(t,2) = Son(t) + 2 'Sio(t) + 2 2Son(t) = 1+ 27t +7) + 2%

=04z +77'1?),

0F(t.2)=1+272 OFf(t.z=1)=1+1
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-
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]
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/ voox L

Fig. 6.5 Subspaces as graphs of linear operators

We deduce that
n 1 n 1 n
Ou(t.)) =[] +2"™. 0F(t.9) = > [Ta+z"rm+ 3 [Ja-<"m.
m=1 m=1 m=1
so that

n—1

[Ta++ % [Ta-mhH=]]a+H.
m=1 k=1

m=1

Py(1) = Q:(I7Z)|z=t =

| =

=0

Exercise 6.28 For a proof and much more we refer to [DV].

Exercise 6.29 Part (a) is immediate. Letv = Prv + P v =vp + v+ € V (see
Fig.6.5). Then,

Prgv=x+ Sx, xeL<::>11—(x+Sx)eI“SL

x+S*y =vg,

< dx e L, yeLJ‘ such that {
X—y=vp1.

Consider the operator 8 : L @ L+ — L @ L=, which has the block decomposition

1, s*
8_[S—ﬂi]'

Then the above linear system can be rewritten as

L)
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Now observe that
S — 1, +S8*S 0

Hence, 8 is invertible and

s — (1, + S*S)~! 0 )
0 (1,0 +S85%7!

[ o +8*)7T 1L+ 8*S)7's*
(1,0 +SSH71S —(1,0 + 5597 |

We deduce
x = (1 +8*S) lop + (1, + S*S)"'8*v, 1

X
PFSU:[Sx]'

Hence, Pr, has the block decomposition

and

Pry = [H AL+ 578)7 (1L +575)7'S7)

[ @p+8*)7t (1, + S*S)7Is*

TS+ S*S)T S + S*S)7ls* |

If we write P, := Pr,,, we deduce

| (L +128*8)7" (1, 4+ 128*S)" s>
! tS(1; 4+ 128*8)~' 128(1, + 1285*8)~' S*

Hence,

_Pt|t=0= S 0

d 0 S*
dt

] = S*P,. + SP,.

Exercise 6.30. Suppose L € G (V). With respect to the decomposition V = L &
L+, the operator A has the block decomposition

*
A [AL B ,
B ALJ‘
B € Hom(L,L'), A, € Hom(L,L), A;. € Hom(L*,L%Y).

Suppose we are given S € Hom(L, L*) 2 T, Gy (V). Then,

d d d
— ha(l;s) = ——| Retr(APr.) = —Retr{A— 3
dtli=0 allis) dt li=0 etr(APrs) © r( dt t=0PF[5)

= —Retr(B*S + BS*) = —2Retr(BS™).
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We see that L is a critical point of 44 if and only if
Retr(BS*) =0, VS € Hom(L, L") < B =0.

Hence L is a critical point of /1 4 if and only if A has a diagonal block decomposition

with respect to L,
Ar O
A= .
[ 0 ALL]

This happens if and only if AL C L. This proves part (a).
Choose a unitary frame (e;);<;<, of V consisting of eigenvectors of A4,

Ae; = aje;, a; € R, i<j:>a[<aj.

Then, L C V is an invariant subspace of V' if and only if there exists a cardinality &
subset I = I, C {l,...,n} such that

L =V, =spancie;; i e€lp}.

Denote by J = J; the complement of / and by V; the subspace spanned by
{ej; j € J}. Any S € Hom(Vy, V) is described by a matrix

S = (8ij)ieljeJ-
Then,

Ap(Ip+8*S)™"  AL(lp + S*S)7's*
hs(ls) = —Retr
A S(Ly + S*S) 4,1 S(1L + S*S)~!§*

= —Retrd; (1, +S5*S)™' —Retrd, 1 S(1; + S*S)~'s*.

If we denote by Q the Hessian of &4 at L, then from the Taylor expansions
s < b

Ar(lp +S*S)' = A, — A, S*S + higher order terms,
A1 Sy +S*S)7'S* = 4,1 SS* + higher order terms,

we deduce
0.(S.S) =Retr4,8*S —Retr 4,1 SS*, VS € Hom(L, L1 ) = T Gy (V).

Using the matrix description S = (s;;) of S, we deduce

QL(S,S) = ZAZ Z |Sij|2 _ZAJ Z|Sij|2 = Z (/11 _Aj)|sij|2~

iel  jeJ jes el (i.j)eIx]
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This shows that the Hessian of h4 at L is nondegenerate and we denote by
A(A, L) its index. It is an even integer because the coordinates s;; are complex.
Moreover,

MAL) =2p() =28, j)el, xJp; i<j}.

Setting
I =1, ={i,....0x}, J=1Jp,
we deduce
)=y #liel: i<j}
jeJ
=0-(h=D+-+k=1) (k —ikg—1 = 1) + k(n —ix)
k—1

=1-(ia—i) 4+ (k= Dix —ix—) +k(n —ix) = i

i=1

ek KD sy kD

iel iel
k
= Z(n—ig— (k—ﬁ)).
(=1
Define
mg:=n—ig—(k—40)=m—k)— (i, —%)
so that
k
/vl/[ = Zmz. (67)
Since
0<(—D)=<(2—2)<--=(ix—k)<(n—k),
we deduce
n—k>my>--->my >0.
Given a collection (my,...,my) with the above properties, we can recover I by
setting

iir=m—k)+L—my.

The Morse numbers of &4 are

My, (A) =#{L; MA, L) =M1y =#{1; 2#u(l) =1}
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The Morse polynomial is

Min() =3 Mea(Orh = 3 My, Q0
A A

For every nonnegative integers (a,b,c) we denote by P(al|b,c) the number of
partitions of a as a sum of b nonnegative integers < c,

a=x+-+x, 05x =---<x, <c.

Let Py . (t) denote the generating polynomial
Pyo(t) := Y _ P(alb.c)t”.
a

The equality (6.7) implies
My (21) = Pra—k (A) = Mg, (1) = Pk,n—k(tz)'
The polynomial Py ,—(¢) can be expressed as a rational function

HZ:](I — 1) .
[Ty= (1 =2 -T2 =)

For a proof, we refer to [Nil, Lemma 7.4.27].

Pk,n—k (t) =

Exercise 6.32. For a short proof that (3.5) is the gradient flow of the function f in
(3.4), we refer to [DV, §2]. To find the critical points of f,4 and conclude that it is
Morse—Bott we proceed as follows.
Consider an orthonormal basis of eigenvectors of 4, ey, ..., e,, n = dim E such
that
Ae; = Ajej, A=Ay > > A,

For every subset I C {1,...,n}, we write
E;:=span{e;, i €I}, It :={1,....n}\ I
For #I = k, we set
Gri(E); ={L eGr; LNE} =0,}.
Gry (E) is a semialgebraic open subset of Gry (E) and

Gre(E) = | Gr(E)y.
#1=k
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A subspace L € Gry(E); can be represented as the graph of a linear map S = S :
E; — E,J-, i.e.,
L={x+S8x; x€E}.

Using the basis (e;);e; and (ey),e;L, We can represent S as a (n — k) x k matrix
S = [swilier, qert-

The subspaces E; and E,J- are A-invariant. Then, e L € Gry(E);, and it is
represented as the graph of the operator S; = e’ Se~4 described by the matrix

Diag(e™', o € I1)-S-Diage ™', iel)=[eP")s,]
Exercise 6.36 See [Mat, Lemma 7.3].

i€l, aclt "
Exercise 6.40. (a) Fix an almost complex structure on V' tamed by @ and denote by
g (e, @) the associated metric
g, v) = w(u, Jv) <= w(u,v) = g(Ju,v), Yu,v e V.

Identify V' and its dual using the metric g. Then, for every subspace L C V/,
Lt C V* is identified with the orthogonal complement of L. Moreover,

I, =—J.

Then,
L ~{veV; g(Ju,x) =0, VxeL}=JLL

(b) L is isotropic if and only if L € JL*, and thus
dimL +dim L® = dimV, dimL C dim L®.

Thus, dim L < % dim V' with equality iff dim L = dim L, iff L = L®.
(c) Since Ly and L; are transversal, we have natural isomorphisms

Lo®Li — Lo+ Ly — V.

A subspace L C V of dimension dim L = dim Ly = dim L is transversal to L; if
and only if it is the graph of a linear operator
A:Ly— L.
Let ug, vg € Lg. Then, Aug, Avg € Ly, and ug + Avg, vo + Avy € L, so that
0 = w(uy + Aug, vy + Avg)
= w(ug, vo) + w(Augy, Avy) + w(Aug, vo) + w(ug, Avp)
= —(vo, Aup) + w(ug, Avo) = O (uo, vo) — O (vo, o).
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Let uyg € L. Then,
O(up,u) =0, Yue Ly < w(u,u) =0, Yue Ly, (u; = Aup)

<:>a)(u1,v)=0, VveV < u =0.

Thus Q is nondegenerate iff ker A = 0 iff L is transversal to L as well.
(b)Since this statement is coordinate independent, it suffices to prove it for a special
choice of coordinates. Thus we can assume

M=R"'" E=R'xM=R"xR", x=0€eR".
The coordinates on R” x R” are (£;, x/). Then,
Ly=0xR}, L, :Rng.
Then, L is the graph of the linear operator
0x R} — Rf x0

given by the differential at x = 0 of the map R” > x — & = df(x) € R". This
is precisely the Hessian of f at 0. Thus if the Hessian is given by the symmetric
matrix (H;;), then

Ady =Y Hijdg and (9, Ady;) = Hj;.

Exercise 6.41. (a) and (c) We have a tautological diffeomorphism
y:iM — Ty, x = (df(x),x).

Then,
y*0 =df, y*ow = —y*(df) = —dy*0 = —d(df) = 0.
This also implies part (c), since y*d#6 is the differential of f.

(d) We need a few differential-geometric facts.

A. Suppose M is a smooth manifold and o, ¢t € R, is a smooth one parameter
family (path) of differential forms of the same degree k. Denote by ¢, the path
of differential forms defined by

1
&y (x) = ]}E%E(am,(x) —a,/(x)) € AXT*M, Vxe M, teR.

Construct the cylinder M =R x M and denote byi,: M — M the inclusion

M —RxM, x> (tXx).
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The suspension of the family ¢, is the k-form & on M uniquely determined by
the conditions

3,J&=0, l.t*&za[.

We then have the equality
dl[ == it* LBZ & .

Indeed, if we denote by d the exterior derivative on M and by d the exterior
derivative on M, thend = dt A 9; + d, and

Lo =d@ 1&)+ 9 1(da) =a.

B. Suppose @ : Ny — N, is a diffeomorphism between two smooth manifolds,
a € 2¥(Ny), X € Vect(M). Then,

LX(D*O[ = ¢*(L¢*XOZ).

Indeed, this is a fancy way of rephrasing the coordinate independence of the Lie
derivative. Equivalently, if 8 € £2%(M) and we define the pushforward

D.p = (D7) B = (") 7B,
then we have

Pu(LxP) = Lo, xP«p.

C. Suppose @; is a one-parameter family of diffeomorphisms of M. This deter-
mines a time dependent vector field on M

d
X, (x) = h D4 p(x), VeeR, xe M.
h=0

We obtain a diffeomorphism
D:M—>M, (t,x)— (t, D(x)).

Observe that

®,.(0,) =X =9, + X, € Vect(M).
Suppose « is a k-form on M. We denote by «;, the path of forms o, := & (M). If
we denote by m : M — M the natural projection, then we have the equality

a =9 .

From A we deduce
d; = i[*Lat&’
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From B we deduce
(13*(1431&) = Lo,y ((IS*&) — L)?n»:a7

so that
Ly = ®*(Lyn*a) = &, = O (Lyn*a).
Now observe that
Lyn*a = Lyn*a + Ly,n*a = Ly, ™.

Hence,
65[ - QD[*L)(,O{.

Suppose X; | da = dy,, Vt. Then,

Lyo=X,ddo+dX;, la=d(y, + X, Ja),
~———

Pt
so that ,
o =d¢t*(yl —i—X,JOl) = 0 — 0y = df pyds.
N ——— 0
(43

This shows that if X, | do is exact on M for every ¢, then for every submanifold
L C M the restriction |1, is exact for every ¢ > 0, provided o], is exact.

Exercise 6.45. (a) The Fubini—Study form is clearly closed and invariant with
respect to the tautological action of U(n + 1) on CP". Since the action of
U(n + 1) is transitive, it suffices to show that @ defines a symplectic pairing
on the tangent space of one point in CP”. By direct computation (see a sample
in part (b)) one can show that at the point [1,0,0,...,0] and in the affine
coordinates w; = z;/zo, the Fubini—Study form coincides with

iZde /\dV_Vj,

J

which is a multiple of the standard symplectic form 2 on C" described in
Example 3.25.

(b) Notice that if an S!-action on a smooth manifold M is Hamiltonian with respect
to a symplectic form w, then it is Hamiltonian with respect to cw, for every
nonzero real number c.

Since the Fubini—Study form is invariant with respect to the tautological
U(n + 1)-action on the connected manifold CP", and this action is transitive,
we deduce that up to a multiplicative constant, there exists exactly one U(n + 1)-
invariant symplectic form on CP".
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The computations in Example 3.50 show that the given S '-action is Hamiltonian
with respect to some U(n + 1)-invariant symplectic form and thus with respect to
any U(n + 1)-invariant form. In particular, this action is Hamiltonian with respect
to the Fubini—Study form. Moreover, the computations in the same Example 3.50
show that a moment map must have the form

; 2
/J,(Z) CZ]]|]| 7

where ¢ is a real nonzero constant. This constant can be determined by verifying at
a (non-fixed) point in CP" the equality du = X _| w, where X is the infinitesimal
generator of the S!-action.

If we work in the coordinate chart zg 7# 0 with wy = z; /7o, then

5 ow|®
=1i0d(1 ) =id— .
w 1 ( + |W| ) 1 1+ |W|2
The projective line L in CP" described by wy = --- = w,, = 0 is S'-invariant, and

along this line we have

|wi |2 ( 1 ) )
w|; =10 =1id widw
=0 = T e

.dW] Adv_vl .|W1|2dW1 /\dﬂ/’]
=1 —_
1+ [wi|? (1 + wi?)?
i
= ———“dw; Adw.
A+ 2

If we write w; = x; + iy, then we deduce that

2d)€1 A\ dyl

w|L = 2
(1 +x7 +yp)?

In these coordinates, we have

wi]?
ple(wr) = Tr P X = =10y + x10y,.
Along L, we have
xidxy + yidyr dw|> wi|?

X lowo=-2

A+ 432 (A+wmP? “T+wmP ¢

Thus we can take ¢ = 1.
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Remark 6.55. 1t is interesting to compute the volume of the projective line
wy=--+=w, =0

with respect to the Fubini—Study form. We have

dx1 VAN dy1
2 (14 x7 + y7)?

(Wl—rele) 2 /' 2rdr
do
/ 1+ r2)2

(u= 1+r2)/ d@/

Thus, if we define the normalized Fubini—Study form @ by

vol,(L) = 2

o =10 log |z|?,
2

/ " = 1.
Cpn

We deduce that the action of T" given by

we have

2mit) 2mit,

(€2nit1 [ZO»ZIa-"’ZVL] = [ZOye AT 4 Zn]

e2nit,,)

9o ey

is Hamiltonian with respect to @ with moment map

1
wz) = ||2(IZlI2 Nzl

The image of the moment map is the n-simplex

A=JpeRly: Y p =1

i
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Its Euclidean volume is % and it is equal to the volume of CP" with respect to the
Kihler metric determined by @,

1 1
volg (CP") = —/ Q" = —,
I’l' (C]P)n n!

Exercise 6.47 Part (a) is classical; see, e.g., [Nil, Sect. 3.4.4]. Part (b) is easy.

For part (c), assume T = (R/Z)". Thus we can choose global angular coordinates
(8',...,6™) ontheLie algebra t = R such that the characters of of T” are described
by the functions

aw(0', ..., 0") = exp(2mi(wi0' + ...+ w,0")), weZ

We obtain a basis d4; on t and a dual basis d6/ on t*. We denote by (&;) the
coordinates on t* defined by the basis (d6/). In the coordinates (§;), the lattice of
characters is defined by the conditions

£, €Z, Vj=1,....n.

The normalized Lebesgue measure on T* is, therefore, d&; - - - d &,. Moreover,

f do ' A---AdO" = 1.
Rn/Zn

The one-parameter subgroup of T generated by dy; defines a flow QD,'/ on M, and
we denote by X its infinitesimal generator. Using the coordinates (£;) on T*, we
can identify the moment map with a smooth map

p:M =R ppu(p)=(&(p).....8(p)).
Since the action is Hamiltonian, we deduce
déj :XjJa), ] = 1,...,7’[.

Fix a point
= (&),... &) eintP
and a point py in the fiber = (£%) C M *.
The vector £° is a regular value for w, and since j is a proper map we
deduce from the Ehresmann fibration theorem that there exists an open contractible
neighborhood U of the point £° in int P and a diffeomorphism

p ' (U)—p (€% x U
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In particular, there exists a smooth map o : U — M which is a section of u, i.e.,
p oo = 1y. We now have a diffeomorphism

TxU — pu '(U), TxU>3 (t,8) —>t-0(§).

Using the diffeomorphism ¥ ', we pull back the angular forms d6/ on T to closed
1-forms ¢/ = (¥~1)*d6/ on u~'(U). Observe that

X; oF = 5/;- = Kronecker delta.

The collection of 1-forms {¢/, d £*} trivializes T* M over = '(U), and thus along
w1 (U) we have a decomposition of the form

w = Z(ajkwj Aok + bifgoj ANdE& + cjkdéj A dE&).

jk
Since
XjJo=dgj. X; Jdg = 1&.&} =0,
we deduce
ajk =0
and ) ,
w = Zgof ANdE& + chkdéj AdEF.
k J-k
Hence,

=) "> do) nde+ Y cIhdE; A dEF
k Jjk
Since w is closed, we deduce that the coefficients ¢/¥ must be constant along the

orbits, i.e., they are pullbacks via u of functions on t*. In more concrete terms, the
functions c/¥ depend only on the variables £/. We now have a closed 2-form on U,

n=> crd; nd.

ik
Since U is closed, there exista I-form A =}, A7 d; such that

n=—dr, A=) AEd& € 2'(U).
k

For every §¢ € U denote by [A(£)] the image of the vector A(§) € R” in the
quotient R? /Z". If we now define a new section

s(§) = [A(x)] - o (§),
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we obtain a new diffeomorphism

W TxU, (1.§) =158 = [AE]P(. ).

Observe that

Wrw =Y dO" + ) nde = dA nd =)y do*F AdEr.
k k

Thus,

1
—¥0" =dO' A AdO" ANdE A AdE,,
n!

so that

1
/ —a)”z(/ de'A---Aden)(/dg]A---Adgn)zvouU).
uw=(U) n! R" /71 U

The result now follows using a partition-of-unity argument applied to an open cover
of int P with the property that above each open set of this cover, i admits a smooth
section.

Remark 6.56. The above proof reveals much more, namely, that in the neighbor-
hood of a generic orbit of the torus action we can find coordinates (£;, %) (called
“action-angle coordinates™) such that all the nearby fibers are described by the
equalities §; = const, the symplectic form is described by

o=y do* AdE,
k

and the torus action is described by
t-(§,0%) = (§;: 0 +1%).

This fact is known as the Arnold—Liouville theorem. For more about this we refer
to [Au].
Exercise 6.49 Mimic the proof of Theorem 3.80 and Corollary 3.85.

Exercise 6.50 The group Z/2 acts by conjugation on
X(P)© = {[x.y.2] e CP%; P(x.y,2) =0},

and X(P) is the set of fixed points of this action. Now use Exercise 6.49 and
Corollary 5.14.



6.2 Solutions to Selected Exercises 343

Exercise 6.51 We have

2 i 2
J(p.6.1) = / el HHER g3 — i / (=) gy
R R

£2
e 4ip—r) 2
el K
(r—ip)z Jr

where I is the line

r:{zz(r—u)%(x—z(iui—s_r)); xeR}.

One can then show that
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